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x Abstract %

Stochastic differential equations (SDE) play an important role in modeling random
phenomena in many scientific fields, including finance, physics, and engineering.
Classical numerical techniques, including Euler—Maruyama, or Monte Carlo are

commonly used to estimate their responses.

However, these methods may face limitations in terms of efficiency and scalability
when dealing with complex or high-dimensional problems. This work deals with
machine learning methods, especially Deep Learning methods for solving stochastic
differential equations and compares them with classical numerical methods. We
focus on commonly used methods in the literature such as Physics Informed Neural
Networks (PINNs) and Deep Forward-Backward Stochastic Neural Networks.
The results show that these techniques are promising in terms of providing
accurate approximations and being also characterized by their ability to scale and
efficiency in computations, especially in the context of high dimensions for

nonlinear equations.
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Introduction

Mathematics plays an important role in modeling of real-life phenomena. It is a
crucial part of the advancement of human civilization. Far from being a mere theo-
retical topic, it provides realistic answers to central challenges in science, engineer-
ing, economics, etc... For example, mathematical models help to predict planetary
movements, streamline commercial production, track the spread of epidemics, ana-
lyze economic markets, explore physical phenomena, etc... Mathematical equations,
especially differential equations can be found in different disciplines helping to de-
scribe with accuracy the time evolution of the related natural phenomena. This
unique ability to express facts in structured, quantitative models makes differential

equations an important tool for tackling complex issues.

The investigation of these equations under uncertainty and random fluctuations
gave rise to the development of Stochastic Differential Equations (SDEs), which are
a powerful mathematical framework for modeling systems subject to randomness.
Most of these equations do not have direct analytical solutions using theoretical
results, and deriving closed-form solutions is usually completely inaccessible. This
truth has become the cornerstone of numerical strategies for producing accurate
approximations. To cope with these demanding situations, traditional approaches
including the Euler method, finite differences, finite elements, and Monte Carlo sim-
ulations are undergoing visible sweeping improvements [1], [16], [21]. However, these
methods often face the complexities of high-dimensional systems, nonlinear equa-

tions, or unknown coefficients.

In recent years, a new class of numerical techniques, called Machine Learning meth-
ods have emerged to deal with these complexities [14], [29]. At its core, Machine
Learning (ML) functions as a specialized branch of Artificial Intelligence, prioritizing
the development of algorithms that automatically extract patterns and hidden re-
lationships from data, and generate predictions from data without needing explicit,
step-by-step programming. Its impact is seen across various fields, from image recog-

nition to scientific modeling [13], [22]. The emphasis here is on "automatic", i.e.,
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machine learning is concerned with general-purpose methodologies that can be ap-
plied to many datasets, while producing something that is meaningful. There are
three concepts that are at the core of machine learning: data, a model, and learning.
Since machine learning is inherently data driven, data is the most important factor
in machine learning. The goal is to design models that are typically related to the
process that generates data, similar to the dataset model we are given. A model is
said to learn from data if its performance on a given task improves after the data
is taken into account. The aim is to find good models that generalize well to yet
unseen data, which we may care about in the future. Learning can be understood as
a learning way to automatically find patterns and structure in data by optimizing

the parameters of the model.

While machine learning has achieved many successes, and software is readily avail-
able to design and train rich and flexible machine learning systems, we believe that
the mathematical foundations of machine learning are important in order to un-
derstand fundamental principles upon which more complicated machine learning
systems are built [13], [22]. Understanding these principles can facilitate creating
new machine learning solutions, understanding and debugging existing approaches,
and learning about the inherent assumptions and limitations of the methodologies

we are working with.

A new class of machine learning techniques, called Deep Learning methods (DL)
appeared as a dominant force in the field of numerical simulations [14], [29], due to
its use of multi-layered deep neural networks (NN), which are exceptionally capable
of approximating complex nonlinear problems with high accuracy [13]. The remark-
able capacity of neural networks to approximate complex functions has sparked a
shift toward their use in solving numerically mathematical equations such as dif-
ferential equations, partial differential equations, stochastic differential equations,
ete...[7], [23], [29]. What makes this approach particularly compelling is its mesh-
free or network-independent nature, offering a versatile alternative to conventional
methods that rely on spatial slicing or discretization such as finite difference, finite
element, or spectral methods [23], [29]. Deep learning methods have proven to be
very effective in dealing with large class of high-dimensional problems, and it might
hold the key to solve the curse of dimensionality problem that arises when analyzing
and organizing data in high-dimensional spaces that do not occur in low-dimensional
settings [24], [14], [29]. It should be emphasized that at the present time, there are
no theoretical results that support such claims although the practical success of deep
learning has been astonishing. However, this should not prevent researchers from

trying to apply and test deep learning to other problems with more complex issues.
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Among Deep Learning based methods for stochastic differential equations, we ex-
plore the concept of Physics-Informed Neural Networks (PINNs), which is a method
that is trained to solve supervised learning tasks while respecting any given laws of
physics described by general nonlinear partial differential equation called the Fokker-
Planck equation. This equation serves as the PDE counterpart to an It6 stochastic
differential equation. It describes the time evolution of the probability density func-
tion of the SDE’s solution rather than the trajectory of individual particles 7], [21],
[27], |29]. Another method we will focus on is Forward-Backward Stochastic Neural
Networks (FBSNNs) [11], [14], which is a deep learning-based approach that can
handle general high-dimensional parabolic PDEs. Developing algorithms for solv-
ing high-dimensional partial differential equations (PDEs) has been an exceedingly
difficult task for a long time, due to the curse of dimensionality problem [4], [14].
To this end, the PDEs are reformulated using backward stochastic differential equa-
tions (BSDE) and the gradient of the unknown solution is approximated by neural
networks. Here by using the reformulation of BSDEs, the problem of solving PDEs
will be seen as a learning problem and a deep-learning framework is designed to fit
naturally to that setting. It should be mentioned that even though deep learning
has been a very successful tool for a number of applications, adapting it to the cur-
rent setting with practical success is still a highly nontrivial task that needs more

investigations and research.

The main objectives of this work are:

e To recall the mathematical background of stochastic differential equations and

their role in modeling uncertain systems.

e To introduce classical numerical methods used for solving SDEs and analyze

their limitations, especially in high-dimensional settings.

e To clarify the mathematical aspect of deep learning methods and how they

work.

e To introduce machine learning-based approaches for solving differential equa-
tions, with a focus on Deep Learning methods such as Physics-Informed Neural
Networks (PINNs) and Forward-Backward Stochastic Neural Networks (FB-
SNNs) methods.

e To explore how these methods can be used improve performance in terms of

accuracy, scalability, and computational efficiency.




CONTENTS

e To present a comparative evaluation between classical numerical strategies
and machine learning-based approaches for solving stochastic differential equa-

tions.

This thesis is composed of four chapters. In the first chapter, we introduce the
essential concepts of stochastic differential equations (SDEs) and some classical nu-
merical techniques used to simulate solutions for SDEs. The second chapter is
devoted to the definitions of machine learning and deep learning basics, concepts
and necessary tools that will be used in the following chapters of this thesis. The
third chapter presents the Physics-Informed Neural Network (PINNs) method for
solving SDEs with explanation of the relationship between the SDEs and the cor-
responding Fokker-Planck partial differential equation (PDE). Numerical examples
are given and discussed at the end of the chapter. In the fourth and last chapter, we
deal with Forward-Backward Stochastic Neural Networks (FBSNNs) method using
the well-known connection between high-dimensional partial differential equations
and forward-backward stochastic differential equations. The effectiveness of this

approach is tested by numerical simulations of some benchmark examples of SDEs.




Chapter 1

Reminders about Stochastic

Differential Equations

In this chapter, we will discuss the stochastic differential equations and their funda-
mentals, as well as some classical methods for solving them. For more details, the

reader is referred to the following works [1, 16, 21, 27]

1.1 Stochastic differential equations

An ordinary differential equation (ODE) is used to describe a system’s evolution de-
terministically, meaning the initial condition and governing dynamics fully dictate
its future behavior. However, in many real-world applications, systems face un-
certainties, random fluctuations, or external noise that purely deterministic models
cannot capture. This limitation motivates the introduction of stochastic differential
equations (SDEs)|27], which extend ODEs by incorporating random components.
The SDE can be written as

dXt = b(Xt, t) dt + O'(Xt, t) th, Xt € Rd

where
e X, € R%is a stochastic process depending on time.
e b(-) is the drift function, representing the deterministic part of the dynamics.
e o(+) is the diffusion function, controlling the intensity of randomness.
o IV, is a standard Brownian motion.

The first term governs the average trend of the system, while the second term ac-

counts for random perturbations
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From a modeling perspective, SDEs provide a flexible framework to represent com-
plex dynamical systems influenced by noise. They have become central tools in many
areas, including finance, physics, biology, and engineering. In practice, explicit an-
alytical solutions of SDEs are rarely available, which motivates the development of

numerical and data-driven methods for their approximation

1.2 Brownian motion

Brownian motion, often referred to Wiener process, is fundamental in the formu-
lation of stochastic differential equations (SDEs). As a continuous-time stochastic
process, it serves to model random fluctuations and is a standard way to represent
noise within dynamical systems.

A one-dimensional Brownian motion (W;):>¢ is characterized by the following basic

properties:
e It starts at zero: Wy = 0.

e [t has independent increments: for any 0 < s < ¢, the increment W; — W

is independent of the past values W, for u < s.

e [ts increments are normally distributed with mean zero and variance pro-

portional to the time increment:

W, — W, ~ N(0,t — s)

Intuitively, Brownian motion can be viewed as a mathematical model of random,
irregular motion. In the context of SDEs, Brownian motion provides a convenient
and widely accepted way to model uncertainty and random perturbations affecting

the evolution of the system.

1.3 Existence and uniqueness of solutions

The investigation of the existence and uniqueness of solutions is one of the most
important contributions in stochastic differential equations, as it guarantees that
a given SDE admits a well-defined and meaningful solution. this ensures that the
system dynamics described by the equation are mathematically consistent and that

the model does not lead to ambiguous behaviors.

Under suitable regularity conditions on the drift and diffusion coefficients, such as:
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e Linear growth condition: There exists a constant C' > 0 such that, for all
(t,r) € [0,T] x R,

b(t, )| + |o(t,z)] < C(1+ |z|).

e Lipschitz continuity condition: There exists a constant D > 0 such that,
for all t € [0, 7] and for all z,y € R?,

[b(t, ) = b(t,y)| + |o(t,x) — ot y)| < Dlz —y.

classical results ensure the existence of a unique strong solution to the SDE.

1.4 Classical Examples of SDEs

To illustrate these theoretical assumptions, we look at two classical models: the
Ornstein—Uhlenbeck process, acting as a clear example of mean-reverting dynamics,

and the Black—Scholes model, which is a standard application within finance.

Ornstein—Uhlenbeck Model

The Ornstein—Uhlenbeck (OU) process models mean-reverting dynamics:
dXt = Q(M_Xt) dt-'-O'dBt, Xo = Xy, (11)

where:
e 6 > 0 is the rate of mean reversion,
e i is the long-term mean,
e o > ( is the volatility,

e B, is a standard Brownian motion.
Existence and uniqueness. The coefficients
b(x) =0(p—x), ofx)=0

satisfy the Lipschitz and linear growth conditions. Therefore, the OU SDE admits

a unique adapted solution.

10
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Exact solution. The explicit solution of the OU SDE is given by

t
X, = p+ (zg — p)e % + (T/ e =) dB,. (1.2)
0

This shows explicitly how the process evolves over time, reverting toward the mean

L.
Black—Scholes Model
The Black—Scholes SDE models a stock price:
dS; = puSidt + oS, dB;, Sy = so, (1.3)

where:

e i is the drift,

e o is the volatility,

e B, is a standard Brownian motion.
Existence and uniqueness: The coefficients

b(S)=usS, o(S)=0cS

satisfy the Lipschitz and linear growth conditions. Therefore, there exists a unique

adapted solution.

Exact solution: The explicit solution of the Black—Scholes SDE is
Sy = Spexp <(,u — 307t + aBt). (1.4)

We notice that while S; is not a martingale due to the factor e**, the process is

well-defined and satisfies the SDE assumptions.

1.5 Numerical Methods for SDEs

Since SDEs can rarely be solved analytically in practical scenarios, we rely on nu-
merical methods to find approximate solutions for the process’s evolution. Below,
we outline some of the most standard schemes used for this purpose. The details of
these methods can be found in [30].

11
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Euler—-Maruyama Method

The Euler-Maruyama (EM) scheme represents the most straightforward extension
of the classical Euler method from ODEs to the stochastic realm. It serves as a
fundamental numerical technique for approximating the solutions of these differential
equations.

