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Abstract

This thesis presents a rigorous and comprehensive investigation of Forward-Backward Stochastic
Differential Equations (FBSDEs) and their application to stochastic optimal control theory, effec-
tively bridging abstract stochastic analysis, deterministic partial differential equations (PDEs), and
numerical computing. We first construct the foundational probabilistic framework by developing
necessary elements of stochastic calculus, forward Stochastic Differential Equations (SDEs), and
Backward Stochastic Differential Equations (BSDEs). Building upon these components, we analyze
the structural properties of coupled and decoupled FBSDE systems, establishing the existence and
uniqueness of their solutions. We further explore the deep interplay between probabilistic trajecto-
ries and analytical mechanics by mapping these stochastic processes to linear and non-linear PDEs
through the classical and non-linear Feynman-Kac formulas.

Leveraging this analytical foundation, we formulate the stochastic optimal control problem through
two core paradigms: the local approach via the Stochastic Maximum Principle (SMP) and the global
approach via Dynamic Programming and the Hamilton-Jacobi-Bellman (HJB) equation. An impor-
tant theoretical aspect of this work is to illustrate the connection established in the original work
between the Stochastic Maximum Principle (SMP) and the Hamilton-Jacobi-Bellman (HJB) frame-
work, where the adjoint process corresponds to the spatial gradient of the value function. Finally,
recognizing that analytical solutions to fully coupled FBSDEs are exceptionally rare, we transition
from theory to computation. We implement advanced time-discretization schemes and backward
numerical methods to resolve terminal-value constraints. The accuracy, convergence, and practical
utility of these numerical algorithms are successfully validated through two distinct case studies: a
non-linear, coupled controlled SIR epidemiological model, and a benchmark Linear-Quadratic (LQ)

control problem.

Keywords: Forward-Backward Stochastic Differential Equations, Optimal Control, Stochastic
Maximum Principle, Hamilton-Jacobi-Bellman Equation, Partial Differential Equations, Feynman-

Kac formula.
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Introduction

Background and Motivation

In most real-world systems, uncertainty is inherent. It introduces significant challenges in the search
for optimal solutions, as phenomena arising in fields such as finance, physics, and biology require
mathematical frameworks capable of handling randomness. Forward-backward stochastic differen-

tial equations (FBSDEs) provide such a framework.

While theoretical models often assume idealized conditions, real-world systems are inherently un-
certain and dynamic. Whether on a high-frequency trading floor or a quadrotor drone navigating
a gusty urban environment, uncertainty remains the only constant. In robotics, the challenge of
optimal control goes beyond simply reaching a destination; it requires doing so efficiently while the
environment continuously perturbs the system. Classical methods often struggle to balance imme-
diate decisions with long-term objectives under such unpredictable conditions.

This is where forward-backward SDEs (FBSDEs) provide a powerful framework. They decompose
the control problem into two interconnected processes: a forward SDE describing the system’s noisy
evolution in time, and a backward stochastic differential equation that determines the optimal control
strategy by propagating information from the terminal objective back to the present. By coupling
these two directions, FBSDEs establish a robust mathematical structure that anticipates uncertainty
rather than merely reacting to it.

Although their applications to modern systems such as autonomous flight are recent, the mathemat-
ical foundation of FBSDEsS is rooted in a century-long development of stochastic calculus, beginning
with the study of FSDEs and evolving toward increasingly sophisticated tools for modeling and

controlling systems under uncertainty.

The study of stochastic differential equations (SDEs) has been a cornerstone of modern probability
theory since the foundational work of K. Ité in the 1940s [34]. It6’s introduction of stochastic calcu-
lus provided mathematicians and scientists with a rigorous framework for modeling systems driven
by random noise. More broadly, the theory of stochastic integration was developed through the
contributions of several seminal contributors, including N. Wiener [63] (1923), A. N. Kolmogorov
[40] (1931), W. Feller [23] (1936), P.Lévy [14] (1948), and K. Ito [34, 35, 36] (1942, 1944, 1951).

Although the list of contributions is extensive, Itd’s theory remains the most influential and is widely
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regarded as the foundation of modern stochastic calculus. Forward stochastic differential equations
describe the evolution of a stochastic process from an initial condition, like ordinary differential
equations in the deterministic setting. However, many practical problems in optimal control, math-
ematical finance, and game theory require a different formulation in which the terminal value of the
process is specified instead of the initial condition. This fundamental limitation of purely forward
SDEs motivated the development of backward stochastic differential equations (BSDEs) and subse-
quently, forward-backward stochastic differential equations (FBSDEs).

The Backward Stochastic Differential Equations (BSDEs) were introduced in the linear case by Bis-
mut [10] as the adjoint equation associated with the stochastic version of Pontryagin’s maximum
principle in control theory. In addition, the well-posedness result for general linear BSDEs was es-
tablished by Bensoussan in 1983 [5], who used the martingale representation theorem to prove the
existence and uniqueness of the solutions. The general nonlinear case of existence and uniqueness
of the solution (under Lipschitz condition) was resolved in the seminal paper by Pardoux and Peng
[52]. Since then, the interest for BSDEs has increased regularly, due to the connections of this
subject with mathematical finance, stochastic control, and partial differential equations (PDEs), we
refer the reader to El Karoui, Peng, Quenez|20], El Karoui, Quenez [21], and for the connection
with viscosity solution to PDEs see Pardouz[51] and the references therein. Another important
result Peng discovered that the adapted solution of BSDE admits a probabilistic interpretation of
solutions to semilinear and quasilinear parabolic PDEs [56, 54]. After this, an extensive study of
BSDESs was initiated, and potential for its application was found in applied and theoretical areas

such as stochastic control, mathematical finance, and differential geometry.

Furthermore, the development of FBSDEs is naturally motivated by stochastic optimal control the-
ory, particularly from the adjoint equations that appear in Pontryagin ’s type maximum principle.
The earliest version of such a system was introduced by Bismut in 1973 |9, 10], consisting of a FSDE
and a linear BSDE. Subsequently, the first result for a coupled FBSDE where the coefficients of each
equation depend on the solution of the other was obtained by Antonelli [1] in his Ph.D. thesis in 1993.

Since then, many authors have studied this system using various methods, such as the four-step
scheme [45] and the method of continuation [31], as well as many other approaches [17, 46, 57]. Fur-
thermore, in the FBSDEs theory framework, particularly, in a Markovian framework, the solution
of a BSDE describes the viscosity solution of the associated semi-linear partial differential equation
(PDE in short). For more details, we refer to the paper by El Karoui, Peng and Quenez [20] and
the references therein. Peng [55] obtained the Hamilton-Jacobi-Bellman equation and proved that
the value function is its viscosity solution. Many authors have studied the theory of BSDEs and its
applications to stochastic control (see Peng [53]), finance (see El Karoui, Peng, and Quenez [20]),
and for partial differential equations theory (see Peng [54], etc.). Since then, BSDEs have been

widely used in stochastic control, and especially in mathematical finance.

The foundations of optimal control were laid as early as 1697 Bernoulli’s work on variational prob-
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lems, eventually evolving into the modern stochastic control framework popularized in the mid-20th
century [61]. Over time, this field of study has continued to develop and has attracted the attention
of many researchers, for a comprehensive historical account, we refer the reader to the end of chap-
ter 2 in [65]. However, it is true, except that its real rise occurred in the 1950s and 1960s, driven
by the work of Pontryagin and his group on the maximum principle. Since then, this theory has
drawn significant interest in both pure and applied mathematics. In particular, the development of
stochastic modeling in fields such as economics, finance, and engineering has highlighted the need
to extend classical optimal control methods to systems driven by randomness. In such cases, the

dynamics of a controlled system are typically described by SDE.

Consequently, the study of stochastic optimal control combines probabilistic techniques with meth-
ods of PDEs. Two fundamental approaches have been developed to analyze such problems, the first
is the Stochastic Maximum Principle (SMP), which provides the necessary conditions for optimal-
ity and extends the classical deterministic maximum principle introduced by Pontryagin to include
stochastic systems. There are many works on this topic [4, 11, 29, 41], including the contribution by
1. EKELAND in 1972 and 1979, who studied this principle in cases where the diffusion o does not
contain the control variable [19]. A difficulty in treating is the case where the diffusion o depends on
the control variable u, Bensoussan studied such a case [4, 11], his method strongly depends on the
control being convex, next S. Peng gives the principle in a more general framework where o depends
on u and the control set is not necessarily convex [53]. In this framework, the adjoint processes
associated with the optimal control problem are described by BSDE.

The second approach is the method of dynamic programming, the basic idea of which was initiated
by R.Bellman in the early 1950s [2]. This method characterizes the value function of the control
problem as the solution of the Hamilton-Jacobi-Bellman equation, which is generally a nonlinear
PDE. In many cases, the value function may fail to be smooth; therefore, the concept of viscosity

solutions, developed by Crandall and Lions [15], is employed.

Despite the rich theoretical background, numerical methods for FBSDEs remain an active area of
research because analytical solutions are rarely available. For forward SDE, the state process is
typically approximated using a time discretization scheme such as the Euler-Maruyama method or
the Milstein scheme [39, 60, 30]. For backward SDE, numerical approximation is usually based on
a backward time discretization, such as backward Euler discretization [14]. The computation of
the conditional expectations arising in the backward iteration are typically approximated using a
regression technique, for example, the Least Squares Monte Carlo method [33]. Combining these
numerical procedures leads to a fully discrete numerical approximation of the FBSDE system.

In the decoupled case, numerous numerical methods have been developed, including the Malliavin
calculus method [16], the quantization method [50], and regression-based approaches [25]; see also
[33] and the references therein for a comprehensive overview. The coupled case is more challenging
due to the intertwined nature of the forward and backward equations. Notable methods include the

four-step scheme-based approach [17], the Markovian iteration scheme [3], and Fourier expansion
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techniques [18]. More recently, neural network-based algorithms, such as the deep BSDE method,
have gained popularity due to their high accuracy and effectiveness in handling high-dimensional
problems [27, 26, 28].

Dissertation Objectives

The primary objective of this dissertation is to provide a comprehensive and rigorous treatment of
FBSDE in the context of optimal control theory.

The dissertation systematically develops the theoretical foundations of FBSDEs before exploring
their connections to optimal control problems and numerical methods.

The contributions of this dissertation include:

1. A detailed exposition of existence and uniqueness theorems for both decoupled and coupled
FBSDEs, with careful attention to the conditions required for solvability and the techniques

used in the proofs.

2. A thorough exploration of the connection between FBSDEs and stochastic optimal control

through both the maximum principle and dynamic programming approaches.

3. An analysis of numerical methods for FBSDEs, including discretization schemes.

Structure of the dissertation

This dissertation is structured across three chapters. It begins with an introduction that provides
the theoretical framework and the project objectives. Following this,

e Chapter 1 Explores the fundamental theoretical concepts required for the remainder of the
thesis. It begins with a review of stochastic calculus, including the basic tools such as prob-
ability space and stochastic process, such as Brownian motion and It6 calculus. The chapter
then discusses stochastic differential equations (SDEs). This is followed by an introduction
to Backward stochastic differential equations (BSDEs), which play a central role in stochastic
control theory. Building on these concepts, the chapter presents forward-backward stochastic
differential equations (FBSDEs), including their definitions and the existence and uniqueness
of the solution. Furthermore, the chapter discusses the relation between FBSDE and PDE

(linear and nonlinear cases).

e Chapter 2 Develops the optimal control framework using FBSDEs. The chapter begins with
the formulation of the optimal control, where the stochastic control problem is introduced.
It then presents the Stochastic Maximum Principle (SMP) as a fundamental tool for deriving
necessary conditions for optimality. Next, it explores the Dynamic programming approach and
derives the Hamilton-Jacobi-Bellman (HJB) equation. Then, it concludes with a connection

between the two approaches.
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e Chapter 3 Focuses on numerical methods and simulations for solving FBSDEs. It starts by
introducing discretization schemes for the forward equations, including Euler-Maruyama and
Milstein schemes. Then, it describes the backward numerical methods for BSDEs and the
approximation of conditional expectation. Next, it develops numerical algorithms for both
coupled and decoupled FBSDE systems. Finally, illustrates the proposed methods through
a linear-Quadratic (LQ) example and a controlled SIR, epidemiological model, and numerical

simulations.



Chapter 1

Forward-Backward Stochastic

Differential Equations

The aim of this chapter is to present a rigorous foundation of Forward Backward Stochastic Dif-
ferential Equations (FBSDEs for short). Beginning with the essential theoretical background in
stochastic calculus and Stochastic differential equations (SDEs for short), we extend our analysis to
Backward stochastic differential equations (BSDEs), which are uniquely defined by their terminal
conditions. Finally, we study FBSDE, a powerful mathematical structure used to address complex

problems in optimal control.

1.1 Stochastic Calculus

The definitions of this section are borrowed from [3], [7] and [49].

Probability space
Definition 1.1.1. (0—algebra) or (o—field)

Let Q be a nonempty sample space, a collection of subsets F of Q1 is called a o-algebra if it satisfies

the following properties:

1. Qe F,

2. Ae F = A€ F,

3. A€ F,n>1 = |JA,eF.

n=1
The pair (2, F) is called a measurable space, and the sets in F are referred to as F-measurable sets.
Furthermore, if G is a o-algebra on Q such that G C F, then G is called a sub-o-algebra of F.
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Definition 1.1.2. The Borel o-algebra on a topological space Q0 (typically R), denoted by B(Q), is
the smallest o-algebra containing all open subsets of Q. Any set B € B(Q) is referred to as a Borel

set. B(R) consists of all open sets, closed countable unions, and intersection sets.
Definition 1.1.3. A probability measure is a function P : F — [0, 1] such that:
- P(o)=0, P(Q) =1.

- If {A;}i>1 C F is a sequence of disjoint sets (A; NA; =@  for all i # j) in F, then:

]P’(U Alv) = Z P(A;) (countable additivity).
i=1 i=1

The triplet (2, F,P) is called a probability space.

Definition 1.1.4. (Independence of Events) A family of events {A; : i € I} is independent if
for every finite subset J C I,

]P’(ﬂ Ai> =[] P).

icJ e

Definition 1.1.5. (Null Sets and Completeness) If we have an event A and P(A) =0, then A
is a P-null event (or null set).
The probability space (2, F,P) is said to be complete if for every set A € F with P(A) =0, then for
any B C A, it follows that B C F (consequently P(B) =0).

Definition 1.1.6. Given (0, F,P) a probability space, we define the collection of all subsets of
P—null sets as:
N:={BcCcQ:34ecF, P(A) =0, BC A}

The smallest o-algebra containing both F and N is:
F*:=FVN.

For any A* € F*, there exists A, B € F, such that: A* C B and P(B\ A) = 0. We then extend P
to F* by setting P(A*) =P(A). The resulting triple (0, F*,P) is a complete probability space.

Definition 1.1.7. A random variable is a measurable function X : Q — R, and
X YB)={w:X(w)eB}cF.
A probability measure px on (R, B(R)) defined by:
ux(B) = P(X"1(B)), VB e B(R),

wx s called the distribution of X.
In the case of a random vector X = (X1, ..., Xp), the distribution pux is uniquely determined by the

cumulative distribution function F : R™ — [0,1], defined as:
F(z1,...,zn) =P(X; < 23,1 <i < m).
This function is non-decreasing, right continuous, and satisfies:

lim F(z) =0, lim F(z) = 1.

Tr—r—00 r—00
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Definition 1.1.8. (Expectation) Let X be a random variable, if [, |X(w)|dP(w) < co, then the

number

E[X] := /Q X (w) dP(w),

is called the expectation of X.
More generally, if g : R™ — R is a Borel measurable function and

|l @plip) < .
then the expectation of g(X) is defined by:
Blo(0] = [ o(X() dP(),
using the distribution pyx, then the expectation of g(X) is defined by:

Blo(0) = [ a(X(@) dP@) = [ (X () dux(o)
If two random variables X, Y : Q2 — R are independent, then:
E[XY] =E[X]E[Y],
provided that E[| X ] < oo and E[|Y]] < co.

