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Abstract
This thesis develops and analyzes a stochastic epidemic model incorporating Lévy

jump processes to capture the discontinuous, which classical deterministic and
Brownian motion driven models fail to represent.

The work begins by formulating a deterministic compartmental system of ordinary
differential equations (ODEs), then progressively introduces continuous random

fluctuations via a Wiener process, and finally adds discontinuous jumps through a
Lévy process.

The core contribution lies in the optimal control problem, where the objective is to
minimize the number of infected individuals while simultaneously reducing
intervention costs. Two controls are considered: immigration control and

preventive measures.
Using the stochastic maximum principle extended to Lévy processes, we derive

necessary optimality conditions expressed through a Hamiltonian function and a
coupled forward-backward system of stochastic differential equations (FBSDEs) for

the state and adjoint variables.
Because analytical solutions are infeasible, we employ a numerical scheme based on

the Least Squares Monte Carlo (LSMC) method combined with the Milstein
method.

The simulation results are presented through graphs that demonstrate the
effectiveness of the optimal control strategy. The findings confirm that

incorporating Lévy jumps and solving the resulting optimal control problem yields
robust, practical intervention policies for epidemic management.

Keywords: Epidemic model, Lévy process, optimal control, stochastic maximum
principle, forward-backward SDEs, LSMC, Milstein scheme, immigration control,

preventive measures.
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Introduction

Effects of infectious diseases are not limited only to morbidity but have far-reaching
effects on public health structures and financial stability as well. As evidenced by
events in recent decades, insufficient containment of epidemics puts financial strain
on the medical system, creating a chain of problems whose repercussions persist
long after the initial crisis has passed [19]. The coronavirus epidemic was particu-
larly revealing as a watershed event that highlighted the vulnerabilities in modern
healthcare systems when managing new infections, prompting scientists from vari-
ous fields to reconsider the basics of their knowledge about the spread of infections
and the timing of necessary actions. In this regard, mathematics has become an
invaluable tool for understanding infectious diseases rather than merely a language
used to describe their effects.
The basic SIR (Susceptible-Infected-Recovered) model, which was formulated by
Kermack and McKendrick (1927) [16], offered valuable insight into the pathogen
propagation and control and the very foundation of mathematical epidemiology.
The effectiveness of its use cannot be underestimated [9]. Nevertheless, such deter-
ministic models rely on certain assumptions about the continuity, homogeneity, and
predictability of the processes under investigation. In reality, outbreaks are rarely
continuous. They can abruptly happen because of the emergence of a highly con-
tagious new variant, an unannounced super-spreading event during an assembling,
or a surprise introduction of a lockdown measure. All those events introduce unpre-
dictable non-Gaussian discontinuous behavior which cannot be captured with the
help of a differential equation. Therefore, even if useful in describing the average
behavior of the epidemic, deterministic models cannot describe events which can
shape the very course of the epidemic.
One way to add an element of randomness into an epidemic process is the use of
stochastic differential equations (SDEs). The most common approach is adding a
Wiener process to describe random diffusion in the equation of transmission or re-
covery [20]. Still, as many authors point out, the use of white noise is not enough
since it cannot describe a large sudden jump in the case number. To overcome this
problem, we should add the Lévy process to our equation. Indeed, this critical gap
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Introduction

in modeling capabilities is what the Lévy process helps fill in perfectly. Specifically,
a Lévy process is a stochastic process with stationary and independent increments
and allows describing both continuous (Brownian) and discontinuous behavior in the
process studied. Hence, the use of such a process allows capturing the dynamics of
the system under consideration very well. In particular, this process features Pois-
son jumps. It describes large-scale but sudden changes in the process. For example,
positive jumps can correspond to a sudden increase in the number of infections due
to a new variant, while negative jumps represent abrupt decreases due to policy
interventions [25].

With Lévy noise, the problem of optimal control becomes mathematically challeng-
ing. To formulate this problem, we rely on the Hamiltonian function, which combines
the cost functional, the system dynamics, and the adjoint variables. Applying the
necessary condition for optimality in the presence of jumps leads to a system of
forward-backward stochastic differential equations (FBSDEs): the state equations
evolve forward in time, while the adjoint equations evolve backward, both affected
by the jump component. Analytical solutions are generally impossible. Therefore,
we turn to numerical methods.
This thesis contains three chapters

• In the first chapter, we introduce the necessary for the entire thesis by start-
ing with a classical deterministic epidemic models (SIS, SIR, SIER, SIRS) ex-
pressed as a system of ordinary differential equations (ODEs), which captures
the core mechanisms of disease transmission and recovery within a popula-
tion. This formulation, despite its clarity and analytical tractability, assumes
a perfectly smooth and predictable evolution of the disease. Recognizing that
real epidemics are subject to random environmental fluctuations, we then ex-
tended the SIRS model by introducing a Wiener process to represent contin-
uous, small scale stochastic perturbations. However, Brownian motion alone
cannot capture abrupt, discontinuous events such as super-spreading episodes
or sudden policy changes. To overcome this limitation, we further incorpo-
rated a Lévy jump process, which adds rare but large discontinuities to the
system dynamics. Thus, Chapter 1 progressively built a hierarchy of models:
from deterministic ODEs, to diffusion-driven stochastic differential equations,
and finally to a jump-diffusion framework driven by a Lévy process. This fi-
nal formulation serves as the mathematical foundation for the optimal control
analysis developed in the second chapter