We consider the following stochastic differential equation (SDE):

dXt = b(Xt,t> dt+U(Xt,t) dBt, XO = T, (15)

where (B;)i>o is a standard Brownian motion, b denotes the drift coefficient and o
the diffusion coefficient.

We introduce a time discretization:
O=to<t1 <---<ty=T, At =t — ty. (1.6)
The Euler-Maruyama scheme is given by:
Xpt1 = X +0(X,, t,) At + o( X, t,) AB,, (1.7)

where
ABn - Btn+1 - Btn ~ N(O, At) (18)
Remarks.

e The Euler-Maruyama method is a first-order method in time (strong error of
order O(At)).

e [t is simple to implement.

e [t performs well for low-dimensional problems.

Examples

Euler—-Maruyama Scheme for the OU Process: The associated numerical

scheme reads:
X1 = Xn+0(p— X)) At + oVAL Z,, (1.9)

where (Z,),>0 are independent standard normal random variables, i.e., Z,, ~ N (0, 1).

Euler—-Maruyama Scheme for Black—Scholes: The Euler—-Maruyama approx-

imation reads:

Syt = So+ uSyAt + 0S,AB,, (1.10)

12
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where AB,, ~ N (0, At).

Milstein Method

The Milstein method for stochastic differential equations (SDEs) is a numerical tech-
nique used to approximate the solution of SDEs. It is similar to the Euler-Maruyama
method but incorporates an additional correction factor involving the derivative of
the diffusion term.

The Milstein method improves accuracy by including an extra term from [t6’s for-

mula:

1
X1 = Xi +a(X;, t) Aty + (X5, t;) AW, + 3 b(X;, t;) @(Xi, t:) ((AW;)? — A).

o (1.11)

where Atz = ti+1 - tz and AWz = Wt - th.

7

i+1
Remarks.

e The Milstein scheme has a higher order of strong convergence than the Euler—

Maruyama method.

e It is particularly useful when the diffusion coefficient b(X;,t) depends on the

state variable Xj;.

e The method is slightly more complex to implement since it requires the com-

putation of the derivative —.
ox

Monte Carlo Method

The Monte Carlo method for stochastic differential equations (SDEs) is a compu-
tational technique used to approximate the solution of SDEs through random sam-
pling. It involves simulating multiple paths of the stochastic process and averaging
the results to estimate the solution. Monte Carlo (MC) is often combined with Eu-
ler or Milstein methods to approximate statistical quantities, such as expectations,

variances, or option prices in finance:
| M
~ (4)
Ef(Xr)] ~ ~ §i_1jf(XT ). (112)

where X:(Fi) are independent realizations of the SDE solution obtained using the

Euler-Maruyama or Milstein scheme.

13
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Remarks.

e The Monte Carlo method is straightforward to apply in high-dimensional prob-

lems.

e The accuracy of the approximation increases with the number of simulations

M.

e This approach is widely used in financial applications, such as Black—Scholes

option pricing.

1.6 Limitations of Classical Methods

Despite their effectiveness in low-dimensional and well-specified models, classical

numerical methods for SDEs suffer from several important limitations:

e Curse of dimensionality: In high-dimensional systems, the computational
complexity increases exponentially with the dimension, which makes classical

schemes difficult to apply in practice[4], [14].

e High computational cost: Fine time discretization and large numbers of
Monte Carlo simulations are often required to obtain accurate approximations,

leading to significant computational time and memory requirements|16], [21].

e Complex or unknown coefficients: When the drift b and diffusion o are
highly nonlinear, irregular, or unknown, it becomes difficult to design accurate

and stable numerical schemes[16], [21].

e Limited flexibility in data-driven settings: Classical methods rely on
explicit model specifications and are not well adapted to scenarios where the

dynamics must be learned directly from observed data [7], [29)].

These limitations become particularly apparent when moving from simple bench-
mark models, such as the Ornstein—Uhlenbeck and Black—Scholes equations, to more

realistic and high-dimensional stochastic systems.

Connection to Previous Examples

In models like Ornstein—Uhlenbeck and Black—Scholes, both drift (b) and diffusion
(o) meet the standard criteria of Lipschitz continuity and linear growth, which guar-
antees that a unique solution exists. While exact analytical solutions are available

for these cases, we typically rely on numerical schemes like the Euler—-Maruyama

14
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method to approximate the trajectories of X; or S; in practice. However, classical
approaches often struggle when dealing with high-dimensional systems or when the
coefficients are too intricate to be explicitly defined. This is where Neural SDEs
come in: by approximating b and o with neural networks, they offer a more flexible
framework for learning and simulating complex dynamics directly from data. By
essentially replacing traditional drift and diffusion terms with learnable structures,
this approach proves particularly effective in data-driven and high-dimensional set-
tings 7], [14], [28].

15



Chapter 2

Machine Learning and Deep

Learning basics

This chapter provides a comprehensive overview of the fundamental concepts of
Machine Learning and Deep Learning. It begins by introducing the main types of
machine learning models and the notion of training algorithms and their role in
learning from data. It then presents the basic principles of deep learning, includ-
ing neural network architectures, multilayer perceptrons, and activation functions.
The chapter further covers key training components such as loss functions, back-
propagation, and hyperparameters. Finally, it highlights different deep learning
models and discusses the differences between Machine Learning and Deep Learn-
ing in terms of structure, capabilities, and data requirements, as well as the main

challenges encountered when training deep neural networks.

2.1 Machine Learning basics

Machine learning (ML) is a subset of Artificial Intelligence (AI) that is primarily
focused on enabling computers to learn from data with minimal human interven-
tion. It can solve tasks that are infeasible or too cumbersome with "traditional"
programming languages [13], [22|. In traditional programming, a human writes ex-
plicit rules for the computer to follow, but in machine learning, the computer learns
the rules from examples. Machine learning uses mathematical procedures that en-
able computer systems to learn from data, identify patterns, and make predictions
without being explicitly programmed. These Mathematical procedures are called
algorithms.

Despite the variety of machine learning algorithms, the data is arguably more impor-
tant than the selected algorithm. Many issues can arise with data, such as insufficient

data, poor quality of data, incorrect data, missing data, irrelevant data, duplicate

16
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data values, and so forth. Different techniques are developed in the literature to

address these data-related issues.

2.1.1 The main types of Machine Learning models

Machine learning offers various ways for computers to learn from data. Each type
of model has a distinct approach to how machines can understand information and

make smart decisions [5], [13].

Supervised learning:

In supervised learning, the algorithm learns from labeled examples. So, humans
provide input data and the correct output for each example. It’s like learning with
an answer key. The model tries to generalize from the provided examples to predict

the correct output for new, unseen inputs.

Unsupervised learning:

In unsupervised learning, the algorithm works with data that doesn’t have labels or
predefined answers. Instead of being told what each example is, it studies the data
to uncover patterns and groupings on its own. This helps reveal hidden structures

or relationships that might not be immediately visible.

Reinforcement learning:

In reinforcement learning, the agent, like a computer program or system, interacts
with its environment and learns from the outcomes of its actions. This agent receives
rewards for good actions and penalties for bad ones, gradually figuring out which
choices lead to the best results. It’s similar to learning through trial and error, as

each decision influences what it does next.

2.1.2 Notion of training algorithms in Machine Learning

A machine learning algorithm allows the system to adapt some internal parameters
to the available input data so that it performs well on future unseen input data.

Here we refer to this adaptation as "training a system".

The model presented by the algorithm is typically used to describe a process for
generating data, similar to the dataset at hand. Therefore, good models can also

be thought of as simplified versions of the real (unknown) data-generating process.
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capturing aspects that are relevant for modeling the data and extracting hidden
patterns from it. A good model can then be used to predict what would happen in

the real world without performing real-world experiments.

The learning components of machine learning assume we are given a dataset and a
suitable model. Training the model means using the available data to optimize some
parameters of the model with respect to what we call a "utility or cost function"
that evaluates how well the model predicts the training data and it corresponds to
the optimization of some desired performance measure. However, in practice, we are
interested in the model performing well on unseen data. Performing well on data
that we have already seen (training data) may only mean that we found a good way
to memorize the data. However, this may not generalize well to unseen data, and
in practical applications, we often need to expose our machine learning system to

situations that it has not encountered before[5], [13], [20].

2.1.3 Types of Machine Learning Algorithms

There are three main types of machine learning algorithms [13]:

Regression:

Is a supervised learning technique used to predict numerical quantities. An example
of a regression task is predicting the value of a particular stock. Note that this
task is different from predicting whether the value of a particular stock will increase
or decrease tomorrow (or some other future time period). Another example of a
regression task involves predicting the cost of a house in a real estate dataset. Both
of these tasks are examples of regression tasks. Regression algorithms in machine

learning include linear regression and generalized linear regression.

Classification:

Is also a supervised learning technique, but it’s used for predicting categorical quan-
tities. An example of a classification task is detecting the occurrence of spam, fraud,
or determining the digit represented in an image. In this case, the data is already
labeled, so you can compare the prediction with the label that was assigned to the
given PNG. Classification algorithms in machine learning include the following list

of algorithms:
e Decision Trees (a single tree)

e Random Forests (multiple trees)
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kNN (k Nearest Neighbor)

Logistic regression

Naive Bayes
e SVM (Support Vector Machines)

Each of the preceding algorithms involves a model that is trained on a dataset, after

which the model is used to make a prediction.

Clustering:

Is an unsupervised learning technique for grouping similar data together. Clustering
algorithms put data points in different clusters without knowing the nature of the
data points. After the data has been separated into different clusters, the SVM (Sup-
port Vector Machine) algorithm can be used to perform classification. Clustering

algorithms in machine learning include the following:
e k-Means
e Mean Shift

e Hierarchical Cluster Analysis (HCA)

e Expectation-Maximization

2.2 Deep Learning principles

Deep learning (DL) is a specialized subfield of machine learning|[13]. The term
"deep" refers to the multiple layers within the neural network that deep learning
algorithms use which are inspired by the human brain’s network of neurons. While
a simple machine learning model might consider a few features of the data, a deep
learning model has many layers of simulated "neurons", allowing it to automatically
learn increasingly abstract features from the raw data. Within this domain, Deep
Learning (DL) utilizes multi-layered neural networks to tackle more intricate data
relationships [9], [13], [22]. By learning hierarchical features, these deep networks
can capture the kind of highly nonlinear patterns that simpler models might miss.
At their core, Neural Networks (NNs) serve as the fundamental components of DL
(Fig 2.1). These networks are made up of layers of interconnected neurons, where
each unit processes an input through a mathematical transformation before passing
it along. Through the training process, the network fine-tunes its parameters to

approximate complex functions.
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We can think of each layer as learning a higher-level representation: for example, in
an image, early layers of a deep network might learn to detect edges, middle layers
might detect shapes or textures, and final layers might recognize objects like faces

or cars.

Artificial Neural Network

Input {idden Layers Output
Layer Layer
Neuron
Autotes

Receives ‘ Processes Produces
inputs i results
Input Layer Hidden Layers Output Layer

Figure 2.1: Neural network architecture

2.2.1 Types of deep learning models

Deep learning includes various types of models, each suited for specific kinds of data
and tasks. Although they all use neural networks, their structures and purposes
differ depending on what they are designed to handle. Some of the most common

types of deep learning models are [13], [22]:

Artificial neural networks (ANNs):

ANNSs are the basic form of neural networks. They consist of an input layer, an
output layer, as well as one or more hidden layers, with each neuron in a layer
connected to every neuron in the next ayer. They are typically the foundation for

more specialized deep learning models.
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Convolutional neural networks (CNNs):

CNNs use special convolutional layers to detect patterns such as edges, textures, and
shapes within images. This makes them highly effective for tasks like identifying
objects in photos, facial recognition, analyzing satellite imagery, and interpreting

medical scans to detect conditions or abnormalities.

Recurrent neural networks (RNNs):

RNNs are built to handle sequential data where order matters. Unlike other net-
works, RNNs have connections that loop back, enabling them to remember previous
inputs as they process new ones. This makes them ideal for tasks where understand-

ing the context of previous words or sounds is important for accurate results.

Generative adversarial networks (GANSs):

GANSs involve two networks working against each other: a generator that creates
new data and a discriminator that checks if the data is real or fake. Through this
competition, GANs become highly effective at generating realistic images, videos,

or even music.