In this part, we define four essential modes of convergence for a sequence of random variables (X,,).

Definition 1.1.9.

e Almost sure convergence:
X=X as. ifPw:X,(w) = X(w)) =1

e Convergence in probability:

X, 5 X < Ve>0, lim P(|X, - X| > ¢) =0.

Note that:(Almost sure convergence =—> convergence in probability)

e Convergence in LP:
X, 5 X, <= if: lim E[||X, — X|[P] =0, p>1.
n—oo

e Weak convergence:
Xn—= X, = if:PX,<z)>PX <z) as n— oo (or converge in distribution)

Theorem 1.1.1. The wvarious modes of convergence are connected in a specific order, and this

relationship can be illustrated as:

X, “x = x,5x = Xx,%x
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Definition 1.1.10. (Conditional expectation) Let (0, F,P) be a probability space, G be a sub-o-
algebra and a random variable X € L*(Q, F,P),! we say that a random variable Y is the conditional
expectation of X with respect to G, denoted by E[X | G|, if the following conditions are satisfied:

1. 'Y is G-measurable.

2. for all G €G:

/YdIE”:/Xd]P’.
G G

Note that the expectation of X, denoted by E[X] is a number, while the conditional expectation
E[X | G] is a random variable.
The existence and uniqueness of E[X | G] are guaranteed by the Radon-Nikodym Theorem [3].

We now summarize the essential properties of condition expectations.

Proposition 1.1.1. [18] Let X, Y be two random variables on the probability space (2, F,P) taking
their values in R. Let G C F be a sub-c-algebra. Then:

1. Measurability property. If X is G-measurable, then
E[X |G = X.
2. Independence property. If X and G are independent, then

E[X | G] = E[X].

3. If Y is G-measurable and E[|XY|] < oo, then for any random variable such that XY is inte-
grable, we have:
E[XY |G| =YE[X | G].

4. Tower property. If H C G is another sub-c-algebra, then
E[X | H] = E[E[X |G| H].
5. Monotonicity. If X <Y, then
E[X [ G] <E[Y | g].
6. The low of total expectation

E[EX | d]] = E[X].

1The set of all integrable random variables, which are F measurable, is defined as:

Ll(Q,}',]P):{X:QHR\EHX\]:/QX(w)dP(w)<oo}.
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7. Linearity: For all a,b € R,

ElaX +bY | G] = aE[X | G] + bE[Y | G].

Proposition 1.1.2. [18] (Jensen’s Inequality) Let ¢ : R — R be a convex function such that:
E[p(X)] < o0, and E[X] < oo, then:

SE[X [ G]) <E[(X)[G] as.
Corollary 1.1.1. [18] Taking ¢(.) = |.|P, for any p > 1, provided that E[| X |P] exists, we have:
[E[X | G][" <E[X[" | g].
Stochastic Process

Definition 1.1.11. A filtration on a probability space (2, F,P) is an increasing family of sub-o-
algebras {Fi}i>0 such that:
~F€ g JT-.t7 S S t

)

representing information available up to time t.
The probability space equipped with a filtration is written as follows (Q, F,{Fi}i1>0,P) is called a
filtered probability space.
e The canonical filtration of X is the smallest o-field under which X, is measurable for all0 < s <t
defined by:

FX =0(X,,0<s<t), Vtelo,T)],

is called the natural filtration.
Furthermore, a filtered probability space (2, F,{Fi}i>0,P) is said to satisfy the usual condition if:

o (Q,F,P) is a complete probability space and Fy contains all P-null sets.
o We say that the filtration (F;);>o is right continuous if F; = Fi+ = (5, Fs for anyt € [0,T).
Definition 1.1.12. A stochastic process is a family of random variables
X ={X;:teT},

defined on a probability space (2, F,P) and assuming values in R™.
The parameter space T is usually RY. Note that for each fized t € T, we have a random variable
w— Xi(w); w € Q. On the other hand, fizring w € Q we can consider the function

t— Xi(w); teT,

which is called a sample path (realization) of the process X;. Sometimes it is convenient to write
X (t,w) instead of Xi(w). Thus, we may also regard the process as a function of two variables
(t,w) = X(t,w) from T x Q to R™.
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The Conditional Dominated Convergence Theorem is a cornerstone for the analysis of FBSDEs. It
allows for the interchanging of the limit and the conditional expectation operator E[-|F;], provided

the sequence of processes is bounded by an integrable process Y € L'(Q).

Theorem 1.1.2. [18] (Conditional Dominated Convergence Theorem) Let {X,}nen be a
sequence of random variables such that X,, — X almost surely. If there exists an integrable random
variable Y such that | X,| <Y a.s for all n, then:

E[X, | F] 225 E[X | F].

Definition 1.1.13. Let X = {X;},cp0,m) and Y = {Yi}iepo,1) be two stochastic processes defined on
the same probability space (2, F,P). We distinguish between the following concepts:

o FEquivalent: If they have the same finite-dimensional distributions.
e Modification: They are modifications if for every t,

P(X,=Y,) = 1.

e Indistinguishable: They are indistinguishable if

P(X, =Y, Vt) =1.

Definitions: Let (X;):>0 be a stochastic process taking values in the n-dimensional real space R™ :

e Measurable process: X; is said to be measurable if the joint map from the time sample
space to the value space is measurable with respect to the product o-algebra; implies that the
map (t,w) = X¢(w) from [0, 7] x © to R™ must be (B([0,7]) ® F)/B(R™)-measurable.

o Adapted: We say that the process X, is adapted with respect to filtration (F);> if V¢ € [0, T
the map (random variable) w — X;(w) is F;/B(R™)-measurable.

e Progressively measurable: For all ¢t € [0,7], The map (s,w) — Xs(w) is measurable on
B([0,t]) ® Fi/B(R™).
Note that : a progressively measurable process is both adapted and measurable

. Adapted,
Progressively measurable —

measurable.
Now let us define three distinct forms of continuity for a stochastic process Xy:
e X, is said to be a.s continuous if the path t — X;(w) is a continuous function.

o X, is said to be a.s right continuous with left Limits (RCLL) if (almost) all its trajectories are
RCLL.

e X, is said to be stochastic continuous if for all time ¢ > 0 and for all small number £ > 0,

lim P[| X; — X,| >¢] = 0.
s—t
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Definition 1.1.14. A random variable 7 : Q — [0, 00] is a stopping time if :
{Tgt}e]:h VtZO
A stopped process X, (w) is defined by:

Xeif {r <t}

=X =00 e

Definition 1.1.15. (Brownian motion) A stochastic process B = (B, t > 0) is a Brownian

motion if it satisfies the following properties:
(i) Start at the origin: By =0 a.s.

(ii) Independent increments: For any times 0 <t <ty < ... < t, the increments By, — Bi,, By, —

By, ..., B, — By, , are independent random variables,
(iii) For allt > s>0, B;— Bs~N(0,t—3s), E[B] =0, and Var(B;) =t.
(iv) The function t — By is continuous almost surely (continuous trajectories).

Remark 1.1.1. The Brownian motion can also be defined as a centered Gaussian process for which
E[BsB:] = min(s,t) = s At, s,t>0.

Remark 1.1.2. Throughout this Master’s project, we typically work with natural filtration generated
by the Brownian motion, denoted by F = (Fy)i>0 defined as:

Fi=0(Bs:0<s<t)VN.

Where N is the set of all P-null sets.
The n-dimensional Brownian motion is defined by: (By)i>0 = (B}, ..., BY).
Proposition 1.1.3. /9] If f:R =+ R

1
V27t

For example: choosing f(u) = u?, then: E[B?] = t.

E[f(B)] = /Rf(m)e_% dz.

Definition 1.1.16. Let X be a continuous stochastic process. Consider a sequence of subdivisions
A,=(0=1ty <t <..<ty,=t) of the interval [0,t]. We define the infinitesimal variation of order
p (p > 0) as:

n

VP(X0) =) X — Xy, I
k=1

If VP (Xy) admits a limit when A, — 0 (as n — o0) and this limit is independent of the choice
of subdivision, it is called the variation of order p on [0,t], denoted by (X, X ).

In particular, the most important instances of the pt" order variation are:
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1. p=1 is called the total variation of X;.
2. p =2 is called the quadratic variation and we denote it by (X, X);.
Example: For Brownian motion B; € R the quadratic variation is:
(B,B); =t.
Definition 1.1.17. Let (Q, F,F,P) be a filtered probability space. A process X = (Xy)i>o is said to
be:

o o martingale with respect to the filtration (Fi)i>o if:

1. X; is integrable for each t > 0;
2. (Xi)e>o0 is adapted to the filtration (Fi)i>o;
3. X, =FE[X; | Fs] for all s < t.

e ¢ submartingale if E[X; | Fs] > X for s <t,

Definition 1.1.18. Let M = (M;):>0 be a continuous adapted process, we call it ¢ continuous locale
martingale if there exists an increasing sequence of stopping time (7, )n>0 such that 7, — oo  (a.s.)
and, for every m, the stopped process X™ (defined as Xr 17 50y ) is a martingale. We say that
the sequence of stopping times 7, reduces M.

Definition 1.1.19. A stochastic process X = {Xy,t > 0} is called Semimartingale. If it can be
written in the following form:
Xe = Xo+ M+ Ay,

where My is a continuous locale martingale and A; is a process of finite variation with My = Ag = 0,
and Xq is the initial condition.

This is the most important class of process in Ité’s calculus.

Proposition 1.1.4. [58] Let (B;)i>0 be a Brownian motion on the probability space (0, F,P), then:
1. (By)i>0 is martingale.
2. (B} — t)i>0 is martingale.

The following theorem is fundamental to the theory of BSDEs.

Theorem 1.1. [77] Let B = {B; = (B},..,B, Fi; 0 <t < 00)} be a n-dimensional Brownian
motion on (0, F,P), and let {F;} be the augmentation under P of the filtration {FL} generated by
B, then for any square-integrable martingale M = {My, F¢; 0 <t < oo} with My = 0 and RCLL

paths a.s., there exists a progressively measurable process Y7 = {Y7, F;;0 < t < oo}, such that:
T .
E/ (V) dt <o0; 1<j<nm,
0

for every 0 < T < 0o and:

n t
Mt:Z/ Y7 dBI; 0<t<oo.
j=1"0
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Remark 1.1.3. An important ezample: we are given a random variable & on (Q, F) that is integrable
(E[¢] < 00); then the process defined by:

X:=E[¢|F], teT,
is a martingale.
Theorem 1.2. [/3] (Doob’s inequality) If X; is a right continuous martingale, then for all

p>1t>0:

e (P ) »
@l s XD < (S27) sup EIXPD,

Furthermore, let My be a continuous, square-integrable martingale with respect to a filtration (Fi)i>o0
with My =0 a.s. Then:

o E[ sup [M,] > ] <

0<s<t

E[|M,]), Vt>0, X>0.

> =

o E( sup [M,[*) < 4E(|M[*).

0<s<t

Theorem 1.3. [/2/Burkhoder-Davis-Gundy (BDG) inequality For every p > 0, there exist

positive constants c,, Cp, > 0, for any continuous martingale M with My = 0:

cpBI(M, M)?/?) < Elsup |My[”] < C,E[(M, M)2/?).

t>0

Lemma 1.1. [/2] Gronwall Let T > 0, and let g be a measurable nonnegative, bounded function
on [0,T], for allt € [0,T]. Suppose there exist constants a > 0 and b > 0, such that:

g(t) <a+ b/o g(s)ds.

Then,
g(t) <a exp(bt), forall t€]0,T).

Ito Formula: The integration with respect to the time increment dt is defined through the classical
Riemann or Lebesgue integral. In stochastic calculus, one must integrate an adapted stochastic
process with respect to the random increments of a Brownian motion dB;. This operation is known

as the It6 integral.

In this subsection, we are interested in the stochastic integral with respect to Brownian motion.

Definition 1.1.20. Let B = (B;)i>0 be a Brownian motion, and let X = (X;)i>0 be an adapted
process on the probability space (Q, F,F,P) satisfying the L? integrability condition.
The Ito’s integral of X with respect to B is the process I = (It)>0:

t
I:/ X,dB,, tel0,T).
0
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Lemma 1.2. [6] Let u(t,z) € C%([0,00) xR; R) be a function that is once continuously differentiable

in t and twice continuously differentiable in x. Let X; be a stochastic process defined by:

t t
X = X +/ psder/ osdBg,
0 0
where s and oy are adapted processes. Then the process Y = (u(t, X¢))i>0 is a semimartingale
satisfying:

32

o 2( X )o2ds. (1.1)

Y; = YO—|—/a (s, Xs) ds—l—/a (s, Xs) usds—k/a sX)aédB—F

Examples:

1. For example, taking X; = B; and f € C?>(R,R) we have:
f(B; / f'(Bs)dBs + % / 1" (Bs)ds. (1.2)

2. Let (X4)i>0 = (X}, ..., X7) be a vector of continuous semimartingales and F : R? — R be of
class C2, then for every t > 0

F(X;) = F(Xo) +Z/ oo, S dXxi+1 Z/ axzax] X,)d(X?, X7, (1.3)

i,5=1

1.2 Stochastic Differential Equations

In this section, we recall some elements of the theory of stochastic differential equations with random

coeflicients driven by Brownian motion.

Definition 1.2.1. Let consider (Q, F,F,P) be a filtered probability space satisfying the usual condi-

tion, and let:
e Drift coefficient u(t,x) = (1*(s, Xs))1<i<a is a measurable vector in RY.
e Diffusion coefficient o(t,x) = (% (s, X;))1<i<di<j<n S a measurable d X n matriz.
e B = (B!, ..., B") is a standard n-dimensional Brownian motion.

Consider the following SDE:
dXt = /J,(t,Xt) dt+0'(t,Xt) dBt (14)

The notation 1.4 is symbolic because dB; does not truly have a meaning (Brownian motion is not
differentiable). It should be written in the form:

¢ ¢
X =Xo+ / (s, Xg)ds + / o(s,Xs)dBs. (1.5)
0 0
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Xy is the initial condition, (1.5) is well-defined.
Which the SDE (1.4) can be written component-wise as:

dX} = pi(t, Xp)dt+ Y 0ii(t, Xe)dB],  1<i<d, (1.6)
j=1
equivalently:
t n t
X :Xg+/ ui(s,XS)ds—i-Z/ (s, X,)dBI, 1<i<d, (1.7)
0 =170

The existence and uniqueness of the solution

Definition 1.2.2. [37/(Strong solution) A process X = (Xi)i>0 is called a strong solution of

(1.4) if for a fized probability space and a fixred Brownian motion, there exists a process X satisfying:
1. Xy is Fy-adapted and continuous.
2. P(fg (s, Xs)| + |o(s, Xs)|?ds < 00) = 1.
3 X; =20+ fg u(s, Xs) ds + fot o(s,X,)dB,, P—a.s.

Definition 1.2.3. (Weak solution) A SDE is said to admit a weak solution if there exists a filtered
probability space (Q, F,F,P), a Brownian motion B, and a continuous process X that satisfy (1.5)

almost surely. Therefore, a weak solution is a collection of objects (0, F,F,P, B, X).

The existence (and uniqueness) of a strong solution to the (1.4) is ensured by the following hypothesis:
Hypothesis: For a constant K > 0, and for all t > 0, z,y € R?

(H1)
it @) — ut )| + o (t,2) — ot )| < Kllz —yll, (Lipschitz condition)
(12)

|t 2)||? + [|lot, )] < K21+ ||=]]?). (Linear growth condition)

Let £ be a random vector valued in R¢ with finite second moment:
E[[¢]]* < 0.