• In the next chapter, we formulate the problem of optimal control by consid-
ering two goals, minimizing the number of infected people and the total costs
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Introduction

of control interventions. The controls considered in this thesis are immigra-
tion control (restricting the influx of susceptible individuals) and preventive
measures, such as social distancing, wearing masks, and vaccination. To derive
optimal control, we apply the stochastic maximum principle for Lévy processes,
which accounts for both continuous Brownian fluctuations and discontinuous
jumps. We obtain a Hamiltonian involving state variables, control variables,
and adjoint variables. The necessary optimality conditions lead to a system
of adjoint (backward) stochastic differential equations with jumps, while the
optimal controls are obtained by minimizing the Hamiltonian with respect to
the control variables point-wise. The resulting forward-backward system must
be solved numerically, which we address in Chapter 3.

• In the last chapter, we use The LSMC algorithm based on Milstein scheme
in order to simulate the forward–backward equations from Chapter 2. We
present the simulations via figures, which clearly illustrate how our optimal
control has influenced the reduction of the susceptible and infected individuals
over time. This clearly demonstrates the effectiveness of the proposed optimal
control technique.
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Chapter 1

Deterministic and stochastic
epidemic models

1.1 Introduction and motivation

In recent years, some contagious diseases like SARS, Ebola virus, and COVID-19
have caused a serious impact on health aspects as well as economic systems all over
the world. Studying the dynamics of contagious diseases in a population has there-
fore recently gained a great deal of attention in the scientific fields. In this context,
mathematical modeling has a central role to play in studying contagious diseases.
Among the different methods in mathematical modeling of contagious diseases are
"Deterministic Models" and "Stochastic Models". Deterministic models are mathe-
matical representations that model ideal scenarios regarding contagious diseases. On
the contrary to deterministic models, stochastic models are mathematical represen-
tations that study contagious diseases in a more realistic context. The integration
of information related to deterministic models and stochastic models can provide a
deeper understanding related to contagious diseases.

1.2 Deterministic epidemic models

Epidemiologists typically employ deterministic models, such as the SI (Susceptible-
Infected), SIR (Susceptible-Infected-Recovered), SIS and SEIR models to figure out
how diseases spread in a group of people and how to stop them. These models make
some educated approximations to help us understand how real-world epidemics act
in a more straightforward way. The compartments are:

• Susceptible(S): Persons that are in good health and have not contracted the
infection but are liable to get infected.

5



CHAPTER 1. DETERMINISTIC AND STOCHASTIC EPIDEMIC MODELS

• Infected (I): The people that are infected and are capable of spreading the
infection to others.

• Exposed (E): Compartment referred to the individuals that despite infected,
do not exhibit obvious signs of infection and the abundance of the pathogen
may be too low to allow further transmission.

• Removed (R): Persons who have recovered from a disease and are not sus-
ceptible to reinfection.

1.2.1 Hamer’s simple deterministic model (SI model)

The Hamer model was first introduced by William Heaton Hamer in 1906, who also
named the SI model. This is the first straightforward deterministic model in which
the entire population N can be split into two groups: those who are susceptible
to infection S and those who are infected I and hence contagious [5]. Hamer first
assumed the following in order to demonstrate his model:
- There are no recoveries or deaths (fixed population number);
- The total population is constant: N = S + I;
- Once infected, a person becomes contagious and stays contagious for the remainder
of their lives;
- Direct contact between susceptible people and infected people is how the infection
spreads.

The differential equation system that describes this model is:
dS(t)

dt
= −βS(t)I(t)

dI(t)

dt
= βS(t)I(t)

(1.1)

• Where β is the transmission rate.

Figure 1.1: The SI scheme
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1.2.2 The SIS model

The two kinds of persons in this model infected individuals (I) and healthy individ-
uals (S) are the most basic for explaining how an epidemic spreads. There are two
transformation processes in the model. In the first, a healthy person contracts the
infection by coming into touch with other affected people. The graphic in figure 1.1
illustrates this process, which happens at a constant infection rate. In the second
instance, an infected person recovers on their own. More specifically, an infected
person who has recovered from the illness does not develop immunity and is instantly
vulnerable once more [10]. The graphic in figure 1.2 illustrates this process, which
proceeds at a steady rate of recoveryγ. This paradigm, which correlates to some
illnesses like tuberculosis, does not offer immunity, so that leads us to the following
system: 

dS

dt
= −βSI + γI

dI

dt
= βSI − γI

(1.2)

with the total population is constant: N = S + I

Figure 1.2: The SIS scheme

1.2.3 The SIR model Kermack–McKendrick epidemic model

The SIR model classifies hosts within a population as Susceptible, Infected, and
Recovered [26] and was first thoroughly examined by Kermack and McKendrick.
It depicts the processes of acute infections that, if cured, provide lifetime immu-
nity. Diseases to which people develop lifelong immunity, and diseases like measles,
smallpox, diphtheria, chickenpox, typhoid fever, mumps, can be treated using this
strategy.
Two scenarios that differ in whether demographic factors are included or excluded
will be examined.