2.2.2 Hyperparameters in Deep Learning

Deep learning involves hyperparameters, which are sort of like knobs and dials whose
values are initialized by the user prior to the actual training process. For instance,
the number of hidden layers and the number of neurons in hidden layers are examples
of hyperparameters. we encounter many hyperparameters in deep learning models,

some of which are listed below:

e Number of hidden layers

Number of neurons in hidden layers

Weight initialization

An activation function

A cost function

An optimizer

A learning rate
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The first three hyperparameters in the preceding list are required for the initial
set-up of a neural network. The fourth hyperparameter is required for forward
propagation. The next three hyperparameters (i.e., the cost function, optimizer,
and learning rate) are required in order to perform backward error propagation
during supervised learning tasks !. This step calculates a set of numbers that are
used to update the values of the weights in the neural network in order to improve

the accuracy of the neural network.

2.2.3 Deep Learning architecture

The most important tool in Deep Learning is neural networks, which are considered
computational models inspired by the structure of the human brain. They consist
of interconnected units called neurons, which process information through weighted
connections [13].

A neural network is prepared in layers: an input layer that receives data, one or
more hidden layers that process the information, and an output layer that produces
the final result (as seen in Fig. 2.1). Each neuron applies a linear transformation
followed by a non-linear activation function, allowing the network to learn complex
relationships from data.

Depending on the structure of the data and the problem, different neural network
architectures can be used. The most common ones are Multi-Layer Perceptrons
(MLP), Recurrent Neural Networks (RNN), and Long Short-Term Memory (LSTM)

networks

2.2.3.1 Activation Functions in Neural Networks

Activation functions are mathematical functions used within neurons to introduce
nonlinearity into neural networks. Data science strives to give computers the ability
to think in a way that mimics human thought as closely as possible. Activation
functions are a fundamental element of neural networks, introducing nonlinearity
into the model, which allows networks to learn complex patterns and relationships
in data.

Many different activation functions are available, including binary, linear, and var-
ious nonlinear functions. For data scientists and machine learning engineers, the
challenge lies in determining the appropriate function or sequence of functions to
train the neural network. Activation functions are essential because without them,
networks become equivalent linear regression models incapable of learning complex

patterns [26]. The commonly used activation functions in neural networks include:

!The back-propagation procedure will be discussed in Section 2.2.4
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e Hyperbolic tangent (tanh): The Tanh function is a common activation
function in neural networks, where it converts any real input value to an
output value in the range [-1, 1]. This function is zero-centered, making it
suitable for use in the hidden layers of networks, especially in recurrent neural
networks (RNNs):

et —e

tanh(z) = —.
e The Sigmoid Function: This function converts any real input value into
an output value in the interval [0, 1]. Its key feature is that it returns values

that can be interpreted as probabilities, making it suitable for use in recurrent
networks such as LSTM:

T

o(x) =

er 4+ 1°

e Rectified Linear Unit (ReLU): This function converts any real input value
to an output value equal to the input itself if positive, and zero if negative.
Its simplicity, computational speed, and ability to solve the gradient vanishing
problem ? make it an ideal choice for hidden layers in deep networks such as
MLP:

ReLU(z) = max(0, x).

2.2.3.2 Multilayer Perceptron (MLP)

The MLP is the simplest architecture of neural network. It is a feedforward network,
meaning that information flows from input to output layers without feedback. Given
an input vector x, each layer performs a linear transformation followed by a nonlinear

activation function [13]. For example, the first hidden layer computes:

21 = Wll’ + bl, (21)

ap = o(z1), (2.2)

where W; and b; denote the weight matrix and bias vector, and o(-) is a nonlinear

activation function. The output of this layer is then passed to the next layer:

Z9 — Wgal + b2. (23)

This process continues layer by layer (over all the hidden layers) until the final
output is obtained. Since information flows strictly from input to output without

feedback connections, the MLP is called a feedforward network. Here is a Python

2The vanishing gradient problem is discussed in Section 2.2.4.
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code on the creation and initialization of this type of neural network:

import torch # torch provides tensor operations and automatic
differentiation.
import torch.nn as nn # torch.nn contains modules for building

neural networks from Pytorch.

class MLP(nn.Module): # The class inherits from nn.Module,

which 1s the base class for all PyTorch mneural networks.

def __init__(self):

super () . __init__() # Initializing the neural network.
self .net = nn.Sequential(
nn.Linear (2, 64), #2 Inputs with 64 mneurons as

tnput layer
nn.Tanh (), # Choice of the activation function for
each layer
nn.Linear (64, 64), # one hidden layer with 64x64
neurons
nn.Tanh (),
nn.Linear (64, 1) # One output in the last (
output) layer

Listing 2.1: Python code for MLP initialization.

2.2.3.3 Recurrent Neural Networks (RININs)

Recurrent Neural Networks (RNNs) are designed to process sequential data. Unlike
MLPs, they have a memory mechanism that allows them to capture temporal de-
pendencies [12]. The main idea is that each step depends on the previous one. At

time step ¢, the hidden state is computed as:

ht =0 (Whht—l + met + b) (24)

where h; denotes the hidden state at time ¢, h;_; is the previous hidden state, x; is
the input at time ¢, W), and W, are weight matrices, b is a bias vector, and o(-) is a
nonlinear activation function. This repetitive formation allows assuming a temporal
dependency, and therefore the present state is clearly dependent on the former one.
Recurrent neural networks (RNNs) are particularly suitable for modeling stochastic

policies, given that such methods evolve over years and depend on prior values.
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It remembers information from previous time steps through its hidden state h;. At
each time step, the hidden state contains information about the previous state. This
memory makes RNNs particularly useful for time series, trajectories, and such as
time series, trajectories, and sequential stochastic processes.

However, Classical RNNs suffer from many limitations. Notably, at some point
in training, they may suffer from the vanishing gradient problem. When back-
propagated through multiple time steps, gradients can become very small, making
it difficult to study the long-term dependence of a community .

As a consequence, classical RNNs often struggle to retain information over long time
horizons and fail to capture long-term dependencies effectively. The Python code

below describes how to create and initialize a RNN structure:

import torch
import torch.nn as nn

class RNN(nn.Module):
def __init__(self, input_size=2, hidden_size=64): # each
time step contains 2 features. The hidden state
contains 64 wvalues.

super (). __init__Q

self.rnn = nn.RNN( # Thts creates a recurrent mneural
network layer.
input_size=input_size,
hidden_size=hidden_size,
batch_first=True

self .fc = nn.Linear (hidden_size, 1) # Creating the
output layer

def forward(self, x, y):
out, hidden = self.rnn(x, y) # Passing through the RNN
return self.fc(out)

2.2.3.4 Long Short-Term Memory (LSTM)

Long Short-Term Memory (LSTM) is a type of neural network architecture designed

to overcome the vanishing and exploding gradient problems % by introducing a gat-

3The problem of vanishing gradient in back-propagation is discussed in Section 2.2.4.
4The exploding and vanishing gradient problems are treated in Section 2.2.4.
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ing mechanism. LSTMs contain specialized cells with gates that control the flow of
information, allowing them to selectively remember or forget information from the
input sequence. The key components of an LSTM cell are the forget gate, input
gate, and output gate. These gates regulate the update of the cell state, enabling
the LSTM to capture long-term dependencies effectively [17]. Below is the Python
code presenting the LSTM architecture:

import torch

import torch.nn as nn
class LSTM(nn.Module): # Creates the LSTM network

def __init__(self, input_size=2, hidden_size=64): #
Specification of parameters

super () . __init__()

self.lstm = nn.LSTM(input_size, hidden_size,
batch_first=True) # Implementation of the created
LSTM

self.fc = nn.Linear(hidden_size, 1)

def forward(self, x, y): # Describes the performed
calculation when calling the LSTM model
inputs = torch.cat([x, y], dim=-1)
out, (hidden, cell) = self.lstm(inputs) # At each
time step, calculate a hidden state.

return self.fc(out)

Figure 2.2 presents the differences in architecture between the above models.
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Neural Network Architectures

Multi-Layer Perceptron Recurrent Neural Network Long Short-Term
(MLP) (RNN) (LSTM)

Input Hidden Output Input Hidden State Input

Layer Layer Layer Xt h¢ Xt

) |
- yt

h:—l Forget]‘ Input Output',
Gate | Gate Gate)' :
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- Feedforward network - Processes sequences - Improved RNN
- No memory, static input - Uses memory to retain past - Long-term dependencies

information

Figure 2.2: Comparison of Neural Network Architectures (MLP, RNN, and LSTM)

We can remark that neural networks can be used to approximate the solution or
the coefficients of stochastic differential equations. Depending on the nature of the
problem, different architectures can be employed, MLPs for static approximation,
and RNNs or LSTMs for time-dependent stochastic processes.

2.2.4 Loss function and back-propagation in neural networks

Loss function in neural network:

Consider a neural network composed of n layers:
T —a; —ay— - —a, — L,
where
e 1 is the input,
e qa, is the activation of the first layer,

® a5 is the activation of the second layer,

27



CHAPTER 2. MACHINE LEARNING AND DEEP LEARNING BASICS

e a, is the output activation (prediction),

e [, is the loss function.

The activations are computed recursively as
A0 Z =1 40,

o) = a(z(l)) :
where
o WW is the weight matrix of layer [,
e b is the bias vector of layer [,
e 2 is the pre-activation vector,

e o is the activation function.

The input is denoted by: a® = z. For example, in a three-layer network:
zn=Wiz+b ; a =o0(z),

2o =Wha1 +by ; ay=o0(2),
z3=Wsas+bs ; ag=o0(z),

and
as =1y,

where ¢ denotes the network prediction. The loss function is then computed as

N
. 1 2
in regression for example, where y is the true target.

Loss function optimization:

The aim is to reduce the loss function L with respect to the network parameters,
weights W and biases b, i.e., to find the best values of the parameters such that the
neural network output matches the target data as closely as possible.

To do that, we need to solve an optimization problem for L to update its parameters

by using optimization algorithms requiring the calculation of the gradients:

oL
ow’
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for every weight W in the network. The same thing is done for the biases b.
Then optimization methods such as "gradient descent algorithms" are called to

update the weights:

oL
W%W—nw,

where 7 is the learning rate of the gradient descent method.

Backpropagation using the chain rule:

Using the chain rule, gradients are propagated from the output layer back to the
first (or input) layer. This is called the "backpropagation procedure".

The gradient can be expressed, for example, for the first layer as:

oL . oL aag 8@2 8@1 821

an aag ‘ 0@2 (9@1 aZl an ’

More generally, for a network with n layers,

8L 3L a(ln 8%_1 8@2 8@1 821

oW, da, Oa,., Oa,.o Oa, 0z OW,

Each factor measures how a change in one layer affects the next layer. Multiplying

all these terms gives the influence of the first-layer weights on the final loss.

Vanishing and exploding gradients:

The terms:
da™ a1V

9am—1D’  Han-2)’

contain derivatives of activation functions and weight matrices.

If these derivatives are mostly smaller than one in magnitude, then repeated multi-

plication causes the gradient to decrease exponentially:

oL
el =
In this case, the weights are no longer updated, and the neural network is essentially
inert.Also, debugging this problem is generally nontrivial. This phenomenon is
known as the vanishing gradient problem.

Conversely, if these derivatives are mostly larger than one in magnitude, the gradient

can grow exponentially:
oL >1
ow '

This phenomenon is known as the exploding gradient problem.
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Both issues make training deep neural networks difficult and motivate the use of
techniques such as ReLU activations, proper weight initialization, gradient clipping,
and LSTM architectures [13, 17, 6].

These problems can also arise when using the sigmoid activation function. Deep
learning models usually replace the sigmoid activation function with the ReLLU ac-
tivation function [20, 13, 26]. ReLU is a very simple continuous function that is
differentiable everywhere except at the origin. Its derivative is equal to 0 for x < 0
and 1 for x > 0. At x = 0, the derivative is undefined; however, in practice, a suit-
able value (typically 0) is assigned during back-propagation, allowing gradient-based

optimization algorithms to operate effectively.

Full training cycle:

The training cycle can be summarized in the following steps:
1. Forward pass: © — ¢

2. Compute loss: L(y, )

OL
3. Backward pass (backpropagation) : FTa

L
4. Update weights: W < W — naa_W

5. Repeat again the forward pass using the updated weights and so on...

2.2.5 Challenges in Deep Learning

Although deep learning is powerful and has produced impressive results in many
fields, there are some important ongoing challenges that are being explored, includ-

ing:

Bias in algorithms

Susceptibility to adversarial attacks

Limited ability to generalize

Lack of explainability

Correlation but not causality

Algorithms can contain unintentional bias, and even if the bias is removed, there can
be unintentional bias in data. Deep learning focuses on finding patterns in datasets,

and generalizing those results is a more difficult task. There are some initiatives
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that attempt to provide explainability for the outcomes of neural networks, but
such work is still in its infancy. Deep learning finds patterns and can determine

correlations, but it is incapable of determining causality.