Theorem 1.2.1. [97] Under assumptions (H1)-(H2), the SDE (1.4) admits a unique strong solu-

tion with initial condition £&. Moreover, this process is square-integrable, such that:
E[[X[|* < CA+E[¢|[*)e”s 0<t<T (1.8)
for every T > 0, there exists a constant C, depending only on K and T.

Proof. The SDE to be solved is:

¢ ¢
X =Xo —|—/ wu(s, Xs)ds —|—/ o(s,Xs)dBs.
0 0
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(i) Uniqueness proof: Suppose X = (Xt)ico,r] and Y = (Y})i[o,7] are two solution, with
Xo = Yy = £ by applying the inequality (a + b)? < 2a? + 2b? to the integral form, we have:

1Xe = Yi|* < 2 H/O [u(s, Xs) = p(s, Y)] ds ||* +2 H/O [o(s, Xs) = o(s,Y)] dBs |,

by taking the expectation and applying Cauchy-Schwarz (for the drift) and It6 Isometry /
BDG inequality (for the diffusion), we obtain:

t t
E[|X, — Y,|[?) < 2T E / (s, X) — (s, Yi)|°ds + 2 E / llo(s, X.) — o(s, Y.)| [%ds.
0 0

Using the (1.2):
t
B[, - YilP) <€ [ E[iX: - Vil ds
0
where C' = max(2TK?,2K?). By Gronwall’s Lemma (1.1), we have: E[||X; — Y;||?] = 0 for all
t.

Since the paths are continuous, this implies

P{ sup |X;—Yi|=0}=1
te[0,T]

(ii) Existence proof (Picard iterations): Let us define a sequence of approximations (x}') as

follows: . .
Xp =g [ s x dst [ ol X0 dB.
0 0
Using the same technique as in the uniqueness proof, we can show by induction that:

(MT)7L+ 1

t
Bl - XpIP) < © [ Bl - X P s — BIXY - xR <

This shows that X™ is a Cauchy sequence in L?(€2). It converges to a limit process X;, which

satisfies the integral SDE (1.5) by passing to the limit as n — oo.

(iii) The bound E||X;||? < C(1 + E|£||*)e! is derived by applying Itd formula to || X¢||*> and

applying Gronwall’s Lemma once more.

1.3 Backward Stochastic Differential Equations

Let (92, F,TF,P) be a filtered probability space and a random variable £ is Fr-measurable (¢ € Fr),
we consider the following differential equation:

D pv), e T Y=g (1.9)
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Consider the simplest case where (f = 0), it is impossible to find an F;— adapted solution Y, then
the only solution is Y; = £, which is not adapted (because (¢ € Fr)). Then, the natural way to

make the solution be F;—adapted is the martingale :
Y =E(§ | 7).

The Martingale representation Theorem (1.1) allows us to construct a unique, square integrable and

adapted process Z = (Z)se[o, 1) such that:

t
Y, = E(€ | F) = E[e] + /0 Z,dB,.

by setting t = T', we have Yp = E(¢ | Fr) = &, then:

T
Yy :ﬁf/ ZydB,
t

which implies
—dY; = —ZydB;, with Yr==¢. (1.10)
Consequently, the full BSDE is formulated by allowing the function f to depend on Y; and Z;:
—dY; = f(t,Ys, Zy)dt — Zyd By,
YT = ga

(1.11)

which is equivalent to:
T T
Y; =¢ +/ f(s,Ys, Zs)ds —/ ZsdBg. (1.12)
t t

We borrow the following notation from [52]:

S?(IR¥) is the space of progressively measurable processes Y such that:

||Y||?92 :E{ sup |Y}|2} < 00.
0<t<T

S2(R*) : subspace of continuous process.

M?2(RF*4) is the space of progressively measurable Z such that:

T
/ 12, dt
0

where [|z]|? = trace(zz*) for z € R¥*4 and M?(R*¥*?) denotes the M?(R**4) equivalent classes.

1Z][pm2 = E

< 00,

Remark 1.3.1. For a matriz z € R¥*9 the notation |z||> = trace(22") defines the norm. If z* is

the transpose of z, then:

k d
EEED ST

i=1 j=1
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Definition 1.3.1. [13] A pair process (Yi, Zi)o<i<r i called a solution of the BSDE (1.12) if:

1. Y and Z are progressively measurable with values in R* and RF*¢ respectively.

2.

T
/ (£ (r, Yo Z)) + 1 Ze]2)dr < 00 Paas.
0

3. The pair (Y, Z) satisfies the integral equation (1.12) for allt € [0,T] P.a.s.

Hypothesis: We assume that the generator f : [0,7] x RF x RF*4 — RF

(A1) Lipschitz condition: There exists L > 0 such that for all y;,y, € R* and 21, zp € R¥*d
|f(taylazl) - f(t,yQaZQ)l < L('yl - y2| + ||Zl - Z2H)7 L> 0)

(A2) Integrability condition:
T
Bl + [ 17(:0.0)Pdr] < oc.
0

Existence and uniqueness theorem:

Theorem 1.4. [52] Under hypothesis (A1)-(A2) and for the terminal condition & € L*(Fr) the
BSDE (1.12) has a unique solution (Y, Z) € 8? x M?>.

Before proving this theorem, let us establish the following lemma:

Proposition 1.3.1. [13] Suppose that there exists a positive process {fi}i1>0 € M*(R) and a con-
stants A > 0 such that:

[f(ty, 2| < fe+ Ayl +1Iz]), V(ty,2) € [0,T] x R® x R¥*.
If (Y3, Zt)o<i<t is a solution of BSDE, such that Z € M?, then' Y € S2.

Lemma 1.3.1. [15] ForY € §?(R) and Z € M*(RF*4) then {fg Y:ZsdBs,t € [0,T]} is a uniformaly

integrable martingale.

Lemma 1.3.2. [17] Simple case where f not depend ony and z, Let {F;}o<i<r € M?(RF) and the
BSDE:

T T
Ytzg+/ F,,dr—/ Z,dB,, 0<t<T. (1.13)
t t

Let &€ € L*(Fr) and {F;}o<i<r € M?(RF). The BSDE (1.13) has a unique solution (Y, Z) such that
Z e M.

The method of proof is similar to the other existence uniqueness theorems in SDEs. We find a
suitable complete space and a suitable mapping from that space into itself, and then invoke the
contraction mapping theorem. We will only sketch the proof using Banach’s fixed-point theorem.



1.3 Backward Stochastic Differential Equations 20

Proof. Notation:
The Banach space B? = §2 x M?,
with the norm:

T 1
| V)]la = E[ sup eat\Ut|2+/ V|2 dr]
0<t<T 0

BSDE to solve: ’ .
}/t:é-'i_/ f(ra}/;azr) d?"—/ Zr dBr
t t

1. Define a contraction mapping V:
For (U,V) € B2, define (Y, Z) = ¥(U, V) as the solution of:

T T
Yt=5+/ Fr, U VL) dr—/ 7. dB,.
t t

2. U is well-defined from B? to B2.
Verification: Set F,. = f(r,U,,V;.). Since f is Lipshitz

|Fe| < 1f(r,0,0)[ + LUy | + L[| V2.
By Lemma 1.3.2 and Proposition 1.3.1, there exists solutions (Y, Z) € B2.

3. Let (U, V), (U',V') € B? and define: (Y,Z) = W(U,V), (Y',Z') = 9(U", V"), §=Y -
Y, :=Z-7, Gr=£(—¢=0.
dye = —{f(t,U, Vi) = f(t, U}, V{)} dt + % dB.
Applying Ito formula to e®t|g,|?:
d(e™ |§:?) = ce™|§]? dt + || 2] dt + 2e™" Gy dy.

After simplification and integration from ¢ to 7"
T T T
i+ [ ez dr = [ e (-algn 420U V-1 UL VY de [ 26 gy 5y B,
t t t

4. Using Lipschitz condition: Since f is Lipschitz, note & = U — U’, © =V — V', with constant
L:

T T T
i+ [P dr< [ e (alg P e2Llilan] 2L o) dr- [ 26 gz dB,
t t t

2
; : - 2.
Applying the inequality: for all € > 0, we have 2ab < % + £b:

T T 12 T T
eat|gt\2+/ e‘)‘r||2r||2 dr < / em(—a—i—2?)|g}7~|2 dr—/ 2e“" 4.2 dB,+ 5/ e""”(|7u“b7ﬂ|2 + HUT||2) dr,
t t t t

RE
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choose o = 2%2 to cancel the |§;|? terms, and from Lemma 1.3.1 M; = fg 2e*" 4.2, dB, is
local martingal.

Taking expectation at ¢t = 0:
T
E[/ e 12|17 dr] < E[R.].
0

5. Contraction conclusion:
Applying BDG inequality:

T
E[ sup e|§i/?] < E[R.] + CE[( / 2|, 125,17 dr)2).
0<t<T 0

Using ab < % + % and absorbing terms:

T
E[ sup e“t|gjt\2+/ eI|5, |2 dr] < (3 + CHE[R.].
0<t<T 0

return to the definition of R, then:
15, )12 < e(3+C*H(AVT)|(a, )l
choose ¢ such that £(3+ C?)(1V T) = 1. Then ¥ is a strict contraction.

6. Banach Fixed-Point Theorem:
Since B? is a Banach space with norm |.|, and ¥ : B2 — B? is a contraction. By Banach’s

fixed-point theorem, there exists a unique solution (Y, Z) € B2.
O

Remark 1.3.2. We shall see that the role of Z, more specifically that of the term ftT Z.dB,., is to
ensure that the process Y 1s Fi— adapted.

1.4 Forward—Backward Stochastic Differential Equations

Definition 1.1. Let (Q, F,F,P) be a complete filtered probability space, with filtration F that satisfies
the usual conditions. We consider the following system:

dX; =b(t, X4, Yy, Zy) dt + o(t, X, Ys, Z4) dBy,
—dY; = f(t, X4, Yy, Zy) dt — Z, dBy, (1.14)
Xs ==z, Yp =0(Xr).

where:

o X" is the forward (state) process that satisfies:

t t
X" :x+/ b(r,XﬁxI,ﬁs’m,Zﬁ’w)dr+/ o(r, X320, Y%, Z5%)dB,, s<t<T. (L15)
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o Y," is the backward (costate) process that satisfies:
t t
Vet e+ [ o v 2y i [ 2z, (1.16)

where X;'°, Y,>* in 82(s, T;R?),S2(s, T; R¥) respectively.

Remark 1.4.1. The spaces notation can be found in Notations

Classification of Forward—Backward Stochastic Differential Equations
There are two types of FBSDEs: decoupled and coupled FBSDEs.

1. Decoupled FBSDEs: An FBSDE is said to be decoupled if the forward component X is
independent of the backward component (Y, Z).
The system is defined by the following equation:

dXt = b(t, Xt) dt -+ O'(t,Xt) dBt7
dY, = —f(t, X1, Ys, Z) dt + Z, dBy, (1.17)
Y = ®(X7).

In this case, the forward SDE is solved first using classical theory (Theorem (1.2.1)). Once the
process X is obtained, it is substituted into the BSDE, which can be solved using Theorem
(1.4).

2. Coupled FBSDEs:
Fully coupled: An FBSDE is said to be fully coupled when both the drift and diffusion
coefficients of the forward equation depend on all variables (X,Y,Z). The general system is

given as follows:
dXt = b(t, Xt7 i/t, Zt) dt + O'(t, Xt, }/tv Zt) dBt7

dY, = —f(t, X,, Yy, Z,) dt + Z, dBy, (1.18)

Yr = ®(Xrp).
or
XET = g4 [T H(XEE, VI, 280 ds + [ o(XET, YT, 767 dB,,
vie = B(XLT) — ftT F(Xte Yt 762 ds 4 ftT 7.dB., (1.19)
where, the deterministic functions b, o, f and ® are defined by:
b:RY x RP x RP*™ — RY,
o R% x RP x RPX™ —y RéXm,
fiRYXRP x RPX™ — RP,
$: R — RV

The processes X% Y4 7% are F-adapted square integrable processes|12].
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e S?(t,T;R™) denote the set of R™-valued, F-adapted, continuous processes (X, s € [t,T])

which satisfy E[ sup |X,|?*] < oc.
t<s<T

o H2(t, T;R™) is the set of R™-valued, F-predictable processes (Zs, s € [t, T]) which satisfy
E[f," |Z,[2ds] < co.

o M?(t,T;R™) denotes the set of all R™-valued, square integrable RCLL martingales M =
(Ms)sepe, ) with respect to F, with M; = 0.

o KCHRPX™ — S2(¢ Ty RY) x S2(t, T, R*) x H2(t, T; RP*™).

Definition 1.4.1. A solution of FBSDE (1.19) is a process (Xb*, Yt% Zt%) € ICJVPPX™  which
satisfies (1.19).

Two main approaches have been developed for solving coupled FBSDEs. The first is the continuation
method, introduced by Hu and Peng [31] and further developed by Peng and Wu [57]. This method
requires a suitable monotonicity condition on the coeflicients to ensure the existence and uniqueness
of the solution. A comprehensive treatment of this method can be found in [31], [57].

The second approach is the Four-step scheme developed by Ma, Protter, and Yong [15]. This scheme
transforms the FBSDE into a partial differential equation (PDE) problem.

Existence and uniqueness of the solution of the FBSDEs:

We introduce a direct method for solving FBSDEs. It is called Four Step Scheme, because it contains
four major steps.

Four Step Scheme: [15] Let us consider the FBSDE in which the forward equation is non-
degenerate. "Jin Ma, Philip Protter and Jiongmin Yong" prove that in this case the adapted
solution can always be sought in an "ordinary" sense over an arbitrary prescribed time duration via
a direct "Four step scheme". Using this scheme, they further prove that the backward components
of the adapted solution are determined explicitly by the forward component via the solution of a
certain quasi-linear parabolic PDE system.

Let (Q, F,F,P) be a filtered probability space satisfying the usual conditions, let B be a standard

d—dimensional Brownian motion. Let us consider the following forward-backward SDE:

Xo=a+ [)b(s, Xs, Ys, Z) ds + [} o(s, Xs, Yy, Zs) dBs,

. . (1.20)
}/; = ¢(XT) - ‘ft f(S7XS7}/S)Zs)dS+ ft g(S)XSa}/S)ZS)dB\h
equivalently
dXt = b(t7Xta}/ta Zt) dt + U(t?XtaY:fa Zt) dBt;
dY, = —f(t, X, Yy, Z0) dt + g(t, X,. Vi, Z) dBy, t€[0,T], (1.21)

X() =x, YT = (I)(XT)
Here, the processes X,Y and Z take values in R™, R™ and R™*¢, respectively; and the functions
b,o, f,g and ® take valus in R™, R™ R"*¢ R™*4 and R™. In what follows, we use the usual Eu-
clidean norms in R™ and R” and for z € R™*¢ (resp R"*¢ ) we define |z| = {tr(z27)}'/2. Then
R™*4 (resp R"*¢ ) is a Hilbert.
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Definition 1.4.2. A triple of processes (X,Y,Z) : [0,T] x Q — R™ x R™ x R™*? js called an
ordinary adapted solution of the FBSDE (1.20), if it is {F;}-adapted and square integrable, such
that it satisfies (1.20) P-almost surely.

Suppose that (X, Y:, Z;) is an adapted solution of (1.20) or equivalently (1.21). We assume that YV
and X are related by:

Y: =60 X:) Vte[0,T] P-as. (1.22)
where 6 is some function to be determined. Suppose that all the functions involved are smooth, say
at least C2; then by applying It6 formula. We have for 1 < k < m.

dy} = do* (1, X,)

= {ef(t’ Xt) + <9];(t?Xt)7 b(taXtae(t7Xt)a Zt)>

) (1.23)
5 [0, (8, X0) (2, X, 0t X)) |
+ (0% (t, Xy), 0(t, Xy, 0(t, X)) dBy).

x

comparing (1.23) and (1.21), we see that if 0 is the right choice, then it necessary that, for k =

1,...,m
=Rt X, 0(t, X)) = 0F (8, Xe) + (05(t, X2), b(t, X2, 0(t, X¢), Z4))
+Ltr[0F (¢, Xy)o(t, X¢, 0(t, X1))o(t, X¢, 0(t, X)) T (1.24)
O(T, Xr) = ®(X7).

and

*g(t,Xt, 1/;5, Zt) = Hz(t,Xt)O'(t,Xt, Q(t, Xt)) (125)

The above arguments suggest that we design the following "Four Step Scheme" to solve the FBSDE
(1.20).