7
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Figure 1.3: Differential equations of the SIR epidemic model.

1.2.3.1 The SIR model without demographic factors

After compartmentalizing the population, we need a set of equations that define
the change over time in compartment sizes. The SIR model, excluding deaths and
births, can be defined by the following system of differential equations:

dS

dt
= −βSI,

dI

dt
= βSI − γI,

dR

dt
= γI.

(1.3)

Figure 1.4: Diagram for SIR model without demography.

The total population is constant: N = S + I + R.
In addition, the transmission rate is β, and the recovery rate is γ, where S(0) >

0, I(0) > 0, and R(0) > 0.

1.2.3.2 SIR model with varying total population size

By including the movement of immigration and various demographic rates, which
make the size of the entire population changeable, the deterministic model (1.3)
can be further enhanced. We derive a modified SIR epidemic model based on these
hypotheses. This model is appropriate for modeling a variety of diseases such as HBV
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and Morbilli disease (measles). The SIR model with varying population assumes the
following:

• Λ recruitment rate Λ > 0 corresponding to births and immigration.

• All people are born sensitive to infection.

• A disease-related mortality rate ϵ > 0 in addition to the natural rate µ.

The system of differential equations for the model is as follows:
dS(t)

dt
= Λ− βS(t)I(t)− µS(t)

dI(t)

dt
= βS(t)I(t)− (γ + µ+ ϵ)I(t)

dR(t)

dt
= γI(t)− µR(t)

(1.4)

Figure 1.5: Diagram for SIR model with varying total population size.

1.2.4 SIRS model (SIR with temporary immunity)

The SIR epidemic model can be modified to incorporate provisional immunity, where
members of the removed compartment may loss immunity over time and return to
the susceptible class [7]. This extension is referred to as the SIRS epidemic model.
By denoting the rate of immunity loss by l, the SIRS model is illustrated in figure
1.6 with the following corresponding system of differential equations:

dS(t)

dt
= Λ− βS(t)I(t)− µS(t) + lR(t)

dI(t)

dt
= βS(t)I(t)− (γ + µ+ ϵ)I(t)

dR(t)

dt
= γI(t)− (µ+ l)R(t)

(1.5)

9
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Figure 1.6: Diagram for SIRS model with temporary immunity.

1.2.5 SEIR model

By including an E (Exposed) compartment, which represents those who have been
exposed to the disease but are not yet contagious, the SEIR model expands upon the
SIR model. The SEIR framework, for instance, can be used to represent COVID-
19 since it has an incubation phase during which people are exposed but not yet
contagious [5]. Since N = S + E + I + R, the total population is constant. The
following differential equations describe this model:

dS

dt
= −βSI,

dE

dt
= βSI − σE,

dI

dt
= σE − γI,

dR

dt
= γI

(1.6)

where :
β : Transmission rate.
σ : the rate at which exposed individuals become infectious
γ : Recovery rate.

1.3 Basic reproduction number R0

In epidemiology, the basic reproduction number R0 is a quantity in epidemic mod-
eling that shows how fast an infectious disease can spread in a population that is
completely susceptible. In a formal way, R0 is defined as the anticipated number
of secondary cases generated by a single infectious individual during their infectious
period, in the absence of immunity and control measures. In compartmental models
such as SIS, SIR, and SEIR, R0 comes naturally from the ratio of the transmission
mechanism to the removal dynamics. For example, in the SIR family of models, it

is given by R0 =
β

γ
, where β is the effective contact or transmission rate and γ is

10
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the recovery rate. In a broader sense, in multi-dimensional or structured epidemic
models, R0 is calculated as the spectral radius of the next-generation matrix, which
distinguishes new-infection terms from transition dynamics. The condition R0 > 1

means that the infection can spread through the population and cause an epidemic.
On the other hand, R0 < 1 indicates that the disease will eventually die out. In
the realm of uncertainty-informed epidemic management, assessing and governing
R0 becomes difficult because of random changes, uncertainty about parameters, and
not having all the information about how the gearbox works. So, a lot of modern
control strategies try to keep the effective reproduction number R0 below unity, even
with these uncertainties, to make sure that disease spread is strongly stopped.

1.3.1 Basic reproduction number for SIRS model

The basic reproduction number R0 is computed using the next-generation matrix
method [8]. The only infected compartment is I. Let F denotes the rate of appear-
ance of new infections and V the rate of transfer of individuals out of the infected
class. From the infected equation of the SIRS model (1.5), we have:

F = βSI, V = (µ+ ϵ+ γ)I.

In the disease-free equilibrium, I∗ = R∗ = 0 in the system (1.5), and its first equation

becomes 0 = Λ− µS∗, and so S∗ =
Λ

µ
. We deduce that the equilibrium point of the

system is E0 =

(
Λ

µ
, 0, 0

)
. Evaluating the Jacobian matrices of F and V at E0, we

obtain
F =

[
∂F
∂I

]
E0

= β
Λ

µ
, V =

[
∂V
∂I

]
E0

= µ+ ϵ+ γ.