2.3 Differences Between Machine Learning and Deep

Learning

It’s already clear that machine learning and deep learning are closely connected. In
fact, deep learning is essentially a more advanced subset of machine learning. They
both involve training models that make predictions or decisions based on data, with
one using more complex neural networks that allow it to handle more detailed and
unstructured data. The differences between deep learning and machine learning

become more apparent when we directly compare them in the following categories:

Data requirements:

Machine learning models usually perform best when working with smaller amounts
of data, such as a few hundred or thousand examples. They work especially well
when that data is structured and clearly labeled.

In contrast to that, deep learning models require large datasets that often include
thousands or millions of examples in order to reach their full potential. The reason
behind this is that deep learning has many internal parameters to adjust, and with-
out enough data, it risks memorizing training examples instead of learning general

patterns.

Feature engineering:

The way the two fields handle the details within data also differs. In most traditional
machine learning approaches, the user needs to decide in advance what information
the model should focus on. This is the process known as feature engineering. It
applies to both supervised and unsupervised machine learning, as models rely on
the features provided to find patterns or make predictions.

Deep learning works differently. Because of its many layers, it can analyze raw
data directly and figure out for itself what matters most. This is why deep learning
models do not need feature engineering; instead, they discover and learn such things

on their own as they train.
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Interpretability:

Machine learning models, particularly simpler ones, are generally easier to interpret.
That’s because we can usually see which features influenced a prediction and how
they were weighted. So, they're generally more transparent and explainable.

Deep learning models, however, are more challenging to comprehend, particularly
in terms of how their layers and parameters interact to reach a decision. This lower
interpretability can be a disadvantage in fields where explaining a prediction is as

important as its accuracy.

Speed and resources:

Machine learning models are typically faster to train and require less computational
power. They can often be developed and deployed on standard computers without
specialized hardware.

Deep learning models, on the other hand, need more time and resources to train due
to their complexity and the size of the data they use. Training such models usually
requires powerful GPUs (graphics processing units) or cloud computing services,
and they consume more memory and energy compared to simpler machine learning

models.

2.4 When to Use Machine Learning vs. Deep Learn-
ing

Understanding both approaches, particularly the differences between deep learning

and machine learning, is necessary when deciding which to use. Both have their

strengths, and knowing when to apply each one naturally leads to better results.

While machine learning offers simplicity and clarity, deep learning unlocks powerful

capabilities for more demanding tasks. Therefore, it’s preferred to use machine

learning when:
e We deal with problems that involve structured data with clear features.
e We need results quickly with smaller or limited datasets.
e Model explainability is important, such as in finance or healthcare.

On the other hand, deep learning might be more suitable when:

e Working with complex, unstructured data like images, audio, or natural lan-

guage.
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e Having large and high-quality datasets to support training.

e Maximum accuracy is needed, and interpretability is less critical to our use

case.

The best thing is that with the rise of user-friendly libraries (such as scikit-learn,
TensorFlow, and PyTorch) and cloud services through Microsoft Azure Machine
Learning and IBM Watson, both ML and DL are becoming accessible even if the
user is not an expert. So, the user can experiment and see what works best for their

situation.

2.5 Advantages and limitations of Machine Learn-

ing and Deep Learning

All machine learning and deep learning models require human oversight. We present
some of the main advantages and limitations of ML and DL so we can determine

which team is best equipped to handle.

Advantages of Machine Learning

e Faster training times compared to deep learning: ML models like decision
trees or logistic regression can be trained in minutes or hours, even on large

datasets.

e Requires less computational power: Many ML algorithms can run effectively on
standard CPUs (Central Processing Unit), making them accessible for smaller

organizations or individual researchers.

e Works well with structured, smaller datasets: ML techniques like random

forests can produce accurate results with just a few thousand data points.

e More interpretable models: Decision trees, for example, provide clear rules

that can be easily interpreted and used.

e Suitable for a wide range of problems: Techniques like support vector machines

can perform well even with modest amounts of training data.

Advantages of Deep Learning

e Exceptional performance on complex tasks like image and speech recognition:
CNNs have achieved human-level accuracy in image classification tasks on

large datasets like ImageNet.
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Ability to handle large, unstructured datasets: Recurrent neural networks
(RNNs) and transformers can process and generate human-like text from a

vast collection of natural language data.

Automatic feature extraction, reducing the need for manual feature engineer-
ing: Deep networks can learn to identify relevant features in raw data, such as

edges and textures in images.

Continual improvement with more data: Unlike many ML algorithms, deep

learning models are built to continuously retrain and adapt to new data inputs.

Limitations of Machine Learning

Often requires extensive feature engineering: Domain expertise is usually
needed to create effective features, which can be time-consuming and limit

the model’s generalizability.

Machine learning models May struggle with complex tasks or unstructured
data: Traditional ML algorithms often fall short on tasks like natural language

understanding or complex image recognition.

Performance can be limited after a certain point: Adding more data may not

significantly improve model performance beyond a certain threshold.

Limitations of Deep Learning

Risk of overfitting, especially with smaller datasets: Deep learning models
with millions of parameters can easily memorize training data, leading to poor

generalization on new, unseen data if not carefully managed.

Requires large amounts of data for optimal performance: Deep learning models
may need millions of examples to achieve state-of-the-art performance, which

can be challenging in domains with limited data availability.

High computational cost for training and sometimes for inference: Training
large models can require significant GPU (Graphics Processing Unit) resources

and take weeks or months, making it impractical for many tasks.

the “Black box” nature of models can make them difficult to interpret: The
complex interconnections in deep neural networks make it challenging to ex-
plain why a particular decision was made, which can make it difficult to un-

derstand and interpret the results.
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Chapter 3

Deep Learning-based PINNs method

Classical numerical techniques for stochastic differential equations (SDEs) and par-
tial differential equations (PDEs) often encounter a fundamental limitation known
as the curse of dimensionality [14, 23, 24]. Since these methods rely on domain dis-
cretization, their computational cost increases exponentially with the dimensionality
of the system, making them impractical for high-dimensional problems. In addition,
the complexity of stochastic dynamics and the possible lack of explicit knowledge of
system coefficients further restrict the applicability of classical numerical schemes
in real-world scenarios [16, 21]. To overcome these limitations, this chapter in-
troduces one of the promising deep learning methods, which is Physics-Informed
Neural Networks (PINNs) approach for solving SDEs [9, 18]. These tools open
up new possibilities for modeling systems with random temporal evolution, while
classical methods often hit a wall in high-dimensional settings. We give a detailed
description of the method which is based on solving the Fokker Planck equation
that governs the probability density function of the stochastic process solution to
the SDE. Numerical examples are then presented to illustrate the effectiveness of
this method [29, 33].

3.1 Principle and motivation

To address the limitations of classical methods, deep learning based PINNs method
has emerged as a powerful alternative for approximating high-dimensional nonlinear
differential equation. Neural Networks (NNs) provide mesh-free approximation ca-
pabilities, making them especially suitable for high-dimensional stochastic systems
where grid-based methods fail such as finite difference or finite element methods
[25, 31]. These approaches focus on discretizing the computational domain into
a set of grid points and solving approximate solutions on the grid, but the solu-

tion is only calculated at the grid point, and the evaluation of any other point
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requires an interpolation or other reconstruction techniques. For one-dimensional
(1D) problems, these methods are very effective, but in two-dimensional (2D) and
higher-dimensional systems, they consume much computing resources and even have
troubles to overcome the curse of dimensionality. In addition, a sparsity of the grid
seriously affects the accuracy of calculation, while a dense grid will inevitably lead
to a sharp increase in the amount of calculation. Another approach is to solve the
stochastic differential equation and then statistically calculate its transition proba-
bility density via the so-called Monte Carlo method. Although this approach does
not require interpolation, it needs a large number of sample paths and the accuracy
of its solution is related to the amount of generated data. For a 2D system only, the
computational cost of solving the joint probability density function (JPDF) may be
too large to be obtained. Therefore, it is still a problem that needs to be solved to
find an alternative technique without interpolation calculation and with rather low
computational complexity. The use of artificial neural networks (ANNs) provides a
promising way to solve this problem.

The key aspect of PINNs is the deep connection between stochastic differential equa-
tions (SDEs) and the Fokker-Planck partial differential equation (PDE) that gives
the probability density of the stochastic process of the SDE changing a stochastic
problem to a deterministic one. The idea is to integrate the structure of the corre-
sponding Fokker-Planck PDE directly into the learning process. This approach not
only overcomes the limitations of discretization-based methods but also opens new

directions for solving high-dimensional stochastic problems efficiently [9, 29].

3.2 The Fokker-Planck Equation

Physics-Informed Neural Networks (PINNs) are a class of neural networks designed
to solve partial differential equations (PDEs), in our case, it is the Fokker-Planck
equation without requiring any observed data. The principle of this method is
to train the network to approximate the desired solution using the same equation
without needing external data. The PDE itself is used as a training signal. The
only information needed is the PDE itself, along with initial and boundary conditions
[7, 29]. The network learns to minimize the residual R(z,t), which measures how
much the network output violates the PDE.

The Fokker-Planck equation (also known as the forward Kolmogorov equation) is
a partial differential equation (PDE) that describes the evolution of a probability
density function p(x,t) over time of all possible trajectories of the stochastic process
X, at position z and time ¢ [27] solution to the SDE:

dXt = /J(Xt, t)dt + O'(Xt, t)th, (31)
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starting from 0 to T" > 0. The corresponding Fokker—Planck equation in one dimen-

sion is:
Op(x,t) 0 1 02

o = ~pg @ ) p(,0) + 555 (0% (2,1) pla 1)), (3-2)

In general in n dimension, it becomes:

Op(z,t) "0 I 0 T
=3 T )3 y QCR ], (3.
5 2 oz, (,Ltlp)+2 s ((aa )mp), reQCR,tel0,T], (3.3)

2,7=1

with initial condition p(z,0) = po(x), and suitable boundary conditions:
B(p,x) =0 on 0f.

B is the boundary operator which could be Dirichlet, Neumann, Robin, or periodic
boundary conditions [23]. In addition, p(z,t) is the transition probability density

function of the SDE (3.1), which must satisfy the normalization condition:

/p(x,t)d:r =1, Vtel0,T], (3.4)

and tends to zero as z tends to infinity.

3.3 How PINNs work for the Fokker-Planck Equa-

tion

3.3.1 Step 1: Neural Network Approximation

A neural network takes (z, t) as input and outputs p(z, t), which is an approximation
of the probability density function p(x,t) [7], as illustrated in Fig. 3.1 that shows a
typical structure of an ANN which is also called deep neural network. We describe

below the numerical scheme to solve the FP equation via a deep ANN with L layers:
H = [Iy, by, by, bl ] (2<I<L—1)

is the output of the [th hidden layer, and n; is the number of nodes in each layer.

37



CHAPTER 3. DEEP LEARNING-BASED PINNS METHOD

are the weights of network, and w' represents the weight from the (I — 1)th layer to

the Ith layer. The size of the matrix w' is n;_; x n.
Bias = [b", 0%, ..., 0, ..., 0""]

is the bias of the layers, and b' represents the bias of the (I + 1)th layer with the size

n; X 1. Then, we can describe a feed-forward process as

hi = Fwuix+b;), x=(z,1), (3.5)
ni—1
nt = F(Z e b;—1> . 3<I<L-1, (3.6)
j=1
nr—1
y = Z wiL—lhiL—l + bL—l’ (3.7)

i=1
where F' represents the activation function (like a sigmoid, tanh, ReLU, etc.), and

the output can be described as
y = F(x0),

where 6 denotes all trainable parameters of the network. F is the composite function
which is made of the activation function, and 6 = [W, Bias] is denoted as the network
parameters. In general, the current methods solving the differential equations with
ANN can be defined as follows: Assuming a differential equation with the initial

condition and boundary condition to be:

{I@@ﬁDZO, z €, (3.8)

B(p(l’,t)) = g(x), (l’,t) € 00 x [O7T]7

where Z[-] is the initial condition operator and B[] is the boundary operator. We

set the domain data:
To={xPeQx0,T]}"

and the boundary data

T = {xP €90 x [0,T]}."

are discretized as input data of ANN, and the corresponding output is:

p=p(x;0),
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where 6 are the parameters of the underlying ANN.

Hz H3 HL -1
Activation function

.

/ \
o’ .
Input \ Output
wl wL-]
"I o
Bias Bias

Figure 3.1: Deep neural network architecture.