Four step scheme

Step 1: Find a smoth mapping z € [0,7] x R" x R™ x R™*" — R™*4 gatisfying

po(t,z,y) +g(t,x,y,2(t, x,y,p)) = 0; V(t,2,y,p) € [0, T] x R" x R™ x R™*". (1.26)
Step 2: Using the function z above, solve the following parabolic system for 6(¢, x):
oF + %tr(&’;ma(t,xﬁ)a(t,x, OT) + (b(t,x,0,2(t,z,0,0,)),0,)
+g*(t, 2, 0,2(t,2,0,0,) =0, k=1,....,m, (t,x)€ (0,T)xR", (1.27)
0(T,x) = ¢(z), xeR"

Step 3: Using 0 and z, solve the following forward SDE:
t t
X = x—l—/ b(s, Xs) ds—l—/ (s, Xs) dBs, (1.28)
0 0

where b(t, z) = b(t, z,0(t, ), z(t, 2, 0(t, ), 0,(t, x))) and 6(t, z) = o(t, z,0(t, z)).
Step 4: Set
}/t = 0(t7Xt)a

(1.29)
Zt = Z(t, Xt7 H(t, Xt)7 Ox(t, Xt))
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Then if this scheme is realizable, (X¢,Y:, Z;) would give an adapted solution of (1.20).

In the study of coupled FBSDEs, the classification of the system as degenerate or non-degenerate is

determined by the properties of the diffusion coefficient matrix o.

Remark 1.4.2. The non-degenerate means that the diffusion matriz o is non-degenerate, which

satisfies the non-degeneracy condition 1.4.

The following presentation is adopted from [12].

Non-degenerate case:Let us consider the following results of Delarue’s [17]. Delarue has proved
the existence and uniqueness of a solution to FBSDE, focusing on the non-degeneracy case, and the
matrix o is independent of Z.

The system studied is a fully coupled FBSDE on a time duration [0,7] defined as follow:

Xo =&+ [obls, X, Y, Z5) ds + [y o(s, X, Ys) dBs, ¥t € [0,T]
Y, = ®(Xr) + [ f(5,Xs,Ys, Z) ds — [ Z, dB,, Vte[0,T) (1.30)
T

E [, (X + [Yef? +[Z:[?) dt < 0.
Main Assumptions
The proof relies on two sets of assumptions, denoted (A1) and (A2). The assumptions (A1) consists
of local solvability conditions, which are the Lipschitz and monotonicity conditions (we refer the
reader to [17] for the precise statement).
Assumption (A2) (Global Extension):
These assumptions contain the non-degeneracy condition to ensure global existence.

There exist two constants K and A > 0, such that the functions b, o, f and ® satisfy the following
assumptions:

(A.2.1) The functions b, o, f and ® are bounded and satisfy for any (z,y, z) and (2/, ¢/, 2’) € R¥xRxR?:
|b(x,y,z) - b($/7ylvz/)| < K(|LL‘ - xl| + |y - y/| + ‘z - Z/|),
lo(z,y) —o(a’,y)] < K*(Jz = 2']* + |y — /),
[f(z,y,2) = fasy, 2) < K(lz = 2| + |y — /[ + |z = &),
|®(2) — ®(2')| < Ko — /).
2. on-degeneracy condition: For every (t,x,y) € |0,1] X X R; €
A.2.2) Non-d diti F 0,7] x RY x R; V¢ € RY

(¢ o0 (t, 2, 9)¢) > M¢|P

Theorem 1.5. [17] Under Assumption (A2), for any terminal time T > 0 and any initial condition
& with finite second moment, The FBSDE (1.30) admits a unique adapted solution (X, Y:, Z;)o<i<T-

Sketch of Proof:

The proof is conducted in two distinct steps: establishing local existence via the fixed-point theorem,
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and extending to global existence using PDE.
Stepl: Existence and Uniqueness in Small Time Duration:
The first step proves that for a sufficiently small time horizon T' < C}, the system (1.30) admits a

unique solution (Theorem 1.1 in [17]).

e The Mapping ¥:
We define a mapping W on the space K = S2(R?) x SZ(RP) x HZA(RY*P). For a given triplet
(X,Y,7) € K, we define (X,Y,Z) = U(X,Y, Z) as follows:
e X is the solution to the SDE: dX; = b(t, X, Y;, Z;) dt +o(t, X;,Y;) dB; with initial condition
€. Under (A1) this has a unique solution.
e (Y, Z) is the solution to the BSDE:
Y, = <I>()_(T)—|—ftT (s, X, Ys, Zy) ds—j;T Z, dBs under (A1) and given X, this admits a unique

solution.

e Contraction Argument:
Using It6’s formula and BDG inequalities, we establish the difference of two iterations (X, Y, 2)
and (U,V,W). Then the mapping ¥ is contractive from K to itself. By Banach’s fixed point
theorem, for every T' < CY, there exists a unique solution to the problem (1.30).

We establish a priori estimates to ensure that the norms of X; and Y; remain bounded within the
space K = SZ(R?) x SZ(RP) x H2Z(R¥*P). Specifically, from Delarue’s local analysis (Corollary
1.4), for any initial condition (t,z) € [0,T] x R, the local solution satisfies the following a priori

estimates:

1. There exists a constant cx only depending on K:
T

E[ sup |X[7|*] +E[ sup IYJ””I2]+E[/ | ZL*Pds] < ek (1+ |z]?). (1.31)
0<s<T 0<s<T 0

2. There exists a constant c,(f) only depending on K such that V(t,#') € [0,7]%, V(z,2') € (R%)?,

T
E[ sup |X!* —XLP24E[ sup |Y/* —Yst’x|2]—|—E[/ |zt — 782 ds] < ck|x—x'|2—|—c,(€2)(1+\x|2)|t’—t\.
0<s<T 0<s<T 0

Step2: Global Extension via PDE connection:
After establishing local existence and uniqueness on sufficiently small time intervals, the objective

is to extend this result to an arbitrary time horizon [0, T]

e The Associated PDE system:

V(t,z) € [0,T] x R4,V € {1,...,q}:

9t w) + 3 X0y a1, 0(t,2)) 520 (¢, @)

(E')  + 300 bilt, 2, 0(t,x), Vol(t, 2)o(t,z, 0(t, 2))) 9% (t, ) (1.32)
+ it 2, 0(t, 1), VL 0(t, )0 (t,z,0(t,))) =0

0(T,z) = ®(x)
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Y(t,z,y) € [0,T] x RT x RP, a(t,z,y) = oo (t,x,y) admits a unique solution § € C*2. To
formally justify the link between the FBSDE and the associated PDE system (1.32), we rely on
the continuity and regularity of the decoupling field 6. Because Y* is F; measurable and JFy is
trivial, YOO’J” is deterministic, allowing us to define 0(t,z) = Y*. The a priori estimates above
guarantee that (¢,z) is continuous and locally Lipschitz in z. By applying It6’s formula to
0(t, z) and taking conditional expectations. This It6 justification formally proves that any local
FBSDE solution must satisfy the representation Yy = (s, Xy), thereby linking the stochastic
problem directly to the deterministic PDE.

e Decoupling Field: The solution (X,Y, Z) is linked to the PDE solution by the representation
formula:

Y—t = G(t,Xt), and Zt = Vmg(t,Xt)a(LXt, }/;5)

e Gradient estimates: Delarue constructs a sequence of regularized coefficients (b, fn,on, )
satisfying (A2) and converges to (b, f,o, ®) almost everywhere. Using classical result (e.g.
Ladyzenskaja et al, 1968), the solutions 6,, to the regularized PDEs satisfy uniform gradient

bounds: sup V0, (t,2)| < M.
(t,x)€[0,T] xR4
By passing to the limit as n — oo, the true decoupling field # inherits this exact uniform

Lipschitz bound. This uniform bound is the crucial mechanism that prevents the gradient
from blowing up during a backward induction. Because the Lipschitz constant of 6 is strictly
capped by M, the effective Lipschitz constant of the system on any subsequent local time step
is bounded by max (K, M). Consequently, the maximum allowable time § = C for the Picard
contraction in step 1 remains strictly positive and does not shrink to zero. This allows the
interval [0,T] to be partitioned into a finite number of sub-intervals of length 6. The local
solutions can therefore be successfully stitched together via backward induction, yielding a

unique global solution over entire horizon [0, T.

O

While Delarue’s approach provides a robust link between FBSDEs and quasilinear PDEs via the
decoupling field 6(t,x), it is restricted by the requirement of a non-degenerate diffusion matrix.
To address cases where o may be degenerate, Peng and Wu [57] introduced a purely probabilistic
method for fully coupled FBSDEs over an arbitrarily large time duration. Their approach is based
on a monotonicity condition and direct energy estimates to prove global existence.

Generalized framework for FBSDE system:
The following framework is based on the so-called continuation method, introduced by Peng and Wu

[57]-

For a given 1 x d matrix G (with G be the transpose of G) and 7 := (z,y, 2), we put
—GTf
Alt,y)=| Gb | ().
Go
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We assume that there exists a 1 x d full rank matrix G such that the following assumptions are
satisfied.

H1 1. A(t,7) is uniformly Lipschitz in v uniformly on ¢, and for any -,
A(,7y) € H2(0,T;R? x R x RY)

2. ®(z) is uniformly Lipschitz and for any z € R%, ®(x) € L*(Q2, Fr,P;R). We denote by K
the Lipschitz constant of A and ®.
H2 1. (A(t,y) — A(t,9),7 =7 < —AilGz]* = B2(|GT g + |G 2]?).
2. (®(x) — ®(2),G(x —2)) > m|GF2, 2 =2 -2, 9=y —
strictly positive constants.

,Z =z — z, where (1, B2, uy are

<

Theorem 1.4.1. [57] We suppose that the assumptions (H1— H2) hold. Then, there exists a unique
adapted solution (X,Y,Z) to the FBSDE (1.19).

1.5 Connection with linear and Non-linear Partial Differential

Equations

Definition 1.5.1. [62] Generator Let { X" s >t} be the strong solution of (1.4). For a function
f:R™ —» R, we define the function Lf by:

Lf(xz)= }1}3}) E[f(Xt-H;L)] - f(z)

if the limit exists. Clearly, Lf is well defined for all bounded C?-function with bounded derivatives
and:

1
Lf(z)=0b(t,z).Df(x)+ §T’I”[O'O'T(t,I)D2f(I)] (1.33)
where Df and D?f denote the gradient and Hessian of f, respectively, the linear differential operator
L is called the generator of X.

The operator £ plays a central role in connecting stochastic processes with linear PDEs.

Definition 1.5.2. [62] Let v(t,z) be a function of classe C%([0,T] x R") defined by: v(t,z) :=
E[®(X57)]. Then v solves the partial differential equation:

QolLt) 4 Lo(t,z) =0, (t,z)€[0,T) x R",
o(T,z) = (), r € R

This establishes a fundamental connection between the generator and linear PDEs.
The Feynman-Kac Representation: Let us consider the following linear partial differential
equation:
Ov(t, x)
ot

+ Lo(t,z) — k(t,z)v(t,z) + f(t,x) =0, o(T,z)=®(zx), (tx)e€[0,T]xR* (1.34)
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L is the generator (1.33), @ is given function (® : R® — R), function k, f : [0, T] x R — R, function
b,o:[0,T] x RT = R Mg(d,d), respectively.

Theorem 1.6. Let the coefficients b,o be continuous and satisfy the Lipschitz condition in x uni-
formly in t, fOT(|b(t,())|2 + |o(t,0)]?) dt < oo. Assume that the function k is uniformly bounded
and f has quadratic growth in x uniformly in t. Let v be a C2([0,T] x R™) solution of (1.34) with

quadratic growth in x uniformly in t, then:
T
v(t,z) = IE[/ BLT (s, X0®) ds + BRTR(XE")], t<T xeRY (1.35)
t

where { X5 s > t} is the solution of the SDE with the initial data X\ = & and BL* = Ji k(w.Xy") du
fort<s<T.

The above Feynman-Kac representation formula has an important numerical implication. Indeed,
it opens the door to the use of Monte Carlo methods in order to obtain a numerical approximation
of the solution of the partial differential equation (1.34) [62].

A Feynman-Kac Type Representation through FBSDEs:

There is an innate relation between stochastic differential equations and second-order partial dif-
ferential equations (PDEs) of parabolic or elliptic type. Specifically, solutions to a certain class of
non-linear PDEs can be represented by solutions to forward-backward stochastic differential equa-
tions (FBSDESs), in the same spirit as demonstrated by the well-known Feynman-Kac formulas
(Karatzas and Shreve, 1991) for linear PDEs [22]. Then, we proceed to link the solutions of for-
ward and backward processes with the solution of the PDEs, within the framework of a nonlinear
Feynman-Kac formula.

Consider a complete filtered probability space (2, F,F,P). While FSDEs have a fairly straightfor-
ward definition, in the sense that both the SDE and the filtration evolve forward in time, this is
not the case for BSDEs. Indeed, since solutions to BSDEs need to satisfy a terminal condition,
integration needs to be performed backwards in time in some sense, yet the filtration still evolves
forward in time. It turns out that a terminal value problem involving BSDEs admits an adapted

solution if we back-propagate the conditional expectation of the process, that is, if we set
Ye = ]E[Ys | -79]

In a sense, systems of FBSDEs (1.14) describe two-point boundary value problems[22]. Moreover,
if the functions b, o, f and ® are deterministic, in the sense that they do not depend explicitly on
w € Q, then the solution (Y, Z) exhibits the Markovian property, this implies the solution can be
expressed as deterministic functions of time and the state process (El Karoui, Peng, and Quenez,
1997).

Lemma 1.3. [22] (The Markovian Property) There exists a deterministic decoupling function 6 :

[0,7] x R" = R and 6, : [0,T] x R™ — R" such that the solution (Y**, Z%*) of the BSDE (1.16) is
YE® =0(s, X07), Z0% =0T (5, X07)0,(s5, X07),

S

for all s € [t,T].
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The connection between the FBSDE system and nonlinear parabolic PDEs is formalized through
the nonlinear Feynman-Kac formula. Indeed, the following lemma can be proven by an application
of Ito formula (see El Karoui et al., 1997; Ma and Yong, 1999; Yong and Zhou, 1999):

Lemma 1.4. [22](Nonlinear Feynman-Kac) Consider the Cauchy problem:

0: + %tr(ﬁma(t,x)aT(t,az)) +0]b(t,z) + f(t,z,0,0 " (t,2)0,) =0, (t,x) €[0,T) x R",
0(T,z) =o(z), xR,
(1.36)
wherein the functions b, o, f and ® satisfy mild regularity conditions®. Then (1.36) admits a unique

(viscosity® ) solution 6 : [0,T] x R™ — R, which has the following probabilistic representation:
O(t,x) = Y,", V(t,x) €[0,T] x R (1.37)
where (X,Y, Z) is the unique adapted solution of the FBSDE system. Furthermore,
(¥, Z1%) = (0(s, X1%), 07 (5, X1)6, (s, X17)), (1.38)
foralls € [t,T], and if (1.36) admits a classical solution, then (1.37) provides that classical solution.