The next-generation matrix is therefore K = FV −1, and the basic reproduction
number, defined as the spectral radius of K, is given by

R0 = ρ(K) =
βΛ

µ(γ + µ+ ϵ)
.

1.3.2 Basic reproduction number for COVID 19

To illustrate the impact of the reproduction number R0 on the spread of an epidemic,
we consider the SEIR model (1.6) for COVID-19 in Algeria [4]. Let’s consider a
simplified estimation of R0 for COVID-19:

• Transmission rate (β): The rate at which susceptible individuals come into
contact with infected individuals and become infected. For COVID-19, early

11
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estimates placed β around 0.41 per day.

• Recovery rate (γ): The rate at which infected individuals recover. In the
case of COVID-19, with a mean recovery time of 10 days, γ is 0.1 per day.

Using the formula for R0:

R0 =
β

γ

Substituting the values:

R0 =
0.41

0.1
= 4.1

This suggests that, in the absence of immunity or interventions, each infected person
could potentially spread the virus to 4 other individuals on average.

Interpretation:

• If R0 > 1, the disease is likely to spread rapidly. With a R0 = 4.1, COVID-19
was able to cause rapid outbreaks.

• If R0 = 1, the disease would only remain at a stable level.

• If R0 < 1, the disease would eventually die out.

In the beginning, figuring out R0 for COVID-19 showed how important it was to
take steps to lower R0 and stop the virus from spreading, such as staying away from
other people, wearing masks, and being vaccinated.

Simulation of the SEIR Model for COVID-19 with R0 = 4.1

The graphic below shows the simulation of how COVID-19 spreads under the SEIR
model with an estimated R0 = 4.1.

• The susceptible population S(t) decreases over time as individuals come into
contact with infected individuals and transition into the exposed compartment.

• The exposed population E(t) increases as susceptible individuals are exposed
to the virus but are not yet infectious.

• The infected population I(t) grows rapidly as exposed individuals transition
to infectious individuals, before peaking and eventually decreasing as they
recover or are removed.

• The recovered (or removed) population R(t) increases as infected individuals
recover from the disease or pass away, depending on the model’s assumptions.

12
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This graph illustrates the dynamics of the epidemic and shows how the infection
peaks and then subsides as interventions or natural immunity kick in.

Figure 1.7: SEIR Model Simulation for COVID-19 With R0 = 4.1

1.4 Equilibrium in epidemic models

In epidemic models, equilibrium points are steady states of the system where the
number of people in each compartment stays the same over time. These equilibria
offer significant understanding of the long-term dynamics of diseases and the possible
consequences of an epidemic.

1.4.1 Disease-free equilibrium (DFE)

The disease-free equilibrium denotes the condition in which the disease is non ex-
istent within the population. In compartmental models like the SIRS model, this
balance is shown by a population of people who are susceptible and no one who is
infected. In mathematical terms, the disease-free equilibrium requires:

I∗ = 0

while all other compartments must have non negative values that are consistent with
the total population size. The basic reproduction number R0 usually determines how
stable the disease-free equilibrium is. If R0 < 1, the disease-free equilibrium is locally
asymptotically stable. This means that the disease will eventually die out.

13
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1.4.2 Endemic equilibrium

The endemic equilibrium means that the disease is always present in the population.
At this equilibrium point, the number of people who are infected stays positive over
time. This happens when the disease can spread on its own, which is usually when
R0 > 1. The endemic equilibrium is a key idea for understanding how diseases can
last a long time. It shows how new infections and recovery or removal processes are
balanced.

1.5 Stochastic epidemic model

Epidemic modeling represents a fundamental methodology used in assessments of
the dynamics of disease spread within populations. Although traditional epidemic
models such as the SIRS model provide insights into the spread of infectious diseases,
they do not take into consideration the intrinsic randomness and sudden,large-scale
events that may drastically alter the course of an epidemic. In this section, we
extend the classical deterministic SIRS model with stochastic fluctuations and jump
processes, which account for sudden environmental changes such as mass infections,
super-spreader events, or environmental shocks. As discussed by May and Mao et
al. [22], random fluctuations have a great influence on the dynamics of ecological
and epidemiological systems. To account for these fluctuations, Jiang et al. [14]
added random fluctuations to the standard deterministic SIR model through the
inclusion of Brownian motions. However, to capture the sudden large events that can
cause discontinuities in epidemic models, like pandemics created by super-spreaders,
or sudden changes in the environment, such as volcanic eruptions and hurricanes,
Gaussian noise is no longer be appropriate. To transcend this deficiency, Zhang and
Wang [32] proposed a Lévy-type jump process within the stochastic SIR model in
order to capture such discontinuous events.

Remark 1. To more accurately reflect epidemiological realities, our study focuses
on the SIRS model. This analytical framework accounts for dynamic fluctuations
in the total number of individuals through demographic shifts and disease-induced
mortality, providing a more robust perspective on the epidemic’s time evolution.