3.3.2 Step 2: Automatic Differentiation

According to [23], the derivatives of the network outputs with respect to the network
inputs.:

op I Pp

ot or  9x?
for the FP equation are computed using automatic differentiation (AD); also called
algorithmic differentiation. In deep learning, the derivatives are evaluated using
back-propagation specialized technique of AD. Considering the fact that the neural
network represents a compositional function, then AD applies the chain rule repeat-

edly to compute the derivatives as explained in Section 2.2.4.

3.3.3 Step 3: Residual of the PDE

These derivatives are substituted into the Fokker—Planck equation to compute the

residual (in 1D for example):

WD D e )0, - L2 o 0.0).

Rlz.t)=—"F—+3,
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3.3.4 Step 4: Training Objective

The neural network is trained such that:
R(x,t) =~ 0,

while also satisfying the initial conditions and boundary conditions of the problem:

{I(p(x, 0)) ~ 0, z e, (3.9)
~g

B(p(z,t)) (x), (x,t) € 0Q x [0,T].

3.4 The loss function in PINNs and Adam optimizer

3.4.1 Loss Function in PINNs

The loss function is a single number that measures how far the network’s output is
from the real solution. The smaller the loss, the closer the network is to solving the
equation. The loss function is minimized with respect to the network parameters
0 = (W, biais). For PINNs, for solving the Fokker-Planck equation, the loss function

combines three terms (see [29]):
L= EPDE + Einitial + ‘Cboundary + ‘Cnormalize

where:

- Lppg: measures how well the network satisfies the PDE which is related to the
residual R(x,t):

|2

1 &
_ D.
Lppr = Ny ; ’R(Xz ;0)

- Linitiar: enforces the initial condition of the PDE:

2

L
_ ~0 oD,
Linitial = N_D ,Zl |I (p@l ae))
- Lyoundary: enforces the boundary conditions of the PDE:

1 Mg R B B\ 2
Eboundary = N_B Z ‘B (p<xz ,Q)) - g(xz )‘ )
i=1

- Loormatize: 10 add the normalization condition as the supervision condition to
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guarantee that the solution to the FP equation presents well a probability density

function (3.4):

Np 2

£normalize == Z ((Ax)dzmﬁ(XzB7 9)) —1 )

i=1
Ax is the step length discretization on each dimension of the training set 7p and

dim is the dimension of the variable z.

During training, the network adjusts its weights to minimize this loss function. The
same steps discussed in Section 2.2.4 are followed here also. When the loss is very
close to zero, the network output is considered to be a very good approximation to

the real solution.

3.4.2 Adam Optimizer in PINNs

In Section 2.2.4, we have presented "Gradient Descent method" as an optimizer for
the loss function, however, in PINNs, the most popular method used usually in the
literature is "Adam (Adaptive Moment) optimizer" as proposed by [19] which is
which an adaptive stepping method. Let’s explain its principle:

Denote by 6; the network parameters at iteration k, and:
gk = Vo L(0y)

is the gradient of the loss function £ with respect to the set of parameters 6.
Adam computes the first moment estimate (the exponentially weighted average of

past gradients) as:

my, = fimy—1 + (1 — B1) gk, (3.10)

where §; € [0,1) controls the decay rate of the moving average.
The second moment estimate (the exponentially weighted average of squared gradi-

ents) is given by:

vp = Bove—1 + (1 = Ba)gr, (3.11)

where 5 € [0, 1) controls the decay rate of the moving average of squared gradients.
Since both my and v, are initialized at zero, their values are underestimated during
the first iterations. Adam therefore applies a bias-correction step to compensate for

this effect by computing:

(3.12)
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. Uk
U = ——. (3.13)
133
The network parameters are then updated according to:
my,
Ops1 =0 — 00—, 3.14
k+1 k Jor e ( )

where « is the learning rate and ¢ is a small positive constant introduced to avoid
division by zero.

The first moment estimate m; can be interpreted as a smoothed estimate of the
gradient direction, while the second moment estimate v; measures the magnitude of
recent gradients. Consequently, Adam adapts the learning rate for each parameter
individually, leading to faster and more stable convergence during training.

In practice, the default values proposed by [19] are commonly used:

By = 0.9, By = 0.999, e=10"%.
These values have been shown to perform well across a wide range of deep learning
applications.

3.5 Numerical experiments and comparative study

In this section, we dive into the numerical simulation and a comparison between
PINNs approach for solving SDEs and Monte Carlo method (MC), and see how the
MC scheme holds up against PINNs. Let’s treat the following examples:

Example 1. Consider the SDE:

with
8
flz)=a—x+ 525
The associated Fokker-Planck equation is:
op 0 0% 0?p(x)

% —%(f(x)p(x)) + 3 T op?

with initial condition Xy ~ po(x) = p(z,0).

In the steady-state regime we have:

d o? d*p(x)

—%(f(x)p(x)) + 5

=0.
2 dz?
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Natural conditions:

The density p must be positive.

/p(a:,t)dx = 1.

p(x,t) — 0 when |z| — oo.

The probability flow:

o? Op

J(@) = f(2)p(x,t) — =~

2 Ox

must become zero: J — 0 on the boundary of the domain in x.

All these conditions are taken into account to solve the problem. We describe

in the following Python code the steps of computations:

Python Code:

import torch

import torch.nn as nn

import torch.autograd as autograd

import numpy as np

import numpy as np

import matplotlib.pyplot as plt

# ====== parameters ======

sigma = 0.5

alpha = 0.6

xmin, xmax = -2.0, 4.0

# ====== Network ======

class PINN(nn.Module):

def __init__(self):

super (). __init__Q)
self .net = nn.Sequential(

nn.Linear (1, 30),

nn.Tanh (),

nn.Linear (30, 30),

nn.Tanh (),

nn.Linear (30, 30),

nn.Tanh (),
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nn.

nn

nn.

nn

Linear (30, 30)
.Tanh (),

Linear (30, 1),
.Softplus () #

def forward(self, x):

return self.net(x)

model = PINN

O

b

garantee p(xz) >= 0

return alpha - x + x**8 / (1 + x*%*8)

==i==8gnadventsh SsE===

gradients(y, x):

return autograd.grad(y, x, grad_outputs=torch.ones_like(y)

===== [os

loss_function (model,

S

create_graph=True) [0]

x_interior, x_boundary):

X_interior.requires_grad_(True)

p = model(x_interior)

dp_dx =
d2p_dx2

gr

adients (p, x_interior)

gradients (dp_dx, x_interior)

# terme PDE

drift =

f(

X_interior)

fp = drift * p

dfp_dx = gradients(fp, x_interior)

pde = -dfp_dx + (sigma**2 / 2) * d2p_dx2
loss_pde = torch.mean(pdex**2)

# ====== flow on the boundary ======

x_boundary.requires_grad_(True)

p_b = model (x_boundary)

dp_dx_b

gradients (p_b,

x_boundary)
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flux_b = f(x_boundary) * p_b - (sigmax**2 / 2) * dp_dx_b

loss_bc = torch.mean(flux_b*x2)

# ====== normalization constraints ======

x_norm = torch.linspace(xmin, xmax, 600).view(-1,1)

p_norm = model(x_norm)

integral = torch.trapz(p_norm.squeeze(), x_norm.squeeze())
loss_norm = (integral - 1.0) xx2

return loss_pde + loss_bc + loss_norm

N_interior = 2000
N_boundary = 2

X_interior torch.rand(N_interior, 1)*(xmax - xmin) + =xmin

x_boundary torch.tensor ([[xmin], [xmax]], dtype=torch.float32

)
# ====== optimization ======
optimizer = torch.optim.Adam(model.parameters (), lr=1e-3)
A CEEEE tlr-arl,nlllng ======

for epoch in range (10000) :
optimizer.zero_grad ()
loss = loss_function(model, x_interior, x_boundary)
loss.backward ()
optimizer.step ()
if epoch % 500 == 0:
print (f"Epoch {epoch}, Loss: {loss.item()}")

# ====== results ======
x_plot = torch.linspace(xmin, xmax, 598) .view(-1,1)
p_plot = model(x_plot).detach() .numpy ()

plt.plot(x_plot.numpy(), p_plot)

plt.title("Steady-state density (PINN)")

plt.show ()

# ====== MNonte Carlo ======

def simulate_sde (N=50000, T=100, dt=0.01):
n_steps = int(T / dt)

# 2nttial wvalues

X = np.random.normal (0, 1, N)

for _ in range(n_steps):
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105 dW = np.sqrt(dt) * np.random.randn(N)

106 X = X + (alpha - X + X**x8/(1 + X*%x8)) * dt + sigma *
dw

107

108 return X

w9 # simulation

10 samples = simulate_sde ()

111 | # ====== Monte Carlo ======

112 hist, bins = np.histogram(samples, bins=100, density=True)

113 centers = 0.5 * (bins[:-1] + bins[1:])

114 | # ====== PINN ======

115 x_plot = torch.linspace(xmin, xmax, 500).view(-1,1)

116 p_plot = model (x_plot).detach() .numpy().flatten ()

117 | # ====== plot results ======

s plt.figure(figsize=(8,5))

119 # Monte Carlo

120 plt.plot(centers, hist, label="Monte Carlo", linewidth=2)

21 # PINN

122 plt.plot(x_plot.numpy(), p_plot, ’--’, label="PINN", linewidth

=2)

123 plt.title("Comparaison PINN vs Monte Carlo")

124 plt.xlabel ("x"

125 plt.ylabel("density")

126 plt.legend ()

127 plt.grid()

128 plt.show ()

Listing 3.1: Python code for exempel 1.

Comparaison PINN vs Monte Carlo

A —— Monte Carlo
ﬂ PINN

Figure 3.2: PINN Fokker-Planck equation vs Monte Carlo method with a = 0.2

Epoch @, Loss: 18.253007888793945
Epoch 500, Loss: .04582798488987549

Epoch 1008,
Epoch 1508,
Epoch 2008,
Epoch 2508,
Epoch 3008,
Epoch 3500,
Epoch 4008,
Epoch 4508,
Epoch 5008,
Epoch 5508,
Epoch 6008,
Epoch 6508,
Epoch 7008,
Epoch 7500,
Epoch 8008,
Epoch 8508,
Epoch 9008,

Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:
Loss:

Epoch 3509, Loss:

0.026420999318361282
9.022145168855786324
0.021058695390820503
0.019924957305192947
0.0816544631216675043
0.0005684898351319134
9.00035410787677392364
9.08025415958221940875
0.00019683573918882757
9.08015892196097411215
0.08013221798872109503
0.00011283069761702791
9.922379831550643e-05
8.549541962565854e-05
7.652011117897928e-05
9.0803013363457284868
6.832152668922208e-05

5.583461943590082e-05
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Comparaison PINN vs Monte Carlo

—— Monte Carlo
PINN

Epoch @, Loss: 9.88B97331237793
Epoch 508, Loss: ©.828749195858836174
Epoch 1800, Loss: B.B22586945444345474
Epoch 1500, Loss: 8.810928943753242493
Epoch 2000, Loss: 0.0036794093903154135
Epoch 2500, Loss: §.8831690169125795364
Epoch 3000, Loss: 0.0024695582687854767
Epoch 3508, Loss: B.8818761759476736188
Epoch 4000, Loss: 0.0005209045484662056
Epoch 4508, Loss: B.BBB3400573841290045
Epoch 5000, Loss: 0.00017696202849037945
Epoch 5508, Loss: B.B8P1283713288977133
Epoch 6008, Loss: ©.0007004208164289594
Epoch 6500, Loss: B.B@B18596556239761412
Epoch 7000, Loss: 6.961915642023087e-05
N Epoch 7500, Loss: 6.768819375158474e-05
. Epoch 8800, Loss: 8.88024714606115594506

Epoch 8500, Loss: 6.618873885599896e-05
-2 -1 0 1 2 3 4 Epoch 9888, Loss: 4.376892098784502e-B5
x Epoch 9500, Loss: 3.793632276938297e-05

Figure 3.3: PINN Fokker-Planck equation vs Monte Carlo method with a = 0.5

Comparaison PINN vs Monte Carlo

—— Monte Carlo
PINN

Epoch @, Loss: 12.392997741699219
Epoch 508, Loss: B.03296588361263275
Epoch 1088, Loss: ©.82278321236371994
Epoch 1500, Loss: ©.02099556103348732
Epoch 2080, Loss: .820079295082258224
Epoch 2508, Loss: ©.01807696744799614
Epoch 3000, Loss: 0.006332297809422016

densité

Epoch 3580, Loss: P.805485490040630102
Epoch 40088, Loss: B.004278217381417751
Epoch 4500, Loss: ©.0015661335783079267
Epoch 5008, Loss: .0005413795588538051
Epoch 5508, Loss: .8007641255586314337
Epoch 6000, Loss: ©.00022003281628713012
Epoch 6500, Loss: ©.00019154619076289237
Epoch 7008, Loss: B.00015459956193808466
Epoch 7508, Loss: .0001265810278709978
e — Epoch 8000, Loss: ©.00011191335943294689
Epoch 8588, Loss: 9.330041211796924e-05
-2 -1 0 1 2 3 4 Epoch 9088, Loss: 8.27163967187516de-05
X Epoch 9500, Loss: 7.864940562285483e-05

Figure 3.4: PINN Fokker-Planck equation vs Monte Carlo method with a = 0.6

Observation: For all considered values of o (0.2, 0.5, and 0.6), the PINN Fokker—Planck
solution shows excellent agreement with the Monte Carlo approximation. The main
features of the probability density are accurately captured by the PINN model.
While the Monte Carlo curves exhibit small oscillations resulting from sampling
noise, the PINN solutions remain smooth and stable, highlighting their ability to

provide accurate approximations of stochastic dynamics.