In this chapter, we developed the mathematical framework needed to study stochas-
tic systems. We began with stochastic calculus, then introduced stochastic differential
equations (SDEs), which describe the forward evolution of a state process X;. Next, we
presented backward stochastic differential equations (BSDEs), where the solution (Y3, Z)
is determined by a terminal condition at time 7. Finally, we combined these ideas to
define Forward Backward stochastic differential equations (FBSDEs), which link the for-
ward and backward components in a coupled system.

These equations provide the main tools for studying the optimal control problem. In the
next chapter, the forward equation will represent the controlled state process, while the

backward equation will describe the adjoint process.

2The regularity conditions requires the functions o, b, f and ® to be continuous, o and b to be uniformly Lipschitz
in z, and f to be Lipschitz in (y, z), uniformly w.r.t (¢,z)(see remark in [22]).
3See Remark 2 in [22] and for the definition of the viscosity solution in the next Chapter 2.3.1



Chapter 2

Optimal Control Framework Using
FBSDEs

This chapter introduces the framework of stochastic optimal control and its characterization us-
ing Forward-Backward SDEs. We review the basics of optimal control and present the Stochastic
Maximum Principle (SMP) as a tool for finding necessary conditions for optimality. The dynamic
programming approach, including the Hamilton-Jacobi-Bellman (HJB) equation, is then discussed,

highlighting its connection to SMP.

2.1 Optimal Control

The stochastic optimal control problem concerns the optimization of a performance criterion over
a class of admissible controls while the state evolves according to a stochastic differential equation.
This framework is formulated and illustrated through several examples drawn from practical appli-

cations.

In this section, we assume that the filtration F is the canonical filtration of the Brownian motion B.

The following definitions are taken from [62]

Definition 2.1.1. Control process Given a subset U of R*, we denote by U the set of all pro-
gressively measurable processes u = {ug,t < T} valued in U. The elements of U are called control

processes.
The set U defined by:

U0, T) = {u:10,T) x @ — U | u(.) is progressively measurable}.
Presentation of the problem:
Definition 2.1.2. the State equation (Controlled process) Let

b:(t,z,v) €0,T] x R x U — b(t, z,v) € RY,
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and
o (t,x,w) €[0,T] xR x U — o(t, x,v) € R*™,

be two continuous functions satisfying the following conditions:
b(t, z,v) — b(t,y,v)| + |o(t,z,v) — o(t,y,v)| < K |z —yl; (2.1)

bt 2,0)| + lo(t, 2, v)| < K (L+]a] + [o]), (2.2)

for some constant K independent of (t,x,v).
For each control process uw € U, we consider the controlled stochastic differential equation:

dXt = b(t,Xt,’LLt) dt + O'(t,Xt,’l,Lt) ch XS =x. (23)

The unique solution to SDE (2.3) is denoted by {X>%" r € [s,T]}.

Next, we introduce the cost functional: let [ be the running cost defined by:
1:[0,T] xR xU =R, &:RY R,
where @ called the terminal cost, and the cost functional is defined as follows:
T
J(s,x;u) = E[/ Ur, X% uy) dr + ®(X 3]

Definition 2.1.3. [65] A control u is called an admissible control, and the couple (X5%" ) is
called an admissible pair if :

(i) wells,T].

(i) X% is the unique solution of (2.3).

(iii) some prescribed state constraints are satisfied.

(w) I(s, X", ug) € L(0,T;R) and ®(X7) € Ly, (2 R).

The subset of U for which the SDE has a unique solution called the set of admissible controls and
is denoted by U,4[0, T
The Stochastic optimal control problem is formulated as the minimization of the cost functional:

J(s,z;u) = inf J(s,z;u). (2.4)

u€EUqq

Any control % is called an optimal control, and the corresponding state process X*%% is called the

optimal state process.

Remark 2.1.1. A notable observation is that one can switch between mazimization and minimiza-

tion problems through the relation:

min{J} = —max{—J}. (2.5)



2.2 Stochastic Maximum Principle 33

Two main approaches exist for solving stochastic optimal control problems: the stochastic mazximum
principle (SMP for short) and dynamic programming (DP for short).

The maximum principle, analogous to the Pontryagin maximum principle in deterministic control,
derives necessary conditions for optimality by introducing adjoint processes. This approach naturally
leads to a system of FBSDEs. The dynamic programming approach, on the other hand, character-
izes the value function as the solution of a Hamilton-Jacobi-Bellman PDE. These two approaches
are deeply connected, and the relationship between them illuminates the structure of FBSDEs and
their role in optimal control theory. We develop both approaches in detail, emphasizing their inter-

connections and relative advantages for different problem classes.

2.2 Stochastic Maximum Principle

One of the fundamental approaches to solving optimization problems is to derive necessary con-
ditions that any optimal solution must satisfy. The maximum principle, formulated and derived
by Pontryagin and his group in the 1950s, states that any optimal control and its corresponding
state trajectory must satisfy an extended Hamiltonian system, which is a two-point boundary value

problem, plus a maximum condition of a function called the Hamiltonian.

Statement of the Stochastic maximum principle:
Let (Q,F,F,P) be a given filtered probability space satisfying the usual conditions, on which an

m-dimensional standard Brownian motion is defined. Consider the stochastic controlled system:
dXt = b(t,Xt,Ut) dt—f—O’(t,Xt,’U/t) dBt (26)

where
b(t,x,u): [0,T] x R x U — R?

o(t,z,u) : [0,T] x R x U = R>*™ 5 = (a1 62, ..,0%.

We adopt the following statement from [32].
The set of admissible controls is defined as

T
U, T ={u:[0,7] x @ - U | u is Fi-adapted and IE[/ [t |? dt] < oo}
0

Assume that U € R9 is a convex set. The stochastic optimal control problem is to minimize the cost
functional over U[0, T], which is mathematically formulated as follows:

J(u) = E[f 1(s, Xy, us) ds + ®(Xr)]

(2.7)
inf{J(u);u € U}
To derive the SMP, we introduce the Hamiltonian:
H(t,x,u,p,q) = p' b(t, 2, u) + Tr(q" o(t, v, u)) = U(t,z,u), 28)

Y(t,z,u,p,q) € [0,T] x R x U x R% x R¥*™,
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Associated with the stochastic control problem (2.7), the adjoint equation are defined as follows:

dpt = —Hz(t,Xt,UumQt) dt + qt dBt7 te [OaT]’

2.9
pbr :_¢I(XT)5 ( )

where H, is the derivative of Hamiltonian H. It is notable that equation (2.9) is a BSDE whose
solution is formed by a pair of processes, (p,q) € L%(0,T;R") x (L%(0,T;R"))%. Concerning the
well-posedness of BSDE, we have the following assumption.

Assumption:

Let ¢ = b,0,] and ®. The map ¢ is C? in z, and ¢(¢,0,u) is bounded for any (¢,u) € [0,T] x U.
Moreover, ¢, v, and @, are uniformly Lipschitz in x and u.

Theorem 2.2.1. [32, 65] (Stochastic Maximum Principle)
Let Assumption 2.2 hold, and (X4, 1z, Py, G:) be an admissible 4-tuple. Suppose that ® is convex, H

is concave for all t € [0,T] P almost surely, and the mazimum condition
H(thtadhﬁMQt) :magH(taXtvu7ﬁtvqt) NAS [OvT]a P—a.s. (210)
ue

holds. Then, (X;,1;) is an optimal pair of the problem 2.7.

The proof can be found in [65].
Under sufficient smoothness and concavity assumptions of H, the optimization (2.10) is uniquely

solved by the following first-order conditions
Hu(ta Xtv ﬂtaﬁta q_t) =0.

Assuming this equation can be solved explicitly, the optimal control admits the following represen-
tation through a mapping 9 : (t, Xy, ps, G¢) — 1z, such that

’at = ﬂ(thtaﬁtaQt)7 te [07T}

We refer to ¢ as the feedback map. For a broad class of practically relevant control problems, this
mapping can be obtained in closed form. Substituting the feedback control into the state and adjoint
equations yields the fully coupled FBSDE:

dX; = b(t, X¢,pt,q¢) dt +o(t, X¢,pt,q¢) dBy,
dpt - _F(taXtapt,qt) dt + qtdBta te [OaT] (211)
Xo =0, pr=-2,(Xr).
where
F(t,x,p,q) = Hy(t,z,9(t,z,p,9),p,q)-

After obtaining the adapted solution (X¢, p, g:) of the FBSDE, the optimal control is reconstructed
via the feedback map. Consequently, the pair (X;, %) solves the original stochastic control problem.
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While the Stochastic Maximum Principle (SMP) characterizes optimality through the local behav-
ior of adjoint processes along a specific trajectory, an alternative and more global perspective is
provided by the Dynamic Programming Principle (DPP), which leads us to the derivation of the
Hamilton-Jacobi-Bellman (HJB) equation.

2.3 Dynamic Programming and the HJB Equation

2.3.1 Dynamic Programming Principle

Let (Q,F,F,P) be a filtered probability space satisfying the usual condition, on which is defined
an m-dimensional standard Brownian motion. Let 7" > 0 and a metric space U. For any (s,y) €

[0,T) x RY, consider the following stochastic controlled system:

dXt = b(t,Xt, Ut) dt + O'(t,Xt, Ut) ch te [S,T]

(2.12)
Xs =y,
along with the cost functional:
T
Hovyiu) = B[ U0, Xow0) e+ @) (213)

Fixing s € [0,T), we denote the weak control set by U,[s, T]. In the weak formulation, the admissible
controls are described by 5-tuples (Q2, F, P, B, u), where the probability space, the Brownian motion,
and the control process are considered as part of the optimization variables. The optimal control
problem is:

(Ssy) For given (s,y) € [0,7) x R, find a @ € U,[s, T] such that

J(s,y;u) = uebi{n[fs - J(s,y;u). (2.14)

Assumptions:[65]

Consider the following assumptions:
(H.a) (U,d) is a polish space and T > 0.

(H.b) The maps b : [0,7] x R x U — R4, o : [0,T] x R x U — R>™ [ :[0,T] xR x U — R
and ® : R? — R are uniformly continuous, and there exists a constant L > 0 such that for

o(t,x,u) = b(t,z,u),o(t, z,u),l(t,z,u), P(x), we have

|90(t7$7u) - (,D(t,{f,',ﬁ” S L|‘T - ‘%|7
vte[0,T), z,z€RY wel, (2.15)
lo(t,0,u)| < L, V(t,u) €[0,T] x U.
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Under (H.a)-(H.b), for any (s,y) € [0,T) x R? and u(-) € Uy, s, T], (2.12) admits a unique solution
X()=X(s,y,u(-)). The value function is defined by:

\% = inf J(s,u; v 0,7) x R?
(s,y) . (s,y;u), V(s,y) €[0,T) xR?, 2.16)

V(T,y) = ®(y), VyeR™

The Dynamic Programming Principle (DPP) constitutes the fundamental tool for analyzing stochas-
tic optimal control problems. It formalizes the concept of time-consistency of optimal strategies.

The following theorem establishes the stochastic version of Bellman’s principle of optimality.

Theorem 2.3.1. [05](Principle of optimality) Under assumptions (H.a)-(H.b), for any (s,y) €
[0,T) x RY, the value function satisfies:

Vis,y) = uez/i{,n[fs T]E[/ 0t X0 ) dt+ V (8, X%, VO<s<§<T. (2.17)

While the above theorem holds for any admissible control, the following, along with the optimal

trajectory (optimal pair), the value function admits a martingale representation.

Theorem 2.3.2. [05] Let (H.a)-(H.b) hold. if (X, ) is optimal for problem (S, ), then

T
V(t,Xt):]E[/ I(r X, @) dr + (X7) | Y], P—as Vte[sT.  (2.18)
t

2.3.2 The Hamilton-Jacobi-Bellman Equation

The Dynamic Programming Principle provides the analytical foundation for deriving the Hamilton-
Jacobi-Bellman (HJB) equation, which is a nonlinear partial differential equation whose solution
coincides with the value function of a stochastic control problem. In what follows, we adopt the
formulation introduced by Yong and Zhou [65] and derive the HIJB equation in its Hamiltonian
representation.

In what follows, we omit the dependence of the solution of the PDE on its variables for simplicity.

Proposition 2.3.1. [65] Assume (H.a)-(H.b) hold and that V € C*2([0,T] x R™). Then the value

function satisfies the terminal value problem of a second-order partial differential equation:

—Vi 4 sup G(t, z,u, —Vy, —Vie) =0, (t,z) €[0,T) x R?,

el (2.19)
V(T,z) = &(x),
where )
G(t,x,u,p, P) = §T7’(Po(t,x,u)a(t,:17,u)T) + {p,b(t,x,u)) —I(t,x,u). (2.20)

Note that p = -V, P = —V,,.
Equivalently, defining the Hamiltonian in minimization form:

1
H(t,z,u, Vi, Vi) = ETT(a(t,x,u)a(t,x,u)TVm) + (b(t, z,u), Vo) + (¢, z,u).
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Then our HJB equation becomes:

V;: + inf H(t,x,u, me sz) - 07
et (2.21)
V(T,z) = ®(z),

where V,, and V., are the gradient and the Hessian of V', respectively.

Derivation of the HIB equation (Sketch of the proof):

The proof proceeds in two parts, establishing respectively the inequalities > 0 and < 0 in the HJB
equation, which together yield the result.

1. The inequality —V; + sup G > 0.
uelU

Fix (t,z) € [0,7) x R% and let § > 0 be sufficiently small, and let u € U and let X(-) be the
state trajectory corresponding to the control u; = u € U,,. Applying the DPP (Theorem 2.3.1)
with s =¢,§=1t+6:

46
Vity) < EU (s, X, us) ds + V(t+ 6, Xors)|. (2.22)
t
Since V € C%2, Itd’s formula applied to the function V (s, X©®%) on [t,t + §] gives:

t+9
1
Vit+0,X(t+0))=V(ty)+ / Vi+ (b, Vo) + iTI'(O'(TTVII) ds + Ms, (2.23)
t

where Ms = [7° V,(s, X,)o(s, X;,u) dB, is a martingale with E[M;] = 0. Substituting (2.23)

into (2.22) and canceling V (¢, y):

t+4d
1
0<E {/ (I(s, Xs,u) + Vi(s, Xs) + (b, V) + 2Tr(00Vm))(s,Xs,u)} .
t
Dividing by d > 0 and rearranging:

1 t+3
OS (5E|:/ {V;JrG(s,XS,u,Vm,Vm)}(s,Xs,u)}
t

Letting 6 — 0:
0 S _V;E(Sa y) + G(ta Yy, u, _Vaf(tz y)’ _Vxﬂﬂ(t7 y))

Taking the supremum over U:

0 S *V;S(Svy) =+ sup G(t7y>u7 7Vz(t7y)a 7er(tay))
uelU

2. The inequality —V; 4+ sup < 0.
uclU
Let € > 0. By the definition of the infimum in the DPP, for § > 0 small enough, there exists

an optimal control u€ such that:

t+6
V(t,y) +ed > E[/ I(s, X5, ug) ds +V(t+6, X, 5)|- (2.24)
t
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Where X€ is the state trajectory corresponding to u. Applying Ito’s formula to V (s, X¢),
taking expectations and rearranging:
1 t+06
*ES (5]E|: {7‘/IS+G(SﬂX§au677VIa7VI$)} dS .
t
Letting § — 0, the uniform continuity of b, o,l in (H.b) ensures:
lim sup,u € U |90(87 Y, 'LL) - (P(t, Y, u)| =0, S {ba a, l}? (225)

6—0 yERd

the integrand converges uniformly. Passing to the limit:

—€ S 7‘/t(t7 y) + sup G(ta Y, u, 7V£E(t7 y)a 7V1x(ta y))

uelU
Since € > 0, letting € — 07:
O Z _‘/t(t> y) + sup G(t7 Yy, u, _Vz (t7 y)7 _V:cw (ta y)) (226)
uelU

3. Conclusion: Combining (1) and (2.26):
—Vi(t,y) +sup G(t,y,u, =V (t,y), —Vaz(t,y)) =0, V(t,y) €10,T) x RY. (2.27)
uelU

The terminal condition V(T,z) = ®(x) follows directly from the definition of the value func-
tion. O

2.3.3 Connection between SMP and DP equations

In this section, we establish the deep theoretical link between the Stochastic Maximum Principle
(SMP) and Dynamic Programming. This connection is often referred to as the stochastic version of
the method of characteristics.