1.5.1 Stochastic SIRS Model with Brownian noise

Applications of Brownian motion in epidemiology

• Small Scale Epidemics: When the number of people or the geographical area in
which the epidemic occurs is small, the role of randomness can be substantial.
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Brownian motion is a more refined model of the phenomenon if the dynamics
are described by deterministic models that overestimate the rate of the spread
of the disease or ignore the sudden changes in the course of the epidemic.

• Threshold Values of Stochastic Epidemics: Brownian motion can be used to
model the threshold of an epidemic, the point beyond which the epidemic can
die or spread exponentially. In fact, the stochastic variations may result in
the change of the threshold values, allowing us to have a clearer view of the
likelihood of the epidemic turning into a pandemic.

• variations in the spread of diseases: The Brownian motion process may help
model the ’noise’ caused by variations in the rate of spread, interventions, or
changed behaviors in the spread of diseases.

Modeling epidemic dynamics with Brownian motion and stochastic dif-
ferential equations:

In modeling epidemic dynamics, the introduction of Brownian motion offers a way
to introduce randomness and uncertainty in the system. Brownian motion is the
stochastic process with continuous paths, having independent and stationary incre-
ments; making it ideal for modeling random fluctuations that affect disease trans-
mission. To represent such randomness in epidemic models, we use Stochastic Dif-
ferential Equations (SDEs), which describe how the state of a system evolves over
time under both deterministic and random influences. A general SDE of epidemic
dynamics may take the form:

dXt = µdt+ σdBt

where Bt is the Brownian motion factor that introduces noise to the system, and µ, σ

are drift and volatility, respectively. We make stochastic epidemic models by adding
Brownian motion to epidemic models. These models let infection and recovery rates
change randomly, which is how the disease spreads in the real world. These models
help us understand how randomness can change the likelihood of an epidemic ending
or becoming endemic. Stochastic models also take into consideration the fact that
even small random changes can have a big effect on the course of the disease, which
can lead to outcomes that are different from what deterministic models predict.
This unpredictability is important for modeling epidemic outbreaks that are more
accurate since it reflects the natural uncertainty in how diseases spread in the real
world [6].
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Derivation of the stochastic SIRS model with Brownian motion:

To include random fluctuations, we add stochastic components to the terms of the
deterministic model that represent random noise [21]. The modified system (1.5)
with Brownian noise is as follows:

dS(t) = (Λ− βS(t)I(t)− µS(t) + lR(t)) dt+ σ1S(t)dB1(t),

dI(t) = (βS(t)I(t)− (γ + µ+ ϵ)I(t)) dt+ σ2I(t)dB2(t),

dR(t) = (γI(t)− (µ+ l)R(t)) dt+ σ3R(t)dB3(t),

(1.7)

where B1(t), B2(t), and B3(t) are independent Brownian motions, and σ1, σ2, and
σ3 represent the noise intensities associated with each compartment. The Brownian
motions show how the dynamics of people who are susceptible, infected, or recovered
change randomly. The noise terms model the randomness in spread and recovery of
the disease are.

1.5.2 Incorporating jump processes in SIRS model

The Brownian motion depicts continuous fluctuations, but it fails to accurately rep-
resent abrupt changes or discontinuities, such as rapid mass infections or significant
environmental shocks. Lévy-type jump processes are superior for modeling these
events. To account for these discontinuities, we need to improve the stochastic SIRS
model by incorporating a lévy jump process. This process features Poisson jumps,
which signify abrupt large-scale occurrences [23].

Lévy processes:

To analyze epidemics, it is important to consider the likelihood of a significant
amplitude surge in the number of infected or deaths. This is supported by both
theoretical and actual research. To mathematically quantify these occurrences, jump
processes provide an appropriate environment for describing and forecasting the
epidemic’s future. In this section, we describe a Lévy process, named after French
mathematician Paul Lévy, and show how diverse a category of processes they create.
We will provide a quick summary of the theory, as detailed explanations may be
found in various books and documents. For more information, please refer to the
book [1].

Definition 1.1. Let (Ω,F , {Ft}t≥0,P) be a filtered probability space. A process
Z(t) = {Zt}t≥0 defined on R is called a Lévy process if it satisfies the following
conditions:
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1. Z(0) = 0 almost surely.

2. Z(t) has independent increments, meaning that the increment Z(t+ s)−Z(t)

is independent of Ft (the filtration up to time t).

3. Z(t) has stationary increments, i.e., the distribution of Z(t+h)−Z(t) depends
only on h and not on t.

4. Z(t) is stochastically continuous, meaning for all t ≥ 0 and x > 0, the proba-
bility P(|Z(t+ ϵ)− Z(t)| > x)→ 0 as ϵ→ 0.