Example 2. Consider the following stochastic differential equation:

dX, = aX, — BX} + odW,, a>0, 3>0. (3.15)

The corresponding stationary Fokker—Planck equation associated with the SDE (3.15)

18 given by

o® &p(x)

(o — e ()] +

the exact steady-state solution is [33]:

2ax% — Bt

s =C )
ps(z) exp 53

(3.17)

where C' is some normalization constant.
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The Python code for this example is provided below:

Python Code:

import
import
import
import

import

torch
torch
torch

numpy

.nn as nn

.autograd as autograd

as np

matplotlib.pyplot as plt

= seed for reproducibility ======

torch.manual_seed (0)

np.random.seed (0)

0.5

= Neural Network

class PINN(nn.Module):

def

def

__init__(self):
super (PINN, self).__init__(Q)
self .net = nn.Sequential(
nn.Linear (1, 64),
nn.Tanh (),
nn.Linear (64, 64),
nn.Tanh (),
nn.Linear (64, 64),
nn.Tanh (),
nn.Linear (64, 1),
nn.Softplus () # p(z) >= 0

forward (self, x):

return self.net(x)
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model = PINN()

def

f(x):

return alpha * x - beta * x**3

Sssss gradfbents S

grad(y, x):

return autograd.grad(

y, X,

grad_outputs=torch.ones_like (y),

create_graph=True

) [0]

===== [0p88 ======

loss_function(model, x_in, x_b):

X_in.requires_grad_(True)

p = model(x_in)
dp = grad(p, x_in)
d2p = grad(dp, x_in)

drift = f(x_in)
fp = drift * p
dfp

grad (fp, x_in)

pde -dfp + (sigmax*xx*2 / 2) * d2p

loss_pde = torch.mean (pdex**2)

# boundary
x_b.requires_grad_(True)
p_b = model(x_b)

dp_b = grad(p_b, x_b)
flux = f(x_b) * p_b - (sigmax**2 /
loss_bc = torch.mean(flux*%*2)

# normalization

X_n

p_n

torch.linspace (xmin, xmax,

model (x_n)

2) *x dp_b

500) .view(-1,1)
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integral = torch.trapz(p_n.squeeze(), x_n.squeeze())

loss_norm = (integral - 1) *x2

return loss_pde + loss_bc + loss_norm

# ====== data ======

N_interior = 3000

x_in = torch.rand(N_interior,1) *(xmax-xmin) + xmin

x_b = torch.tensor ([[xmin], [xmax]], dtype=torch.float32)

# ====== Optrimq;zenr S
optimizer = torch.optim.Adam(model.parameters(), lr=1e-3)
N CEEEE tlr-arl,nlllng Sssass

epochs = 30000

for epoch in range (epochs):
optimizer.zero_grad ()
loss = loss_function(model, x_in, x_b)
loss.backward ()

optimizer.step ()

if epoch % 2000 == O:
print (f"Epoch {epoch}, Loss: {loss.item():.3el}")
# ====== ewaluation ======
X = torch.linspace (xmin, xmax, 1000).view(-1,1)

x_np = x.detach() .numpy () .flatten ()
p_pinn = model(x).detach() .numpy().flatten ()
# ====== ezxact solution ======

p_exact = np.exp(
(2xalpha*x_np**2 - beta*x_np**4) / (2*%sigmax*x*2)

p_exact /= np.trapezoid(p_exact, x_np)
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122 L2_error = np.linalg.norm(p_pinn - p_exact) / np.linalg.norm(

p_exact)

123 acclL2 = 1 - L2_error
124
125 print(“\n::::::::::::::::::::::”)

126 print ("alpha =", alpha)

127 print ("beta =", beta)

128 print("sigma =", sigma)

120 print ("Loss value =", loss.item())

130 print("acclL2 =", acclL2)

151 print("Iterations =", epochs)

132 print ("======================\n")
133

134 # ====== plot ======

135 plt.figure(figsize=(8,5))

136 plt.plot(x_np, p_exact, ’k’, label="Exact")
137 plt.plot(x_np, p_pinn, ’r--’, label="PINN")
135 plt.legend ()

139 plt.grid ()

140 plt.title("PINN vs Exact")

111 plt.show ()

Listing 3.2: Python code for exempel 2.

0 L
cO & Untitled4.ipynb  ¥¢ &
Fichier Modifier Affichage Insérer Exécution Outils Aide

Q Commandes <+ Code ~ <+ Texte P> Toutexécuter ~

[531 pit.grid()
7 24 mi ° plt.title("PINN vs Exact"™)
plt.show()

B

v +ss Epoch @, Loss: 3.383e+01

Epoch 2000, Loss: 2.961le-@3
<> Epoch 4000, Loss: 5.053e-04
Epoch 6000, Loss: 5.034e-05
Epoch 8000, Loss: 2.052e-05
Epoch 10000, Loss: 1.293e-85
Epoch 12000, Loss: 9.058e-06
Epoch 14000, Loss: 7.117e-06
Epoch 16008, Loss: 5.747e-06
Epoch 18000, Loss: 4.902e-06
Epoch 20000, Loss: 4.157e-06
Epoch 22000, Loss: 3.471e-06
Epoch 24000, Loss: 2.862e-06
Epoch 26000, Loss: 2.467e-06
Epoch 28008, Loss: 2.130e-06

a2
&

(©)

PINN vs Exact

r
o

H O ¢

alpha .
beta = 0.5

sigma = 0.5

Loss value = 5.4239321798377205e-06
acclL2 = 9.9972736

Iterations = 30000

Figure 3.5: PINN Fokker-Planck equation vs Exact solution method with v = 0.3
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0+ *
cO & Untitledd.ipynb ¥ &
Fichier Modifier Affichage Insérer Exécution Outils Aide
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Figure 3.7: PINN Fokker-Planck equation vs Exact solution method with o = 0.7

Observation: Figures 3.5,3.6,3.7: present the comparison between the DL-FP so-
lution and the exact solution for different values of the parameter . In all cases, the
neural network approximation (red dashed line) closely matches the exact solution
(black solid line). The excellent agreement between the two solutions demonstrates
the accuracy and effectiveness of the DL-FP method in solving the Fokker—Planck
equation for different parameter configurations.

Table3.1 presents the numerical results of the DL-FP method. The loss value repre-

sents the residual of the Fokker—Planck equation, while accy, measures the relative
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Table 3.1: The accuracy of the DL-FP method for equation 3.16.

Parameters Loss value | accL2 | Iterations
a=03 =05 0=05]542x107°]0.9972 | 3 x 10?
a=05 =05 0c=05]198%x10°]0.9971 | 3 x 10?
a=07 =05 0c=05]269x10°]0.9963| 3x10?

L? accuracy between the PINN solution and the exact solution:

P —pll

acc, = 1=

The number of iterations is fixed at 3 x 10* for all experiments.
The results indicate that the method maintains high accuracy and stable convergence
for all tested configurations. These results indicate that the DL-FP method is highly

effective in solving the FP equation.

The effect of neural network structure on model performance

To further investigate the influence of neural network architecture on model per-
formance, an additional experiment was conducted using the same problem of Ex-
ample 2, with the same training procedure, optimizer, learning rate, and activation
functions. The objective was to analyze how architectural modifications affect the
accuracy and convergence behavior of the network.

Two separate cases were considered. In the first case, the number of hidden layers
was varied while keeping the number of neurons in each layer and all other param-
eters unchanged. This experiment aimed to evaluate the impact of network depth
on the learning process and prediction accuracy.

In the second case, the number of neurons in the hidden layers was modified while
maintaining the same number of hidden layers and preserving all remaining training
settings. This analysis was performed to study the effect of network width on the
model’s ability to approximate the target function.

The results obtained from these experiments provide valuable insights into the re-
lationship between network architecture and model performance, highlighting the
importance of selecting an appropriate number of hidden layers and neurons when

designing deep neural networks.
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Effect of the Number of Hidden Layers
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(c) Predicted Solution with 4 Hidden Layers

Figure 3.8: Comparison of the effect of hidden layer on the solution.
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Observation: Figure 3.8 shows the evolution of the solution for different numbers of
hidden layers. It can be observed that the network with 4 hidden layers fits well with
the exact solution compared to the network with 2 hidden layers. However, adding
more layers does not necessarily lead to further improvement and may increase the
training complexity.

These results indicate that an appropriate network depth is essential for obtaining

accurate solutions while maintaining computational efficiency.
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Figure 3.9: Comparison of The accuracy of the DL-FP for different numbers of
hidden layers

Observation: The effect of the number of hidden layers on the accuracy of the
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DL-FP method is illustrated in Figure 3.9. The results indicate that the network
depth plays an important role in the approximation process. Increasing the num-
ber of hidden layers improves the learning capability of the model and reduces the
prediction error. However, excessive depth does not necessarily lead to significant
improvements and may increase the computational cost. Therefore, an appropriate
number of hidden layers should be selected to achieve a balance between accuracy

and efficiency.
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Effect of the Number of Neurons
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Figure 3.10: Effect of the number of neurons on the neural network performance.
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Observation: Figure 3.10 compares the performance of networks with different
numbers of neurons per hidden layer. The results show that increasing the number
of neurons enhances the network’s representation capability and reduces the approx-
imation error. Nevertheless, beyond a certain number of neurons, the improvement
becomes marginal while the computational cost increases. Therefore, selecting an

optimal number of neurons is important to balance accuracy and efficiency.

0+ I

(a(o) & Untitled4.ipynb ¥t & cO & Untitled4.ipynb % &
Fichier Modifier Affichage Insérer Exécution Outils Aide Fichier Modifier ~Affichage Insérer Exécution Outils Aide
Q Commandes + Code ~ + Texte P Toutexécuter ~ Q Commandes + Code ~ + Texte b Toutexécuter ~
Piletatacy s vo tauce g . patevaaaey s ve caues
i= | © pit.shou() = U@ pitshon)
v «ss Epoch 0, Loss: 2.826e+01 @ v «s Epoch @, Loss: 3.777e+01
Eﬂ Epoch 2000, Loss: 2.105e-02 Epoch 2000, Loss: 4.444e-03
Epoch 4600, Loss: 1.320e-03 Epoch 4000, Loss: 1.359e-03
<> Epoch 6000, Loss: 5.036e-04 <> Epoch 6000, Loss: 6.906e-04
Epoch 8000, Loss: 3.764e-04 Epoch 8000, LosS: 5.563e-04
69 Epoch 10000, Loss: 4.556e-04 G0 Epoch 10000, Loss: 4.916e-04
A Epoch 12000, Loss: 2.602e-04 L, Epoch 12000, Loss: 4.537e-04
Epoch 14000, Loss: 6.47@e-05 Epoch 14000, Loss: 4.195e-04
(o] Epoch 16000, Loss: 2.486e-05 (o) Epoch 16000, Loss: 3.698e-04
Epoch 18000, Loss: 1.141e-05 Epoch 18000, Loss: 3.30le-04
Epoch 20000, Loss: 2.914e-05 Epoch 20000, Loss: 2.992e-04
(] Epoch 22000, Loss: 9.667e-05 (b} Epoch 22000, Loss: 1.512e-04
Epoch 24000, Loss: 7.478e-06 Epoch 24000, Loss: 4.888e-05
E Epoch 26000, Loss: 6.609e-06 E Epoch 26000, Loss: 2.365e-85
Epoch 28000, Loss: 6.157e-06 Epoch 28000, Loss: 1.388e-@5
sigma = 0.5
Loss value = 5.693436833098531e-06 Loss value = 1,0289465535606723¢-05
accl2 = 0.989248 accl2 = 0.98043305
Tterations = 3eeee

(a) The accuracy of the DL-FP with (b) The accuracy of the DL-FP with
20 Neurons 30 Neurons
Q0 L
O & Untiteddipynb % &

Fichier Modifier Affichage Insérer Exécution Outils Aide

Q Commandes + Code ~ + Texte b Toutexécuter ~

— [51] plt.grid()
= O plt.title("PINN vs Exact")
plt.show()

v «+ Epoch @, Loss: 3.039e+01
Epoch 2000, Loss: 5.123e-03

<> Epoch 4000, Loss: 1.745e-04
Epoch 6000, Loss: 4.030e-85
®© Epoch 8000, Loss: 1.802e-85
e Epoch 10000, Loss: 1.148e-05
Epoch 12000, Loss: 8.360e-06
e Epoch 14000, LOss: 6.853e-06
Epoch 16000, LOSs: 6.145¢-06
) Epoch 18000, Loss: 4.777e-06
Epoch 20000, Loss: 3.945¢-06
Epoch 22000, Loss: 3.452e-06
B Epoch 24000, Loss: 2.968e-06

Epoch 26000, Loss: 2.346e-06
Epoch 28000, Loss: 2.166e-06

alpha = 0.5
beta = 0.5
sigma = 0.5

Loss value = 1.984763457585359e-06
accl2 = ©.9971291
Tterations = 30000

(¢) The accuracy of the DL-FP with
64 Neurons

Figure 3.11: Comparison of The accuracy of the DL-FP for different numbers of
neurons

Observation: Figure 3.11 present the influence of the number of neurons on the

accuracy of the DL-FP method. It can be observed that increasing the number
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of neurons enhances the representation capacity of the neural network, leading to
more accurate approximations and lower error values. Nevertheless, beyond a cer-
tain point, the improvement becomes less significant while the model complexity
increases. Consequently, the number of neurons should be chosen carefully to ob-

tain accurate results without unnecessary computational effort.