Assume that the value function V (¢, z), derived from the HJB equation (2.19), is sufficiently smooth
(C1?), (Further, if V € C13([0,7] x RY) and V;, is also continuous), we can identify the adjoint
processes (pg, q¢) of the SMP as follows:

e p; corresponds to the spatial gradient of the value function evaluated along the optimal state
trajectory X;:
—pr = Vo(t, Xy), Vte|[s,T], P-as.

e ¢; captures the diffusion term and is related to the Hessian of the value function:
—q; = Vo (t, Xy)o(t, Xy, 1), aet€[s,T], P-as.
where V,,, V., denotes the gradient of V' with respect to x and Hessian matrix, respectively.

This identification transforms the adjoint BSDE into an identity that follows from the HJB equation.
For the more comprehensive, we refer the reader to Chapter 5 [65]
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Verification Theorem

The Verification Theorem establishes that a smooth solution of the HJB equation is indeed the
optimal value function of a stochastic control problem. While the HJB equation provides necessary
conditions that the value function must satisfy, the verification theorem proves that any function
satisfying the HJB equation is sufficient to represent the true optimal value.

Then, the classical stochastic verification theorem, following Yong and Zhou [65], can be stated as

follows.

Theorem 2.3.3. [65] Suppose the assumptions hold (H.a-H.b). Let v € CH%([0,7] x R™) be a
solution of the HJB equation. Then for any admissible control u(-) € Uy[s,T) and any initial
condition (s,y) € [0,T] x R™,

v(s,y) < J(s,y;u(")).

Moreover, an admissible pair (Z(-),a(-)) is optimal for the stochastic control problem if and only if
ve(t,Z(t)) = max G(t,Z(t),u, —vz(t, T(t)), —vgz(t, T(t)))
= G(t,2(t), u(t), —va (£, Z(t)), —vaa(t, 2(1))),
aet € [s,T], P—a.s.

Sketch of the proof
Let u(-) be any admissible control and z(t) the corresponding state trajectory. Applying Itd’s formula

to the process v(¢, z(t)) from s to T, we obtain

o(s,) = B[@(T)] ~E [ {urlt,a(t) + (s (t,2(0), blt.2(0), u(0)

. (2.28)
+5Tr (a(t, z(t), u(t) " vea (t, 2(t)) o (t, z(t), u(t))) } dt

T
= Iy +E [ { = oltnlt) + Glt(0) ut), —va (b 2(t), vt 2(0) e

T
< J(Svyvu()) +E/ { _Ut(t7x(t)) +228G(t7x(t)’u7 _'Uw(tax(t))v _Ua:m(tam(t))) } dt = J(87 Y u())

Therefore, v(s,y) < J(s,y;u(-)), and if there exists a control u* that achieves the supremum in the

Hamiltonian G, then the inequality becomes an equality. Consequently,

v(s,y) = J(s,y;07 () = V(s,y),

which shows that v coincides with the value function and that w*(-) is an optimal control. O
The Verification theorem plays a fundamental role in stochastic optimal control theory. It proves that
a solution to the nonlinear HJB equation is actually the optimal value function V. Furthermore, it
identifies the optimal control as the one that maximizes the generalized Hamiltonian G. In this way,
the theorem completes the dynamic programming framework by establishing the global optimality of
the candidate solution. While the above theorem requires v € C!»2, in particular, value functions are

not smooth. Thus, the theory of Viscosity solution is necessary, which we explore in the following.
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Viscosity Solutions

In stochastic optimal control problems, the value function V is generally not smooth enough to
satisfy the HJB equation in the classical sense. Although V satisfies the properties (continuity and
growth)!, it often fails to be of class C1'?>. Consequently, the first and second-order derivatives ap-
pearing in the HJB equation (2.19) do not exist in the classical sense. To overcome this difficulty,
the notion of viscosity solutions is introduced. This framework allows us to satisfy the HJB in a
weak sense, and the value function is characterized as the unique solution of the corresponding HJB
equation. For more information on viscosity solution, see Fleming and Soner [24] and the references

therein.

Definition 2.3.1. [65] A function v € C([0,T] x R™) is called a viscosity subsolution of (2.19) if
o(T,z) < ¢(x), VreR", (2.29)

for any smooth test function ¢ € CY?([0,T] x R™), such that v — ¢ has a local mazimum at (t,z) €
[0,T) x R™, we have

—Pt + sup G(ta Ty Uy =Py (t7 Z‘), —Pax (t7 J))) S 0. (230)
uelU

The function v is called a wviscosity supersolution if the inequalities (2.29)-(2.30) the ? < 7 are
changed to” > 7 and "local maximum" changed to "local minimum". Further, if v is both a viscosity

subsolution and a viscosity supersolution of (2.19), then it is called a viscosity solution.
Then we have the following theorem.

Theorem 2.3.4. [05] Suppose (H.a)-(H.b) holds. Then the value function V is a viscosity solution
of the HJB equation.

For the proof, see [65] and for a comprehensive treatement see [24]

The analysis of the stochastic control problem throughout this chapter has established
a robust theoretical triangle between Dynamic Programming, the Stochastic Maximum
Principle, and Forward-Backward Stochastic Differential Equations.

The Stochastic Maximum Principle provided necessary optimality conditions through
Hamiltonian maximization. On the Dynamic Programming side, the HJB equation was
derived from the principle of optimality as a high-dimensional semilinear parabolic PDE
encoding the value function. The power of the bridge between these two approaches was
made explicit through the identification of the adjoint process derived from the SMP,
which represents the spatial gradient of the value function obtained from the HJB equa-
tion. Having established that solving a stochastic optimal control problem is equivalent
to solving a system of FBSDEs, the next phase of this work focuses on the numerical

approximation of these FBSDEs.

Isee Proposition 3.1 in [65] for the properties of the value function.



Chapter 3

Numerical Methods and Simulations

In general, stochastic differential equations and stochastic control problems do not admit explicit
analytical solutions. For this reason, numerical methods are required to approximate their solutions.
In this Chapter, we first present numerical schemes for SDEs, namely the Euler-Maruyama and
Milstein methods. We then introduce a numerical approach for BSDEs based on the Least Squares

Monte Carlo method. Finally, extend the numerical study to a fully coupled FBSDE system.

3.1 Discretization schemes for FBSDEs

Numerical methods for SDEs

Euler-Maruyama Scheme

Consider the following SDE:
dX; = b(t, Xy) dt + o(t, X;) dBy,

with initial condition Xy = z¢. The Euler-Maruyama method is a numerical approximation technique
used for solving FSDEs, developed by the mathematician G. Maruyama as an extension of the Euler
method, as a numerical integration methodology for estimating solutions for a system of SDEs from a
given initial value Xy = x¢. To apply the numerical method over the interval [0, T'], we first discretize
the integral. Let 0 =typ < t; < --- < t, =T be a partition with constant step size At =t;,1 — t; =
T/n, i=0,1,...,n— 1. which implies that ¢;11 = t; + At = iA¢. The corresponding Brownian
increments are defined as AB; = B(t;+At)— B(t;) = By, ., — By,. Due to the fundamental properties
of Brownian motion'!, the sequence {ABi};”:_Ol forms a collection of independent and identically
distributed random variables. Moreover, since each increment corresponds to a time interval of
length At, it follows that
AB; ~ N(0, At).

1Specifically, the independence and stationarity of its increments.
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For each trajectory, the approximation Xy, , is computed from the previous value X;, alone via the

it1
recurrence

Xt :th+b(t“ th)At+0(t“ th)ABZ, Z:0,17,7’L*1

i+1
For clarity, the Euler-Maruyama algorithm is summarized below [64].

Convergence analysis

Algorithm 1 Euler-Maruyama Method

: Define drift b(t, X (¢)) and diffusion o (¢, X (¢))

: Input: Time horizon T, number of steps N

: At=T/N

st =0, X, =20

:fori=0to N —-1do

& ~ N(0,1)

Xiy = Xo, +b(ts, X)) At + o (t, Xi, )WALE
i1 =t + At
Print ¢;4, and X,
: end for

i+1

—_
=]

Two distinct notions of convergence are standard in the numerical analysis of SDEs, reflecting
different uses of the approximation [30, 39].

Strong convergence: The scheme {X;,} is said to converge strongly with order v > 0 at time T
if there exists a positive constant C, independent of A¢, such that

E[| X7 — Xi|] < CAL.

Weak convergence: The scheme converges weakly to X at time T as A with order 5 > 0, if for
every sufficiently smooth test function g € C#+1 (R, R), there exists C' > 0, which does not depend
on At such that

‘E[Q(XT)} — E[g(X:y)]| < CAt”.

Although the Euler-Maruyama method has a weak convergence of order 1, the strong convergence
order is 1/2. This fact was proved in Gikhman and Skorokhod (1972) under appropriate conditions
on the functions b and o. To build a strong order 1 method for SDEs, another term in the "stochastic
Taylor series"? must be added to the method [60].

While the Euler approximation is the simplest useful time-discrete approximation, it is generally not

particularly efficient numerically. We shall thus present another time-discrete approximation.

2We refer the reader to Chapter 5 [39] for a good comprehensive treatment.



3.1 Discretization schemes for FBSDEs 43

Milstein scheme

The Milstein scheme proposed by Milstein, which turns out to converge strongly of order 1, the

approximating trajectory has the following form

1
Xt :th‘f‘b(tl, th)Atz‘FO'(tz, th)ABl—'_iJ(tla th)ama(t“ th)(ABE—Atl) 1= 0,1,,71—].
(3.1)
Note that the Milstein method is identical to the Euler-Maruyama method if the diffusion term does

not depend on X.

i+1

Convergence analysis and comparison on linear SDE

To illustrate various methods, we examine a simple example in some detail. We shall consider the
following linear SDE:
dX(t) = aX(t) dt + bX(t)dB(t), (3.2)

with X (0) = ¢ for ¢t € [0,T] with the initial value o € R. We know that this SDE has the explicit

solution
X(t) = g exp <(a - %bQ)t + bB(t)). (3.3)

Knowing the solution explicitly gives us the possibility of comparing the Euler-Maruyama and Mil-
stein approximations with the exact solution and calculating the error. To simulate a trajectory
of the Euler approximation for a given time discretization, we simply start from the initial value

Y (0) = X(0), and proceed recursively to generate the next value
Vi1 = Y +aViA; + bY;AB;, i=0,1,2,... (3.4)
The Milstein method becomes

1
Yii1 = Y+ aY;A; + bY;AB; + §b23@-(ABf — At). (3.5)

Table 3.1: Average error at T = 1 of approximate solutions of (3.2). The error scales as At'/2 for

Euler-Maruyama and At for Milstein.

At Euler-Maruyama Milstein

107t 0.566461 0.430923
1072 0.237800 0.107478
1073 0.053800 0.006502
1074 0.016347 0.000750

Note: Table 3.1 shows the average error at final time 7" = 1 for both numerical schemes. We observe
that the Euler-Maruyama method exhibits a convergence rate consistent with O(At!/?), while the

Milstein method achieves a higher convergence rate of O(At), confirming its improved accuracy.
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Comparison of Numerical Methods vs Exact Solution
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Figure 3.1: Comparison of Euler-Maruyama and Milstein schemes with the exact solution, and

corresponding numerical error evolution for different discretization levels.

N here represents the number of subdivisions of the time interval, the initial condition Xy = 1, and
the coefficients a = 1.5, b = 0.8.

Note: Illustrate the performance of the Euler-Maruyama and Milstein schemes in approximating the
exact solution for two discretization levels, N = 10000 and N = 10. For the finer discretization, both
methods closely follow the exact trajectory, with the Milstein scheme exhibiting a smaller numerical
error over time. In contrast, for the coarse discretization, the approximation errors become more
pronounced, particularly for the Euler-Maruyama method. These results confirm that reducing the
time step significantly improves the approximation accuracy for both schemes. Furthermore, the
Milstein method consistently produces a lower mean absolute error due to the inclusion of higher-

order stochastic correction terms, highlighting its strong convergence behavior.
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3.2 Backward numerical methods

Due to the complexity of BSDEs, it is generally not possible to obtain an analytical solution. Con-
sider the BSDE in the integral form:

Y (t) = ®(X(T)) —/tT f(s,XS,YfS,ZS)dH/tT 7, dBs,

Therefore, one must resort to numerical methods to approximate processes (Y, Z), such as the
backward Euler method, which works backward in time. In the present context, there are certainly
two general categories of explicit and implicit discretization schemes for the FBSDE [14], which can

be summarized as follows

Algorithm 2 Backward Scheme for BSDE
Initialization: Approximate the terminal condition Y = ®(X{") with the Euler-Maruyama
scheme X™.

for k=(n—1) to0do

1

R —
BT b — e

E[Yt’:ﬂ (Biy., — Bry) ’ftk} , (3.6)

B[V, + Fl X0 Y0 20 e — 1) | F] o (exlicit),

k+1 tet1?
Yy = (37)
E (Vi | Fo + £t X0V Z0) (b — ), (implicit).

end

The implicit scheme often provides better properties and performance relative to the explicit scheme,
with these benefits coming in exchange for additional computing effort for solving the defining for
Yo

To discretize the BSDE, we introduce the notation, Y; :=Y;,, Z; := Z,,, for a given discrete time
grid, recalling that the adapted BSDE solutions satisfy, Y, = E[Y, | Fs], Zs = E[Z, | F], the
backward equation can be approximated by

Y = E[Yir1 + f(tiv1, Xiv1, Yig1, Zig1))At | Fy,], i=N—1,-,0. (3.8)

Moreover, the stochastic integral term disappears under conditional expectation since the Brownian
increment AB; has zero mean. By virtue of the nonlinear Feynman-Kac representation 1.35, the
process Z corresponds to the term o ' (s, X% )v, (s, X1®). Therefore, the process Z; = E[Z; | F,] =
Elo " (t;, Xi)va(ti, Xi) | Fr,] = o' (t;, Xi)va(ts, X;). The backward iteration is initialized by the
terminal condition Y7 = ®(Xr) and Zr = o' ®,(X7) for a ®(-) is differentiable almost everywhere.
To approximate the condition expectation (3.8), we employ the Least-Square Monte Carlo (LSMC)

method adopted from [22], which we briefly review in what follows.
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Least Square Monte Carlo

The LSMC method addresses the numerical approximation of conditional expectations of the form
E[Y | X], for square integrable random variables X and Y. The conditional expectation can be
characterized as the best approximation in L2, that is, E[Y | X] = ¢*(X), where ¢* solves the

infinite-dimensional minimization problem
¢ = argmin E[l9(X) - Y],

and ¢ ranges over all measurable functions with E[|¢(X)|?] < co. A finite-dimensional approximation

of this problem is obtained by representing the function ¢(-) as a linear combination of predetermined
K

basis functions, ¢(x) = Zakgpk(aj) = p(z)a, and @ = («1,...,ak) is the vector of unknown
k=1

coefficients, k being the dimension of the basis. Monte Carlo simulation is then used to generate
M independent trajectories of the forward process, {Xi(m)}f»io, m=1,..., M. At each time step t;,
the conditional expectation is approximated through linear regression using the simulated samples,

specifically, the coefficients are computed by solving the least-squares problem

M
1 m
al = argn;iin — E i (X ™)y — Yi( )|2.

m=1
Equivalently, introducing the matrix
A = on(x™
4 ng( i ) ’
m=1,..,M; k=1,....K
and the vector
b; = (Yz(ﬁ) + Atif(tiH,Xi(m)aYi(ﬁ)a Z;:_nl)))m:1 ..... M

the regression problem can be written in matrix form as
* : 2
af = arg min || 4;a — b;||”.
a€RK

Assuming that the coefficient matrix A; € RM*K K < M has maximum rank K, then the solution
is given by

Linear BSDEs: Now we present the special case of linear BSDEs [13], which means that the
generator f depends linearly on Y and Z. We consider the case £k = 1, and Y is real-valued and Z

is a matrix of size 1 x d.