Let Z(t) be a Lévy process. Then, Z(t) has a cadlàg version (right-continuous with
left limits), which is also a Lévy process [31]. Furthermore, let B0 be the collection
of Borel sets D ⊂ R whose closure D̄ does not contain zero. By denoting the jump
of Z(t) at time t > 0 as ∆Z(t) = Z(t)− Z(t−), we associate the counting measure
N(t,D) to Z(t) as follows:

N(t,D) = N(t,D, ω) =
∑
0≤s≤t

1D(∆Z(s)), (1.8)

for all D ∈ B0, where 1D is the indicator function for the set D.
This counting measure N(t,D) represents the total number of jumps of size ∆Z(t)

in D that occur before or at time t.
In general, the expression above corresponds to the Poisson random measure, which
counts the number of jumps of Z(t) in a Borel set D up to time t. The process is
cadlàg, meaning the number of jumps N(t,D) is almost surely finite for all D ∈ B0.
A classic example of a Lévy process is Brownian motion, denoted B(t), which has
stationary and independent increments. Therefore, B(t) is a continuous Lévy pro-
cess. Another important example is the Poisson process.

Poisson process

The Poisson process θ(t) with associated intensity λ > 0 is a Lévy process taking
values in N ∪ {0} such that:

P (θ(t) = n) =
(λt)ne−λt

n!
, n = 0, 1, 2, . . .

Returning to the definition given in equation (1.8), the set function D 7→ N(t,D, ω)

is a σ-finite measure on B0 for each fixed t and ω, with the associated differential form
N(t,D, ω). Furthermore, for each fixed ω, the set function [a, b]×D 7→ N(A,D, ω)

defines a σ-finite measure with the associated differential form N(t,D, ω) for D ∈ B0.
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Now, considering the mean measure:

π(D) = E(N(1, D)),

this defines a σ-finite measure on B0, known as the Lévy measure associated with
Z(t). By fixing D ∈ B0, the process:

θD(t) = N(t,D, ω)

is a Poisson process with intensity λ = π(D).

Figure 1.8: Visualization of the Poisson process.

Compound Poisson process

Let X(n), n ∈ N, be a sequence of i.i.d. random variables in R with a common finite
distribution µX . Let θ(t) be a Poisson process with intensity λ, independent of all
X(n). The compound Poisson process Xθ(t) is expressed as:

Xθ(t) = X(1) + · · ·+X(θ(t)), t > 0.

An increment of this process is defined by:

Xθ(s)−Xθ(t) =

θ(s)∑
k=θ(t+1)

X(k), s > t.
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The distribution of Xθ(t) depends only on the difference (s− t), which implies that
Xθ(t) is a Lévy process.[27] The Lévy measure π of Xθ(t) is given by

π(dz) = λµZ(dz),

Figure 1.9: Illustration of the compound Poisson process.

Figures 1.9 and 1.8 are taken from the dissertation[27].

Proposition 1.1. (Itô-Lévy decomposition) [1]: Let Z(t) be a Lévy process. Then, Z(t)

admits the following unique representation:

Z(t) = αt+ σB(t) +

∫
|z|<r

z Ñ(t, dz) +

∫
|z|≥r

z N(t, dz)

where α ∈ R, σ ∈ R, and r ∈ [0,∞), and the process Ñ(dt, dz) is the compensated Poisson
random measure of Z(t) such that:

Ñ(dt, dz) = N(dt, dz)− π(dz)dt

It is assumed that the standard Brownian motion B(t) is independent of Ñ . Note that
for each D ∈ B0, the process M(t) = Ñ(t,D) is a martingale. Specifically, if α = 0 and
r = ∞, we call Z(t) a Lévy martingale. Furthermore, if E[|Z(t)|] < ∞ for all t > 0, we
can choose r =∞. Hence, Z(t) can be written in compact form:

Z(t) = αt+ σB(t) +

∫
R
z Ñ(t, dz).

19



CHAPTER 1. DETERMINISTIC AND STOCHASTIC EPIDEMIC MODELS

Figure 1.10: Illustration of the Itô-Lévy jumps process paths.

Theorem 1.1. [24] A Lévy process is a semi-martingale.

SIRS model with lévy Jumps

lévy processes are ideal for representing discontinuous events as the increments are inde-
pendent and do not vary with time. They provide a framework within which the sudden
changes in how epidemics work, such as:

• Super-spreader events: A small number of people infect a lot of other people in a
short amount of time.

• Environmental shocks : sudden environmental changes, such the arrival of a novel
disease variation or a natural disaster, that produce big changes in the rates of
disease transmission.

Adding jump processes to our model lets us study how such severe events affect the spread
of the disease, making the model more useful in real-life.
The altered system with jump processes is:
dS(t) = (Λ− βS(t)I(t)− µS(t) + lR(t)) dt+ σ1S(t)dB1(t) +

∫
R∗

C1(z)S(t
−)Ñ(dt, dz),

dI(t) = (βS(t)I(t)− (γ + µ+ ϵ)I(t)) dt+ σ2I(t)dB2(t) +

∫
R∗

C2(z)I(t
−)Ñ(dt, dz),

dR(t) = (γI(t)− (µ+ l)R(t)) dt+ σ3R(t)dB3(t) +

∫
R∗

C3(z)R(t−)Ñ(dt, dz),

(1.9)
where:

• Ñ(dt, dz) is the compensated Poisson process with:

Ñ(dt, dz) = N(dt, dz)− π(dz)dt.
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• C1(z), C2(z), C3(z) are the magnitudes of the jumps in the susceptible, infected, and
recovered compartments, respectively.