Remark 1. The codes execution took from 15 minutes to 25 minutes to complete the
full simulations, according to the complexity of the parameters in each case. They
are implemented on an DELL PC, Intel Core i5 vPro 8th Gen. Processor.

3.6 Advantages and limitations of PINNs

3.6.1 Advantages:

e Mesh-free: One of the main advantages of PINNs is that they don’t require
domain segmentation, unlike traditional methods such as finite differences or
finite elements. This removes the need for the often tedious and computation-

ally heavy task of mesh generation.

e No data required: The network learns solely from the PDE itself, along

with initial and boundary conditions.

e Single model for parametric PDEs: A PDE often depends on some pa-
rameters, for example, diffusion coefficient, force term, boundary conditions,
etc... So instead of training a separate neural network for each set of pa-
rameters, PINNs can train one single model that can work for many different
parameter values. This capability allows for near-instant predictions across
different scenarios, i.e., we don’t need to solve the PDE again numerically, we
just input the new parameter values into the network, and it immediately out-
puts an approximate solution. So predictions become very fast. This approach
is performed without the overhead of retraining the model from scratch. In
fact, normally, if we change parameters, we would need to retrain a model
(slow and expensive), but here, one trained PINN is reused, and no retraining
needed for new parameter values (within the learned range). So, instead of
solving a PDE again and again for different parameters, we train one smart

model that learns the whole family of solutions and can instantly predict them.

e Continuous solution: PINNs provide a smooth, differentiable solution at
any point (x,t) in the domain, not just at grid points such as finite difference
or finite element method that require performing grid interpolation after the

computations.
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3.6.2 Limitations:

e Sensitivity to hyperparameters: In PINNs, small changes in these set-
tings can lead to bad case where the model does not converge, solution be-
comes physically incorrect, the PDE residual stays large, loss function training
oscillates or diverges. So, different tests are needed to guarantee smooth con-

vergence, and accurate approximation of PDE solution.

e High training cost: Even though inference is fast, training PINNs can
be very slow in computing time because it requires many collocation points
especially when the domain is irregular with complex shapes. In some cases,

classical numerical solvers are faster.

e Unbalanced loss terms: A common task with the PINNs loss function
is the interaction between the different components, the PDE residue, the
initial and boundary conditions. One term can dominate others, and choosing

weights is non-trivial which yields to poor balancing and so wrong solutions.

e Error verification and convergence issues: PINNs networks often fail
to converge, especially for complex problems. There is no convergence and
stability theoretical studies. Unlike traditional numerical methods, which rely
on error estimates O(At), PINNs networks lack a general convergence theory.

This makes it difficult to check and guarantee the accuracy of their solutions.
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Chapter 4

Deep Learning-based FBSNNs
methods

Developing algorithms for solving high-dimensional partial differential equations
(PDEs) has been an exceedingly difficult task for a long time, due to the noto-
riously difficult problem known as the "curse of dimensionality" [15]. To overcome
this limitation, many works [14, 3, 2| introduce a deep learning-based approach that
can handle general high dimensional PDEs. To this end, the PDEs are reformulated
using forward-backward stochastic differential equations. The key aspect of this de-
velopment is the deep connection between forward-backward stochastic differential
equations (BSDEs), and partial differential equations (PDEs) through stochastic
representations such as the Feynman-Kac formula [8]. This reformulation has led
to the development of modern computational frameworks such as deep backward-
forward stochastic neural networks (FBSNNs) method [28, 11]. This method en-
ables the use of stochastic simulation combined with neural network approximation
to compute solutions that are otherwise difficult to find using classical techniques.
Neural networks provide mesh-free approximation capabilities, making them espe-
cially suitable for high-dimensional systems where grid-based methods fail. These
approaches not only overcome the limitations of discretization-based methods but
also open new directions for solving high-dimensional problems efficiently [28, 3|. In
this chapter, we present the basic idea of this method, and how it works from time
discretization to neural network approximation and loss function minimization. We
introduce numerical results on the nonlinear Black—Scholes equation. We observe
that this method is quite effective in terms of accuracy and cost. We discuss some

advantages and limitations of the method at the end of the chapter.
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4.1 The Kolmogorov PDE and Forward-Backwad
SDE

Let us consider coupled forward-backward stochastic differential equations of the

general form:

dXt = ,u(t, Xt, }/t, Zt> dt + O'(t,Xt, )/t) th, t e [0, T],

XO = 57 (4 1)
dY, = ¢(t, X,, Yy, Z) dt + ZFo(t, X, Y,) dW, telo,T), ’
Yr = g(X7r).

where W, is a vector-valued Brownian motion. A solution to these equations consists
of the stochastic processes X;, Y;, and Z;. It is shown in [8] that the coupled
forward-backward stochastic differential equations (4.1) are related to quasi-linear

Kolmogorov partial differential equation of the form:
uy = f(t,x,u, Vou, V2, u), (4.2)

with the terminal condition u(7,x) = g(x), where u(t,x) is the unknown solution

and:
1
f(tu z,Y, =z, 7) = ¢(t7 z,y, Z) - M(ta z,Y, z)TZ - 5 Tr [U(t7 xz, y)O'(t, xz, y)TV] . (43)

Here, V,u and V2 u, denote the gradient vector and the Hessian matrix of w,
respectively. Tr(-) is the trace operator. In particular, it follows from Ito’s formula

[8] that solutions of the above equations are related according to:

}/; = U(t, Xt); Zt = Vzu(t, Xt) (44)

4.2 How Deep FBSNNs works for the Kolmogorov
equation

This section present the Deep FBSNNs method introduced by [14, 28, 3] for solving
high-dimensional Kolmogorov partial differential equations. The key idea is to ap-
proximate the unknown PDE solution (¢, z) using a neural network and train this
network by enforcing the dynamics of the associated FBSDE rather than directly
enforcing the PDE residual as in Physics-Informed Neural Networks (PINNs). The

principle is instead of learning only the initial value u(0, z), the method learns the
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entire unknown solution u(t, z) over the space-time domain by using "deep stochas-
tic neural network". We get the process Y; from the approximation of u(¢,x), and
the process Z; from application of automatic differentiation on the approximation

of u(t, z) to get its gradient.

4.2.1 Step 1: Reformulate the PDE as an FBSDE System

Rather than immediately dealing with the Kolmogorov PDE, the basic concept here
is to modify it properly in order to get a system of two forward-backward stochastic
equations. To simplify, we can discuss the case of uncoupled forward-backward

stochastic differential equations of the form:

(dXt = I[L(t, Xt) dt + U(t, Xt) th,
Xo =§,
0=1¢ (4.5)
dY, = ¢(t, X, Yy, Z,) dt + Z o (t, X,) dW,,
Yr = g(X7).

\

These equations are related to the Kolmogorov semilinear and parabolic PDE:

1
Up = ¢(t7 Z, vxuv vimu) - /‘L(ta x)Tvxu - § Tr [0(t7 JZ)O'(t, x)Tvixu} : (46)

The relation between the tow equations is:

}/; = U(t, Xt); Zt = qu(t, Xt) (47)

4.2.2 Step 2: Time Discretization of the FBSDE

This method divises an algorithm to compute Y; and Z; for each time ¢ > 0. Euler-
Maruyama scheme is employed to discretize the forward equation in (4.5) to update

the process X;:
X" X7 p(t, X™) At + o (1", X™) AW™, (4.8)

forn = 0,1,..., N — 1, where At := "™ — " = T/N and AW" ~ N(0,At) is a
random variable with mean 0 and standard deviation vAt.

The next step is to use X" to approximate the u(t", X") forn = 1,..., N — 1 at
time steps t" by N — 1 stochastic neural networks. We denote it ug(¢", X™). This
enables to get an approximation for Y =& uy(t", X"), and for Z" &~ Vue(t", X™) by
automatic differentiation at time t" and at the spatial point X™. So, no additional
neural network is required for Z". Both quantities are directly computed from the

neural network.
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4.2.3 Step 3: Neural Network Approximation and loss func-
tion

Parameters 6 = (W, biais) of the stochastic neural network can be learned by min-
imizing the following loss function related to the backward equation of the process

Y; which is first discretized by Euler-Maruyama scheme:
Y Y 4 (", XY™ Z) At + (2" o (17, X AW, (4.9)

Equation (4.9) is used to compute the loss as:

=

2
)

M
Vit = Y — @, At = (Z) ", AW+ 3 1Y = g(X2)

m=1

L) =YY"

m=1n

Il
=)

(4.10)
which tries to match the discretized equation (4.9) of Y; and to force the satisfaction
of the terminal condition. Here, M corresponds to different realizations of the

underlying Brownian motion, and
@7, = O, Xp YL 20 and S = o(t, X).

The subscript m corresponds to the m-th realization of the underlying Brownian
motion while the superscript n corresponds to time ¢t". We recall that from equation
(4.7), we have:

Y =u(t", X)), Zr = Vuy(t", X)),

and consequently the loss in equation (4.10) is a function of the parameters of the
neural network wy(t,z). The parameters § are optimized using Adam method as

described in the previous chapter. At each iteration:
1. Sample new Brownian trajectories.
2. Simulate the forward process X".
3. Compute an approximation ug(t", X™) by stochastic neural network.
4. Compute Y,, = up(tn, X,).
5. Compute Z,, = V,ug(tn, X,).
6. Evaluate the loss function.

7. Backpropagate the gradient of the loss with respect to the network parameters

6.
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8. Minimize the loss by Adam optimizer.

9. Update 6 to compute again ug(t", X") and so on..

4.3 Numerical simulations and comparative study

This section introduces numerical results on the nonlinear Black—Scholes equation.
This example is inspired from [28]. The values of the parameters are reduced com-
pared to those used in [28] in order to be able to run the Python code in a reasonable
elapsed time. Also "PyTorch" library for deep learning neural network is used due
to its simplicity and ease of implementation over "TensorFlow" used in [28]. The
results suggest that this method is quite effective in terms of accuracy and cost and

can be applied to a wide range of forward-backward problems.

Black-Scholes-Barenblatt Equation

Consider the nonlinear Black—Scholes—Barenblatt equation FBSDE:

(dX, = rX,dt + o X,dW,,
Xo =€,
0=2¢ (4.11)
dift = T(Sft — ZtXt)dt + O'ZtXtth,
. YT = g<XT)7

where T =1, 0 = 0.4, 7 = 0.05, £ = 1, g(x) = 2>. The equations are related to the
Black-Scholes-Barenblatt equation PDE:

1
% = —5023328Mu + r(u — x0,u) — redu (t,z) € [0,T) xR, (4.12)

subject to the terminal condition:
u(T, x) = 22 (4.13)
The exact solution is given by:
u(t,z) = exp ((3r + o*)(T — 1)) g(z), (4.14)

which is used to test the accuracy of the method. We approximate the unknown
solution u(t, x) by 5 hidden layers in the neural network with 128 neurons per hidden
layer. We discretized the time domain [0, 7] into N = 50 equally spaced intervals.