Proposition 3.2.1. [15] Let {(a¢, b;) }1ejo,r) be a progressively measurable and bounded process tak-
ing values in R x R, Let {Ct}iepo,m belong to M?(R), and let & be an Fr—measurable square-

integrable real random variable. The linear BSDE

T T
Vi=¢+ / {a, Y + Z,b. + ¢, } dr — / Z,dB;., (3.9)
t ¢
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admits a unique solution satisfying

T
vVt [0,T], Y, =T;'E|Tr +/ eIy dr
t

./_'.t‘| ) (3.10)

where, for every t € [0,T],

t 1 t t
[, = exp (/ br.dBrfi/ b, |2 err/ a, dr|. (3.11)
0 0 0

For the proof, we refer the reader to [13].

3.3 Numerical methods for FBSDE (coupled and decoupled)

1. Decoupled FBSDE: Consider the decoupled FBSDE:

X, =z+ fot b(s, X,)ds + fot o(s, X,) dBs,
(3.12)
Vi = o(Xrp) — [ f(s, X, Vs, Zs) ds + [ Z,dB,.

We now discuss the numerical discretisation of the decoupled FBSDE, which allows it to be
discretised using an explicit time-stepping scheme. The least-square Monte Carlo scheme is
based on the Euler discretisation.

Xip1 = Xi + At b(t;, Xy) + VAL o(ti, Xi)&ia

(3.13)
Yio1n =Y — At f(X3,Y5, Z;) + VALZ; - &g,

where (X;,Y;, Z;) denotes the numerical discretisation of the joint process (X, Ys, Zs), adopt-
ing the LSMC discussed above, we have the following algorithm based on [38]:



3.3 Numerical methods for FBSDE (coupled and decoupled) 48

Algorithm 3 Least-squares Monte Carlo

1: Define K, M, N and At =T /M.

2
3

N o

. Set initial condition z € R®.

: Choose radial basis functions

{pp €C'RIR) : k=1,...,K}.

. Generate M independent realisations XV, ..., X(M) of length N from

Xit1 =X, + At b(ti,Xi) + Vv AtO’(ti,Xi)gH_l, Xg==x.

: Initialise BSDE by

Y =exy”),  zZy = o(xy) Ve,

cforn=N-1,...,1do

Assemble linear system A, &(t,) = b, according to
Evaluate Yn(m) and Z,sm) according to

K
Y = an(te) gr(X™),
k=1

=

2y = o (XY anltn) Vor(XiH).
k=1

If necessary, adapt basis functions ¢y.

: end for

Example of decoupled FBSDE:

To illustrate the numerical method developed above, we present the classical Black-Scholes
option pricing model, following [13]. In finance, an important question is determining the
price of an option (a financial product). Let us take the simplest case, that of the Black-
Scholes model and a "European call".

The price (S(t))>0 is governed by a geometric Brownian motion, satisfying the following SDE:
dS(t) = S(t)(u dt + 0dB(t)), S(0) = zo,

where p € R and o > 0 denotes the constant market volatility. Applying Itd’s formula, the

explicit solution for the stock price at any time ¢ > 0 is given by:

S(t) = zg exp ((u - %Q)t + aB(t)).

Alongside this investment, there is a risk-free investment (for example, a savings account) with

a constant rate of return equal to r, the price of this asset is given by:

dE(t) = rE(t)dt, BE(0) =y,
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which admits the explicit solution
E(t) = ye™.

A strategy is defined as a pair of processes (p(t),q(t)):>0, adapted to the filtration generated
by the Brownian motion B, where ¢(t) represents the number of risk-free asset units and p(t)
represents the number of risky asset units, that is, the number of shares in the portfolio at
time ¢. Therefore, the value of the portfolio at time ¢ is:

V() = a()E(#) +p()S(1).

We consider self-financing strategies, which means that the evolution of the portfolio value

satisfies:
dV(t) = q(t)dE(t) + p(t)dS(t) = rq(t)E(t) dt + p(t)S(t)(u dt + odB(t)).

Since q(t)E(t) = V(t) — p(t)S(t), we can write, by denoting m(¢) = p(¢)S(t), which represents
the amount of money invested in stocks, we obtain

AV (t) = 1V (t)dt + 7 (t) (1 — r)dt + 7(t)odB(2).

Setting, Z(t) = 7(t)o, 6= £—=, where 0 is called the risk premium, we get

AV (t) = rV(t) dt + 0Z(t)dt + Z(t)dB(t), (3.14)

a common problem in finance is the pricing of options. A European call option with maturity
T and stock price K is a contract giving its holder the right, but not the obligation, to buy one
share of the stock at price K at time T". The seller of the option must therefore pay the holder
the amount £ := (S(T) — K)™T, which represents the profit from exercising the option. More
generally, one may consider a contingent claim whose payoff is a positive random variable £
depending on (S(t))o<t<r. The fundamental question is: at what initial price v should the
option be sold ? The answer rests on the duplication principle. The seller receives v at time
t = 0 and invests it in the market by following the strategy (Z(t))o<i<T yet to be determined,
so that the resulting portfolio value satisfies the dynamics in equation (3.14) and matches the
contingent claim at maturity V(T') = £. This is precisely the problem of finding an adapted
pair (V(t), Z(t))o<i<r satistying

V(t) = (rV(t) + 0Z(t)) dt + Z(t)dB(¢),

avi(t) = (
3.15
V(T) =¢. (3:15)

Equation (3.15) is a BSDE, more precisely a linear BSDE, because the driver f is linear on
(V(t),Z(t)). By coupling the forward asset price dynamics with the backward equation, the
pricing problem is naturally formulated as a decoupled FBSDE system of the form:

dS(t) = pS(t)dt + o S(t)dB(t),
dV(t) = (rV () + 6Z(t)) dt + Z(t)dB(t), (3.16)
S(O) = 2o, V(T) :g
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Writing the integral form of equation (3.15):

Vt)=¢ —/t (rV(s) +6Z(s)) ds —/t Z(s)dB(s).

By the proposition 3.2.1, the BSDE admits a unique solution, with the parameters a; =

—r, by = —0, ¢; = 0. The proposition gives us:

['(t) = exp ( —0B(t) — %9% - rt).

And:
V(t) =T () "E[ED(T) | F].

Then, with simplifying:
V(t) = efr(Tft)eeB(t)+%92t]E [geeB(T)éezT | ]_—t] (3.17)

which is the exact solution of the linear BSDE of the Black-Scholes model. We now illustrate
the numerical behavior of the solution through simulations. We present an approximation of
one simulated trajectory of the stock price process S(t), the corresponding option price process
V(t), and the amount of money invested in the risky asset, represented by 7(t).

Note: Figure 3.2 tracks the price fluctuations of the underlying stock over time. Because it

140 Simulated stock price trajectories

1300 [ L) A ]

120t [ ) i

mof [ o
%3 | W
100 [V |

90

80 +

70 . . . .
0 0.2 04 0.6 0.8 1

Time

Figure 3.2: The Risky Asset (Stock Price S(t))

is a risky market asset, its price moves unpredictably based on market forces.

Note: Figure 3.3 represents the price of the option contract that the buyer pays. The value
initially increases as market conditions change, but ultimately decreases to zero. It hits zero
because once the contract crosses its final time horizon, all uncertainty is removed-the buyer
already knows the final price of the stock. If the option is out of the money at that deadline,
the contract holds no value and expires worthless.

Note: Figure 3.4 represents the total monetary amount invested in the risky asset at any
given time (Quantity of Shares x Stock Price). This graph explicitly outlines the dynamic

trading strategy the investor must follow. It serves as a financial roadmap, showing exactly
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Figure 3.4: The Trading Strategy (Asset Value Held)

how much of the risky asset must be bought or sold at each moment to perfectly manage and

balance the risk of the option contract.

2. Coupled FBSDE: The primary numerical challenge in solving the coupled FBSDE system
lies in the mutual dependence between the forward and backward components. Specifically, the
drift b and diffusion o coefficients of the forward equation depend explicitly on the backward
solution (Y3, Z;), while the driver f and the terminal condition ® depend on the forward pro-
cess X¢. The fundamental idea to solve such a system is to replace the simultaneous coupled
system with a sequence of decoupled solvable problems, using the trajectories computed in the
previous iteration. Rather than trying to solve for (X,Y, Z) all at once, we begin by choos-
ing an initial guess for the backward components, denoted as (Y, Z?)te[o’T]. At any given
iteration p, the forward SDE can be solved independently because the backward components
inside its coefficients are "frozen" as known input (Y?~!, ZP~1) from the previous iteration.
This decouples the FSDE, allowing it to be simulated using standard discretization schemes
such as the FEuler-Maruyama 3.1 or Milstein 3.1 schemes. Once the forward trajectory XP
is obtained, the backward equation becomes a standard BSDE for (Y}, Z?), which can then



3.3 Numerical methods for FBSDE (coupled and decoupled) 52

be solved backward from the known terminal condition V£ = ®(X?%.) using standard condi-
tional expectation approximations like the LSMC method 3.2. The process repeats until the
sequence of solutions converges, for a small time horizon or weakly coupled system, even a

crude initialization produces rapid convergence. As summarized in the following algorithm.

Algorithm 4 Forward-backward method

Require: Time horizon T, iteration number N, initial condition xg

1
2

[=2]

: Choose an initial guess (Y, Z%)
:forp=1,...,N do
3:

Forward step: Solve
dXP =b(t, XP,YP 2P Y dt + o(t, X2, Y, 2PN dWy,  XE = a.
Backward step: Solve

dYP = —g(t, XP,YE, ZP) dt + ZP dW,
Y2 = ®(XE).

Update
(X,Y,Z) « (XP,YP, Z7)

: end for
return (XN, YN ZN)

The numerical framework described above provides a robust mechanism for solving general
coupled FBSDESs, but its utility is best illustrated through application to concrete dynamical

systems.

Controlled SIR model

A prime example is the optimal control of epidemic dynamics, specifically the stochastic
Susceptible-Infected-Recovered (SIR) model. Applying the SMP to this control prob-
lem naturally yields a coupled system of FBSDEs.

Mathematical models are simplified representations of how an infection spreads across a pop-
ulation over time, and generally come in two forms: stochastic and deterministic models [59].
In a closed population of fixed size is partitioned at each time t into three compartments: the
susceptible individuals S;, who are at risk of infection, the infected individuals I;, who carry
and transmit the disease; and the recovered individuals R;, who have acquired immunity. The
dynamics are governed by the contact rate of susceptibles with infectives (transmission) 8 and
the recovery rate of infectives v, and a mortality rate p and birth rate A. The control u(t) rep-

resents an intervention policy (e.g., vaccination or quarantine) that reduces the transmission
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Figure 3.5: The flowchart of SIR model

rate 3. The following set of SDEs describes the stochastic controlled SIR model on ¢ € [s, T7:

dS(t) = [A — (1 — u(t)BS()I(t) + OR(t) — uS(t)] dt + 6 S(t)I(t) dB(t),
dI(t) = [(1 — u(t))BS()I(t) — vI(t) — pI(t)] dt + 521(t)dB(%) (3.18)
dR(t) = [yI(t) — OR(t) — uR(1)] dt + 65 R(t)dB(t).

where S(s) > 0, I(s) > 0, R(s) > 0. For a 1—dimensional Brownian motion. We define the
vector:

The controlled system can be written as:
dX(t) = b(X(t),u(t)) dt + o(X(t)) dB(t), (3.19)

with initial condition X (s) = [S(s),I(s), R(s)] = xo, where b and o are vectors with compo-

nents:

bi(X(2),u(t)) = A= (1 —u(t)BSE)L(t) + OR(t) — pS(t),
ba (X (2),u(t)) = (1 —u(t))BS(8)I(t) —vI(t) — pl(t),
b(X(t),u(t)) = yI(t) — OR(t) — nR(t),

o1 (X (1)) = 015()1(t),

oa(X (1)) = 621(t),

o3(X (1)) = G3R(1).

The cost functional is given as follows:
1
J(s,x0;u) = E{/ (iu(t)2 +I(t)) dt+ I(T)|.
Our goal is to find an optimal control @ € U such that:

J(s, ;@) = inf J(s,z;u),
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where U is an admissible control set defined by U = [0, 1].
To solve such a problem. First, we use the stochastic maximum principle. We define the

Hamiltonian H as follows:
H(z,u,p,q) =p b+q o+ I(z,u),

where the running cost [(z,u) = ju(t)*> + I(¢) and terminal cost ®(X(T')) = I(T), and:

Explicitly,

H—%u(t)2+l()
+p1(t)[A = (1= u()BSO1() + OR(E) - uS()]
+ pa(t) [(1 = u(t) BS(B)I(t) = I () — I (1)]
+ pa(t)[11(8) — OR(t) — pR(1)]
RAOREION0
+ (1) R1()

+ q3(t) 03 R(t)
Following the SMP, the adjoint equations are:

dpi(t) = ~ S dt + g (0B, =123

The terminal cost is ®(X(T)) = I(T), then:

dp1(t) = —{p1(O)[—(1 — u®)BI(t) — p] + p2()[(1 — u(@®)BL()] + q1(t)511()} dt + q1(t)dB(t),

dp2(t) = —{1 = p1()(1 — u(t))BS(t) + p2(t)[(1 — u(?))BS(t) — v — pl + p3(t)y + @1 (t)615(t) + g2(t)d2} di
+q2(t)dB(t),

dps(t) = —{p1(1)0 — p3(t)0 — p3 () + q3(t)d3} dt + q3(t)dB(2).

Differentiating the Hamiltonian with respect to u, we get the optimal control

@ = max (o, (mmu, —BS(OIB)lpa(t) - p2<t>1>)> .
After substituting the optimal control into the state equation, we get a coupled FBSDE system:

dS(t) = [A = (L= a(t))BS@)I(t) + OR(t) — pS(t)] dt + 6S(t)I(t) dB(t),
dI(t) = [(1 —u(t))BS()I(t) —vI(t) — pl(t)] dt + 021 (t)dB(t),
dR(t) = [YI(t) — OR(t) — pR(¢)] dt + 65 R(t)dB(t).



3.3 Numerical methods for FBSDE (coupled and decoupled) 55

with initial condition z¢, and the backward system:

dp1(t) = —{p1()[=(1 = a(@))BI(t) — p) + p2(H)[(1 — a(®))BI()] + qu(£)01 I (t)} dt + qu(t)dB(2),
dpo(t) = —{1 = pr () (1 — a(t)) BS(t) + p2 (D) [(1 — u(®))BS(t) — v — pl +p3(t)y + qu(t)51.5(t) + g2(t) 02} dt
+q2 (t)dB(t)v

dps(t) = —{p1()0 — p3(t)0 — p3(t)pu + q3(t)d3} dt + q3(t)dB(t).

with terminal condition

p(T) = |pAT) | = |1
p3(T) 0

Then the system can be written as:

t),

AX () = b(X(t),a(t)) dt + (X (t))dB(
t+ q(t)dB(t), (3.20)

dp(t) = =V H(X(t),u(t), p(t), q(t)) d
u(t) = arg uren[gll] H(X(t),u,p(t),q(t)).