• The integral term
∫

R∗
sums the possible jump magnitudes, and the jumps happen

randomly, modeled by the Poisson process N(dt, dz). This allows for the representa-
tion of abrupt changes in the number of susceptible, infected, or recovered resulting
from shocks.

1.6 Existence and uniqueness of the positive solu-
tion

In this section, using the Lyapunov analysis method, we prove that jump processes can
suppress the explosion and that the system (1.9) admits a unique global positive solution
[32].
Assume that for each m > 0 there exists a constant Lm > 0 such that

• (H1)
∫

R∗
|Hi(x, z)−Hi(y, z)|2π(dz) ≤ Lm|x− y|2, i = 1, 2, 3,

where H1(x, z) = C1(z)S(t
−), H2(x, z) = C2(z)I(t

−) and H3(x, z) = C3(z)R(t−)

with |x| ∨ |y| ≤ m.

• (H2) | ln(1 + Ci(z))| ≤ Ki, for Ci(z) > −1, where Ki is positive constant, for
i = 1, 2, 3.

Theorem 1.2. Under assumptions (H1) – (H2), and for any initial value:

(S(0), I(0), R(0)) ∈ R∗3
+ ,

the system (1.9) admits a unique global positive solution almost surely.

Proof. By (H1) the drift and the diffusion are local Lipchitz, and for any initial value
(S(0), I(0), R(0)) ∈ R∗3

+ , there exists a unique local solution (S(t), I(t), R(t)) in [0, τe),
where τe is the explosion time. To show that the solution is global, i.e., τe = ∞, almost
surely, we use a Lyapunov function argument.
Define F : R∗3

+ → [0,∞) by

F (S, I,R) =
(
S − a− a ln

S

a

)
+ (I − 1− ln I) + (R− 1− lnR),

where a > 0 is a constant that will be chosen later. This function is C2 and tends to +∞
as any component approaches 0 or +∞.
Let m0 > 0 be such that S(0), I(0), R(0) ∈ [1/m0,m0]. For any integer m ≥ m0, define
the stopping time:

τm = inf

{
t ∈ [0, τe) : S(t) /∈

(
1

m
, m

)
or I(t) /∈

(
1

m
, m

)
or R(t) /∈

(
1

m
, m

)}
.
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Clearly, τm is increasing as m→∞ a.s. Set τ∞ = lim
m→∞

τm, whence, τ∞ ≤ τe a.s. If we can

show that τ∞ = ∞ is true, then τe = ∞ and (S(t), I(t), R(t)) ∈ R3
+ a.s. If this statement

is false, then there exist a pair of constants T > 0 and 0 < η < 1 such that

P(τ∞ ≤ T ) ≥ η. (1.10)

Now we apply Ito’s formula for jump diffusion to F (S(t), I(t), R(t)). The process (S, I,R)

has continuous part given by the drift and Brownian terms, and jumps given by the integrals
with respect to Ñ . For a C2 function F :

dF (S(t), I(t), R(t)) = LF (S(t), I(t), R(t))dt+ (S(t)− a)σ1dB1(t) + (I(t)− 1)σ2dB2(t)

+ (R(t)− 1)σ2dB3(t) +

∫
R∗

C1(z)S(t
−)− a ln(1 + C1(z))Ñ(dt, dz)

+

∫
R∗

C2(z)I(t
−)− ln(1 + C2(z))Ñ(dt, dz)

+

∫
R∗

C3(z)R(t−)− ln(1 + C3(z)]Ñ(dt, dz)

where LF is the generator or the drift part, which is given by:

LF (S, I,R) = Λ + (γ + µ+ ϵ) + µ+ l + aµ− (β + µ)S + (aβ − µ− ϵ)I

− µR− aΛ

S
− alR

S
− γI

R
+

aσ2
1

2
+

σ2
2

2
+

σ2
3

2
+

∫
R∗

a
(
C1(z)− ln(1 + C1(z))

)
π(dz)

+

∫
R∗

(
C2(z)− ln(1 + C2(z))

)
π(dz) +

∫
R∗

(
C3(z)− ln(1 + C3(z))

)
π(dz).

Then

LF (S, I,R) ≤ Λ + (γ + µ+ ϵ) + µ+ l + aµ+ (aβ − µ− ϵ)I +
aσ2

1

2
+

σ2
2

2
+

σ2
3

2

+

∫
R∗

a
(
C1(z)− ln(1 + C1(z))

)
π(dz) +

∫
R∗

(
C2(z)− ln(1 + C2(z))

)
π(dz)

+

∫
R∗

(
C3(z)− ln(1 + C3(z))

)
π(dz).