To minimize the loss function, we called the Adam optimizer with mini-batches of
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size 100 (i.e., 100 realizations of the underlying Brownian motion), the results are

reported in figure 4.1.

6_
— Exact
——- FBSNN
5 ® Initial/Final Exact
B Initial/Final FBSNN
4_
X
=1
3 4
I 3
Py
2_
l_
v

Figure 4.1: Evaluations of the learned solution Y; = u(t, X;) at representative real-
izations of the underlying process X; for different paths.

Unlike the state of the art algorithms [15, 11], which can only approximate Y, =

u(0, Xo) at time 0 and at the initial spatial point Xy = £, this method is capable

of approximating the entire solution function (¢, ) in a single round of training as

demonstrated in figure 4.1.

The Python code is provided below for this example:

import torch

import torch.nn as nn

import torch.optim as optim

50

# time steps
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M = 100 # batch size

r = 0.05
sigma = 0.4

dt =T/ N
sqrt_dt = dt*x*x0.5

device = "cuda" if torch.cuda.is_available() else "cpu"
e e e e e e e e e e e e e e e e e e e S e e e e e o e e e e e e R S e e e e
# Neural Network u_theta(t,z)

# m===================================================-=

class Net(nn.Module):

def __init__(self, D):

super () . __init__(Q)

self .net = nn.Sequential(
nn.Linear(D + 1, 128),
nn.Tanh (),

nn.Linear (128, 128),
nn.Tanh (),

nn.Linear (128, 128),
nn.Tanh (),

nn.Linear (128, 128),
nn.Tanh () ,

nn.Linear (128, 128),
nn.Tanh (),

nn.Linear (128, 1)

def forward(self, t, x):
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54 inp = torch.cat([t, x], dim=1)
56 return self.net (inp)

58

5o model = Net(D).to(device)

61 optimizer = optim.Adam(model.parameters (), lr=1e-3)

62

63 | # S=========s=S=s=S===s===S==S==S=s=S=sS=sS=S=SS=S=S=SS=SS=SS=S=S=S=S==S======
6a # Exact solutzion

65 # =====================================================

¢7 def exact_solution(t, x):

68

69 norm2 = torch.sum(

70 X*k*x2

71 dim=1,

72 keepdim=True

73 )

74

75 return torch.exp(

76 (3r + sigma**2)*(T - t)

77 ) * norm?2

78

79 |# SS=====S=s=S=s=S=s=s==S=s=S=sS=s=S=sS=sS=sS=SS=sS=SS=SS=SS=S=SS=S=S=S=S==S======
so # One FBSNN loss evaluation

81 # S il e I e e e e e e e e e e e e e e e e e e e s e e e e e e e e e e s S I
82

s3 def loss_function():

84
85 e I e
86 # Initial condition

87 e e i
89 X = torch.ones(M, D, device=device)

90

91 loss = 0.0

92

93 B e eI
94 # Time stepping
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o5 B C o o _____
96

o7 for n in range(N):

98

99 t_n = torch.full(

100 (M 1) 1) })

101 n*xdt,

102 device=device

103 )

104

105 t_npl = torch.full(

106 (M 1) 1) >

107 (n+1) *xdt,

108 device=device

109 )

110

111 X.requires_grad_(True)

112

113 i e i e
114 # Y_n = u_theta(t_n,X_n)

115 i e it
116

117 Y_n = model(t_n, X)

118

119 i e it e
120 # Z_mn = grad_xz u_theta

121 i e
122

123 Z_n = torch.autograd.grad/(

124 Y _n.sum(),

125 X,

126 create_graph=True

127 ) [O]

128

129 i e e e
130 # Brownian increment

131 e e i
132

133 dW = sqrt_dt * torch.randn(

134 M,

135 D,
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136 device=device

137 )

138

139 T e i
140 # Forward SDE

141 # dX = rX dt + sigma XdW

142 i e i e P
143

144 X _next = (

145 X

146 + r*X*xdt

147 + sigmaxX*xdW

148 )

149

150 i e it e
151 # Y _ {n+1}

152 A it
153

154 Y_npl = model(t_npl, X_next)

155

156 i e it
157 # BSDE driver

158 # f = r(Y - X°T Z)

159 i e i
160

161 f =1 x*x (

162 Y_n

163 - torch.sum(X*Z_n,

164 dim=1,

165 keepdim=True)

166 )

167

168 i e i e
169 # sigma (X)dW term

170 i e e e
171

172 diffusion = sigma * torch.sum(

173 Z_n *x X x dW,

174 dim=1,

175 keepdim=True

176 )
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residual

= (
npl
Y_n
fxdt

diffusion

torch.mean(residual *x*2)

next .detach ()

torch.full (

device=device

model (t_T,

X)

torch . sum/(

keepdim=True

rch.mean (

(Y_T - g)=*x*2

Y_
| -
loss +=
X = X_

#

#

t_T =
M,1),
T,

)

YT =

g =
X*%x2
dim=1,

)

loss += to

)

return loss

loss_history

pred_history

(]
(]
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for it in range (2000):

optimizer.zero_grad ()

loss = loss_function ()

loss.backward ()

optimizer.step ()

with torch.no_grad():

X0

t0

torch.ones (1, D, device=device)

torch.zeros (1, 1, device=device)

pred = model (t0, X0).item()

exact = exact_solution(tO,

loss_history.append(loss.item())

pred_history.append(pred)

exact_history.append (exact)
if it % 100 == O:
print (

f"Iter {it:5d} "
f"Loss = {loss.item()

import matplotlib.pyplot as plt

:.4e}"
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260 plt.figure(figsize=(8,5))

262 for m in range (5):

264 times = []

265 predicted = []

266 exact = []

26

268 X = torch.ones(1, D, device=device)
269

270 for n in range(N+1):

271

272 t = n*xdt

273

274 t_tensor = torch.tensor(

275 [[t11,

276 dtype=torch.float32,

277 device=device

278 )

279

280 with torch.no_grad():

281

282 pred = model (t_tensor, X)
283

284 ex = exact_solution(t_tensor, X)
285

286 times . append (t)

287 predicted. append (pred.item())
288 exact.append(ex.item())

289

290 if n < N:

291

292 dW = sqrt_dt * torch.randn(
293 1, D, device=device
204 )

295

296 X = (

297 X

208 + r*xXx*xdt

299 + sigmaxXx*xdW
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300 )

301

302 # SSSSS S SIS S SS S SIS SIS S S S S S S S S
303 # Paths

304 # e e i
305

306 plt.plot(

307 times,

308 exact,

309 ’b-7,

310 alpha=0.7

311 )

312

313 plt.plot(

314 times,

315 predicted,

316 ‘r--7,

317 alpha=0.7

318 )

319

320 # e e e
321 # Initial points

322 # ====s===s==================
323

324 plt.plot(

325 times [0],

326 exact [0],

327 ’bo’,

328 markersize=6

32 )

330

331 plt.plot(

332 times [0],

333 predicted [0],

334 ‘rs’,

335 markersize=6

336 )

337

338 # S S S S S S SE S SE S sESsEEs s sE s EESS
339 # Final points

340 # EE88555558585558585385555585855




341

343

344

345

346

363

364

365

366
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plt
plt

plt
plt
plt
plt

plt.

plt

plt.

plt.plot(
times [-1],
exact [-1],
’bo?,

markersize=6

plt.plot(
times [-1],
predicted[-1],
‘rg?,

markersize=6

.xlabel(r’$t$’)
.ylabel (r’$Y_t=u(t,X_t)$’)

.plot (L], [1, ’b-’, label=’Exact’)
.plot([1, [1, ’r--’, label=’FBSNN’)
.plot ([1, [J, ’bo’, label=’Initial/Final Exact’)
.plot([], [J, ’rs’, label=’Initial/Final FBSNN?’)

legend ()

.grid(True)

show ()

Listing 4.1: Python code for Black-Scholes-Barenblatt equation.

Remark 2. The code execution took around 25 minutes to complete the full simu-
lations on an DELL PC, Intel Core 15 vPro 8th Gen. Processor.

4.4 Advantages and limitations of the FBSNNs method

4.4.1 Advantages

The deep FBSNN has an important advantages:

e Overcoming the Curse of Dimensionality: One of the main forces of

this method is it could control high dimensional partial differential equations,

where classical grid-based absolute methods fail. Traditional numerical meth-
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ods require a grid of N? points, which is computationally very hard when the

values of points N and dimension d are large.

e Mesh-Free Formulation: Unlike classical methods, Deep FBSNNs method
does not need to discretize the spatial domain. Instead, it relies only on sim-
ulating the stochastic paths via the loss function minimization and stochastic

neural network simulation.

e Provides Both Solution and Sensitivities: Another important feature
is that the method does not only approximate the solution Yy ~ u(0, Xy) and
Zy = V,u(0, Xy), but also learns the entire processes Y; and Z; at each time
t > 0. This is particularly useful in applications such as financial hedging,

sensitivity analysis, and stochastic optimal control.

e No data required: The network learns only from FBSDE and does not

need real-world measurements.

4.4.2 Limitations

Despite its advantages, the Deep FBSNNs method has several important limitations

that restrict its applicability in some cases.

¢ Requirement of FBSDE Formulation: The technique is based on the
idea that the real partial differential equation can be reformulated as forward-
backward stochastic differential equation using Feynman—Kac formula. Not
all PDEs assume any such probability connection to SDEs. This technique

cannot implement any equation directly by description.

e High Computational Cost: Training is computationally expensive. At
each iteration, the rule set simulates a large range of stochastic paths and back-
propagated over time. This is particularly challenging for long time horizons
of PDEs.

e Non-Convex Optimization: The non-convexity of the loss function espe-
cially for complex problems may not guarantee the convergence to the global
minimum and the method may additionally rely on initialization and hyper-

parameter options to converge to the nearest local minimum.

e Sensitivity to Hyperparameters: The performance of the method is in-
credibly sensitive to hyperparameter values, including learning rates, network
architecture and parameters, that can additionally seriously degrade accuracy
of the method.
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Dependence on Known Forward Dynamics: The method assumes that
the coefficients of the forward SDE (drift p and diffusion o) are known in
advance, since they are used to simulate the stochastic paths. If these dynamics

are unknown, alternative approaches are required to deal with this issue.

Memory Consumption: Backpropagation through time requires storing all
intermediate values of (X, ,Y;,, Z,) for each time step. When both the num-
ber of time steps and the number of simulated paths are large, memory usage

can become very saturated.

Expensive training: Training can take hours or days, especially for high-

dimensional problems or large networks.

Limited accuracy: The solution is approximate, whereas traditional meth-
ods offer an accuracy that we can control by minimizing the step time dis-

cretization At.

No convergence guarantees: There is no guarantee that training will

converge to a good solution, especially for complex FBSDEs.
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In this work, we have explored the connection between stochastic differential equa-
tions (SDEs) and modern deep learning techniques, with a particular focus on
Physics-Informed Neural Networks (PINNs) and Forward-Backward Stochastic Neu-
ral Networks (FBSNNs).

We began by recalling the fundamental concepts of stochastic differential equations
and Brownian motion, as well as the existence and uniqueness of solutions. We also
discussed classical numerical methods and their limitations, especially when dealing

with high-dimensional or complex stochastic systems.

Then, we introduced the basic principles of machine learning and deep learning,
highlighting different neural network architectures, training procedures, and key con-
cepts such as activation functions, loss functions, and optimization algorithms. This
section helped establish the necessary background for understanding deep learning-

based approaches to differential equations.

After that, we presented Physics-Informed Neural Networks (PINNs) as a modern
and efficient framework for solving partial differential equations, in particular the
Fokker—Planck equation that governs the probability density function of the solution
of the stochastic differential equation (SDE). We explained how neural networks
can be trained by incorporating physical laws directly into the loss function through

automatic differentiation, avoiding the need for traditional discretization methods.

Finally, we studied Deep FBSNNs methods, which rely on the reformulation of
partial differential equations into forward—backward stochastic differential systems.
This approach provides an alternative and powerful numerical tool, especially for
high-dimensional problems, but also comes with challenges related to stability and

computational cost.

Overall, this work shows that deep learning techniques offer a promising alternative

to classical numerical methods for solving stochastic and partial differential equa-
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tions. However, despite their advantages, these methods still present limitations that
require further research, particularly in terms of efficiency, convergence guarantees,

and interpretability:.

Due to the material limitations that we encountered during the preparation of this
thesis, only simple models and examples were treated. Future works may focus on
testing the performance of these models (an other models available in the literature)
as well as their applicability to more complex high dimensional stochastic systems

in real life applications such as finance, physics, or engineering, etc...
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