)

Solving the problem with HJB: We define the value function:

T
V(s,xg) = JIelfUE|:/ (%u(lf)2 +1I(t) dt+ I(T)]| X(s) = xo].-

with terminal condition:
V(T, X(T)) =I1(T).
We define the Hamiltonian:

1
H(t,2,u,V,V, Ve V) = l(z,u) + (b(z,u), V. V) + 5Tr(achVMV),

where V.V, V..V represents the gradient and the hessian of V', respectively.
By the Dynamic Programming Principle 2.3.1 and It6 formula, the value function satisfies the
following HJB equation:

Vi + ggB{H(t’x’“’ V.V, Ve V) =0.

Explicitly,

1 1
Vi+ ilelfU{ans + bV +b3VR + 5[5%5(75)2](75)2‘/55 + 55[(15)2‘/11 + 5§R(t)2VRR] + iu(t)z +I(t)} =0.
Minimizing with respect to the control, we get the optimal control:

a(t) =—=BS{)I(t)(Vs — Vi).
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Substituting the result back into the HIB:
Vi + Vs [A — (14 BSWI(t)(Vs — Vi) BS(0)I(t) — OR(t) — MS(t)}
+ Vi [1+ BS@OIW(Vs = VI)BS(OI(t) = v () — I (1)
+ Va [fy[(t) —OR(t) — uR(t)]
+ %5%5@)21(1:)21/55 4 62Tt Vir + S2R() Vir
+ %B2S(t)21(t)2(V52 + Vi —2VsVp) + I(t) = 0.

Then, the FSDE becomes:

A+ BS(E)I(t) + OR(t) — pS(t) 51S()I(t)
dX(t) = | BS@IWt) —~It) —ult) | dt+ | 6I(t) |dB@), (3.21)
YI(t) — OR(t) — pR(t) 3R (1)

By nonlinear Feynman-Kac formula 1.5, we have:
Y(t)=V(t,X(1), Z(t) =0 (X(t)V.V,

where Y (t) € R and Z(t) € R? with: Z;(t) = 01Vs, Za(t) = 02Vi, Z3(t) = 03Vg. The backward
SDE is given by:

ay (1) = {I(t) — BS(1)°1(1)? (Zl(” _ Zz<t>> Zi(t)

01 02 01

SR <Zl<t> - Z2(t)> Zs(t) (322
g1 g2 (o)
Losamzrpe( 21?2 Ze(t)? | Zi(t)Z2(t) ;
— t)“I(t — -2 dt + Z(t) dB(t).
+18S(0) <><0% e a2 + 2() dB()
B
Where B = | B | . Since the resulting FBSDE system (3.21) with (3.22) is a fully coupled system
B

through the optimal control state @(t), an analytical solution is generally unavailable. To validate
the theoretical frameworks applied to this model, we perform numerical solutions.
Interpretation: Figure 3.6 represents the solution of the SDE that appears in the nonlinear
Feynman-Kac formula over a horizon (T" = 1). The red lines (top) represent the S(t). It starts
at S(0) = 0.8 (80%) and fluctuates with noise. The green lines (middle) represent the infected
population I(¢). It starts at 1(0) = 0.13 (13%). The yellow lines represent the recovered population
R(t). It starts at R(0) = 0.07 (07%).
Interpretation: Figure 3.7 represents the optimal solution and the solution without control (u = 0)
of our SIR model. We get the optimal solution by replacing the control with the optimal one, and
this is done by using the value of the components Z(t) computed from our coupled FBSDE system,



3.3 Numerical methods for FBSDE (coupled and decoupled) 57

FBSDE system
T T T

0.9 T T

e
i N

07k B ' ]

05+ 1

03 ]
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Figure 3.7: Simulation of controlled SIR model

with a horizon of T' = 50 days. It is clear that the trajectory of the infected without control is above
the trajectory of the infected with control. This shows clearly the effect of the optimal control. In
addition, the graph shows that the trajectory of the optimal infection goes to zero when ¢ grows.
Interpretation: Figure 3.8 shows that the trajectories of Y with Y (0) ~ 0.27 which is the value
of our optimal cost. Because our problem aims to minimize the presence of the disease at the end
of the horizon, the driver forces all stochastic paths of Y; to converge precisely to the terminal cost
(X (T)) = I(T) (e.g the final infected). The downward trend across the trajectories indicates a
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Figure 3.8: Simulations of 5 trajectories of Y;.

decrease in the expected final risk over time under optimal control.
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Figure 3.9: Simulations of 5 trajectories of the first component of Z;

Interpretation: Figure 3.9 represents the trajectories of the first components of Z. This shows the
effect of the optimal control because of the relation of the optimal control with Z. The larger Z; is,
the smaller the optimal control becomes.

Interpretation: Figure 3.10 represents the trajectories of the second components of Z. This
shows the effect of the optimal control because of the relation of the optimal control with Z. The

larger Z5 is, the larger the optimal control becomes.
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Figure 3.10: Simulations of 5 trajectories of the second component of Z;

3.4 Linear-Quadratic (LQ) Example

Stochastic Optimal control
The following example is based on [46].

Consider the following controlled stochastic differential equation:

dX(s) =[aX(s)+ bu(s)]ds +dB(s), se€lt,T],

X0 . (3.23)

where X (-) is the state process, u(-) is the control process. Both are assumed to be {F;};>o adapted
and square integrable. For simplicity, we will focus on the one-dimensional case (i.e, X, u, and B are
one-dimensional, and @ and b are given constants). The optimal control problem is then to minimize

the quadratic cost functional subject to the state dynamics above, which is defined as follows:
1 T
J(t,z;5u) = ZE[/ (1X () + |u(s)|?)ds + | X (T)|?]. (3.24)
t

This problem is called stochastic linear-quadratic (LQ) problem, because the state is linear and the
cost function is quadratic. There exists a unique solution to this optimal control problem (the

mapping u — J (¢, z;u) is convex). The goal is to determine this optimal control.

1. Solving the problem via SMP: Defining the Hamiltonian:
1
H(z,u,y,2) = 5 + %) + ylow + bu) + 2,

where y(-) and z(-) are the adjoint processes. By SMP, the adjoint process Y(-) satisfies the
BSDE:
dY (s) = —H(X(s),u(s),Y(s), Z(s)) ds + Z(s)dB(s),

(3.25)
=—(aY(s) + X(s)) ds+ Z(s)dB(s), se€t,T].
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Since the terminal cost ®(X (7)) = $X(T)?, then the terminal condition:

The optimal control is obtained by the necessary condition:

OH
==
ou ’
since oK
— = by,
u " +oY
it follows that the optimal control satisfies:
u(t) = =bY (t), se€t,T]. (3.26)

Substituting (3.26) back into the state equation (3.23), we obtain the following optimality
system, which is a coupled forward-backward SDE system:

= —[aY (s) + X(s)] ds + Z(s)dB(s), s€[t,T], (3.27)

It is clear that if we can prove that (3.27) admits an adapted solution (X(-),Y(-), Z(+)), then
(3.26) gives an optimal control, solving the original stochastic optimal control problem.

2. Solving the problem via HJB: Consider the state equation (3.23) with the cost functional (3.24).
Define the value function:

V(t,z) = 52{{1@{;[ (X (s)* +u(s)?) ds + %X(T)2 | X(t) = x|, (3.28)

with terminal condition: )
V(T,z) = 5332.
U is the set of admissible controls;

By the Dynamic Programming Principle 2.3.1 and It6 formula, the value function satisfies the
following HJB equation:

Vi + inf[H(t, x,u, Va, Vi )] = 0,
since the drift b(X(¢),u(t)) = aX(t) + bu(t) and the diffusion o(X(¢),u(t)) = 1, and the
running cost [(X (t),u(t)) = (X ( )2 + u(t)?) then the Hamiltonian is defined as:

H(t,:c,u, va me) = 1

1
QVM + (azx 4+ bu)V, + §(x2 + uz).

The HJB equation is:

1 1
Vi +inf | (az + bu)V, + §Vm + 5(3:2 +u?)| =0.
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Minimize with respect to the control:

0 I

This gives:
u=—bV,.

Substituting the minimizer back:
— 1 —2 21,2 1 27,2 1 27,2

The HJB becomes: 1 1 1
Vit azVe + 5 Vow + 53:2 - 5bQVw2 =0. (3.29)

3. Connection with FBSDE: For moving from the PDE to the FBSDE, we use the nonlinear
Feynman-Kac formula 1.35, which is:

Y(s)=V(s,X(s)), Z(s) =0 (s, X(5))Va(s, X(5)).,
First, substituting the optimal control into the state, we get the FSDE:
dX(s) = [aX (s) — b*V,] ds + dB(s),

In our state, diffusion o = 1, then Z(¢t) = V,(¢, X (t)). By applying It&’s formula to Y (¢), we
get:
1
dY (s) = Vids + V,dX(s) + Edes.

Substituting dX (s), we get:
1
dY (s) = [Vi + aX(s)V, + 3 Vew = b?V2]ds + V,dB(s). (3.30)
From the HIB equation (3.29):
1 1 9 1.5 4

then the equation (3.30) becomes:

4y (t) = [—%X(t)z T %zﬂvﬁ ~ RV dt + Z(1)dB(?).

Simplify and use the fact that V,, = Z(¢t):

Ay (t) = —%(X(t)Q 0 Z(6)?) dt + Z(H)dB(1).

The terminal condition is obtained by:

Y(T)=V(T,X(T)) = %X(T)Q.
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The optimal control problem is equivalent to the coupled system:

dX(s) = [aX(s) — b*Z(s)]dt + dB(s),
dY (s) = —1[X(s)2 +b2Z(s)?] dt + Z(t)dB(s), s € [t,T), (3.31)

X(t)=z, Y(T)=1Xx(T)

with optimal control:

alt) = —bZ(t). (3.32)

100 ajoctorios o X

Figure 3.12: Simulations of 100 trajectories of

the processes X (t)
Figure 3.11: Simulations of 100 trajectories of

the process Y (t)

Interpretation: Figure 3.11 represents the trajectory of Y, where they are arises at t = 0 to one
point which represents the optimal cost. Figure 3.12, on the other hand, illustrates the trajectories
of the optimal solutions.

After obtained the adapted solution (X (-),Y(:), Z(:)) of the coupled FBSDE system (3.27), we now
consider the corresponding optimal control (3.26), which is computed directly from the solution of

the backward equation. The following figure displays the trajectory of @(-).
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Optimal Control Path u
-0.5 T T T

Control

12 L L L
0 0.1 0.2 0.3

. . 1 . . I
0.4 0.5 0.6 0.7 08 0.9 1
Time

Figure 3.13: Trajectory
coupled FBSDE system.

of the optimal control @(t) = —bY (t) obtained from the solution of the



Notations

Appendix A
(Q, F,P) Probability space.
(Q, F, (Ft)t>0,P) Filtered probability space.
(Bt)¢>0 Brownian motion.
E[X] Expectation of a random variable X.
E[X | F;] Conditional expectation given F;.
(Fi)e>o Filtration.
F Natural filtration generated by Brownian motion.
H Hamiltonian function associated with the Stochastic Maximum Principle.
G Generalized Hamiltonian function associated with HJB.
J(u.) Cost functional corresponding to the control w..
N Collection of all P-null sets of F.
R The set of real numbers.
R™ n-dimensional Euclidean space.
R™*4 Set of all real n x d matrices.
S™ Set of all real n X n symmetric matrices.

S2(t,T;R™) denote the set of R™-valeud, F-adapted, continuous processes (X;,s € [t,T]) which
satisfy E[ sup |X,|?] < oo.
t<s<T

U Non-empty subset of R™ representing the control set.

U Set of admissible controls.



Appendix B 65

LY(Q, F, P;R") Set of random variables X such that

BIX) = | ¥ ()|dP) < .

L?(Q, F, P;R") Set of R"-valued random variables X such that
E[|X]?] = / X ()2 dP(w) < oo.
Q

C([0,T] x R™) Space of continuous functions from [0,7] x R™ to R.

C12([0,T] x R™) Functions continuously differentiable in the first variable and twice continuously

differentiable in the second variable.

F :RP — R is of C? if all its first and second-order partial derivatives exist and are continuous on
RP,

©uy Pzz O Vi, V2o Gradient and Hessian of ¢(t, z), respectively.

Appendix B

Abreviations:
SDEs Stochastic Differential Equations.
BSDEs Backward Stochastic Differential Equations.
FBSDEs Forward—Backward Stochastic Differential Equations.
SMP Stochastic Maximum Principle.
DPP Dynamic Programming Principle.
HJB Hamilton—-Jacobi-Bellman equation.
LSMC Least Square Monte Carlo.
a.e. Almost everywhere.
a.s. Almost surely.
r.v. Random variable.
Tr(A) Trace of a matrix A.
2" Transpose of the vector (or matrix) .

(+,) Inner product in Euclidean space.

el =Tr(ee™) =Y 2.
%]



Conclusion

This thesis has presented a comprehensive study of Forward-Backward Stochastic Differential Equa-
tions (FBSDESs) and their pivotal role within the framework of optimal control theory. By system-
atically bridging the gap between foundational stochastic analysis, deterministic partial differential
equations, and numerical simulations, this work underscores the profound theoretical elegance and
practical utility of FBSDE systems. The structural progression of this research reflects the inherent
lifecycle of an applied mathematics problem, moving methodically from rigorous foundational proofs
and structural optimization theory to targeted algorithmic design and practical validation.

The mathematical foundation established in the initial phase of this research provided the necessary
analytical machinery to explore these complex systems. Through a deep dive into stochastic calculus,
we consolidated the essential tools of Brownian motion, stochastic integration, and Itd’s formula,
which allowed for a natural progression into standard forward stochastic differential equations. Rec-
ognizing that terminal-value problems require an inverted information flow, the inquiry was extended
to backward stochastic differential equations, focusing specifically on the adapted nature of their so-
lution pairs. By integrating these forward and backward trajectories, we thoroughly addressed the
existence and uniqueness of solutions for both decoupled and coupled FBSDE structures. This the-
oretical journey culminated in an examination of the deep interplay between probabilistic methods
and deterministic analysis, demonstrating how these joint stochastic processes map directly to lin-
ear and non-linear partial differential equations through the classical and non-linear Feynman-Kac
formulas.

With these analytical foundations secure, this work introduced the core objective of the thesis: op-
timizing stochastic dynamical systems under specified performance criteria. We approached this
optimal control problem from two historically distinct yet deeply connected paradigms, beginning
with the Stochastic Maximum Principle to derive necessary optimality conditions where the result-
ing adjoint equations naturally take the form of BSDEs. Parallel to this local approach, we utilized
the Dynamic Programming Principle to derive the governing Hamilton-Jacobi-Bellman equation,
which characterizes optimal behavior globally via a non-linear partial differential equation. A cen-
tral achievement of this work was establishing the explicit mathematical bridge between these two
frameworks. We successfully demonstrated that the adjoint process from the Stochastic Maximum
Principle is intrinsically linked to the spatial gradient of the value function in the Hamilton-Jacobi-
Bellman framework, thereby proving that pathwise optimization duals are identical to value-function

sensitivities.
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Because analytical solutions to fully coupled FBSDEs are exceptionally rare, the final phase of this
thesis translated abstract mathematical theory into robust computational algorithms. We evaluated
time-discretization schemes to approximate the forward and backward paths over discrete hori-
zons, and explored the algorithmic implementation of conditional expectations required to resolve
the terminal-value constraints. These techniques culminated in comprehensive numerical methods
capable of solving both coupled and decoupled systems. To validate the practical utility of our
numerical solvers, we implemented two distinct case studies. First, a controlled SIR model applied
FBSDE dynamics to an epidemiological framework, demonstrating how non-linear, coupled systems
can be actively controlled to optimize societal outcomes under uncertainty. Second, a classic Linear-
Quadratic example allowed us to rigorously verify the accuracy, convergence rates, and stability of
our numerical algorithms against known analytical baselines, with the simulations closely mirroring
our theoretical predictions and reaffirming that FBSDEs remain an indispensable frontier in the

study of stochastic systems and optimization.
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