We choose a small enough so that aβ − µ− ϵ ≤ 0. For instance:

a =
µ+ ϵ

2β

then

LF (S, I,R) ≤ Λ + (γ + µ+ ϵ) + µ+ l + aµ+
aσ2

1

2
+

σ2
2

2
+

σ2
3

2

+

∫
R∗

a
(
C1(z)− ln(1 + C1(z))

)
π(dz) +

∫
R∗

(
C2(z)− ln(1 + C2(z))

)
π(dz)

+

∫
R∗

(
C3(z)− ln(1 + C3(z))

)
π(dz).
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By assumption (H2) and the inequality:

x− ln(x+ 1) ≥ 0, x > −1,

we obtain:

LF (S, I,R) ≤ Λ + (γ + µ+ ϵ) + µ+ l + aµ+
aσ2

1

2
+

σ2
2

2
+

σ2
3

2
+ 3k = k1

where

k = max

{∫
R∗

[
aC1(z)− a ln

(
1 + C1(z)

)]
π(dz),∫

R∗

[
C2(z)− ln

(
1 + C2(z)

)]
π(dz),∫

R∗

[
C3(z)− ln

(
1 + C3(z)

)]
π(dz)

}
.

Therefore∫ τm∧T

0
dF (S(t), I(t), R(t)) ≤

∫ τm∧T

0
k1 dt

+

∫ τm∧T

0

[∫
R∗

C1(z)S(t
−)− a ln(1 + C1(z))Ñ(dt, dz)

+

∫
R∗

C2(z)I(t
−)− ln(1 + C2(z))Ñ(dt, dz)

+

∫
R∗

C3(z)R(t−)− ln(1 + C3(z)]Ñ(dt, dz)
]

Taking expectation yields:

EF
(
S(τm ∧ T ), I(τm ∧ T ), R(τm ∧ T )

)
≤ F (S(0), I(0), R(0)) + k1T. (1.11)

Set Ωm = {τm ≤ T} for m ≥ m0 and by (1.10), we have P(Ωm) ≥ η. Note that for every

ω ∈ Ωm, there is S(τm, ω) or I(τm, ω) or R(τm, ω) equal to m or
1

m
and by (1.11), it yields:

F (S(0), I(0), R(0)) + k1T ≥ E[1ΩmF (S(τm, ω), I(τm, ω), R(τm, ω))]

≥ ε
(
m− a− a ln

m

a

)
∧
(

1

m
− a− a ln

1

am

)
∧ (m− 1− lnm) ∧

(
1

m
− 1− ln

1

m

)
,

where 1Ωm is the indicator function of Ωm. Letting m → ∞, leads to the contradiction
∞ > F (S(0), I(0), R(0))+k1T =∞, then we must have τ∞ =∞ a.s. Therefore, it implies
that S(t), I(t) and R(t) will not explode in finite time with probability one.
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Chapter 2

Optimal control for system of
stochastic differential equations with
Lévy jumps

In this chapter, we study the properties of the SIRS-type epidemic model incorporating
Lévy jumps, modeled by Poisson processes. This type of stochastic modeling allows for a
better description of the actual dynamics of epidemics, often marked by sudden variations.
We first present the SIRS model without control with Lévy jumps, then introduce optimal
control strategies based on controlled immigration and preventive measures like masks and
social distancing. Finally, we formulate and analyze an optimal control problem based
on the notion of the Hamiltonian, and establish the associated adjoint equations using
stochastic maximum principle to then derive the expressions of the controls.

2.1 Optimal control background

Optimal Control (OC) is the study of how to identify the best control inputs and state
trajectories for dynamic systems over a specific time period in order to improve a particular
performance index. OC derives from the calculus of variations, which was created in the
seventeenth century. The brachistochrone problem that Johann Bernoulli and other early
mathematicians came up with made Newton, Leibniz, Jacob Bernoulli, L’Hôpital, and the
Bernoulli family make considerable progress. See [26] and the references therein. These
works were on how to identify the best ways to go when there are physical limits. Euler and
Lagrange formalized the calculus of variations, resulting in the concept of least action and
other essential requirements for optimality. In the late 1920s and early 1930s, economists
like Roos, Evans, Hotelling, and Ramsey used these math tools to help them make deci-
sions about the future and how to use resources. The transition from classical variational
problems to modern optimal control theory was significantly influenced by military and
aerospace applications after the 1950s. Two key advances are Bellman’s Dynamic Pro-
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gramming and Pontryagin and his colleagues’ work on the Pontryagin Maximum Principle
[17]. We might use these methods to tackle optimization problems that require to obey
the principles of differential equations in a more ordered fashion. Adding control variables
to state variables made it easier to deal with complicated dynamic systems. The theory
of optimal control has also been broadened to include problems that involve restrictions,
unpredictable dynamics, and systems where classical variational approaches don’t function
well or at all [26, 29].

2.2 Optimal control for the SIRS model with Lévy
jumps

Let T > 0 be a fixed final time and let:

U =
{
(u(·), v(·))

∣∣ u, v are measurable, 0 ≤ u(t) ≤ umax, 0 ≤ v(t) ≤ vmax, ∀t ∈ [0, T ]
}

be the set of admissible controls, where u(t) represents the immigration control and v(t)

represents preventive measures such as masks and social distancing. We can take umax =

umin = 1 for simplicity reasons. For any (u, v) ∈ U , consider the controlled SIRS model
with Lévy jumps:

dS(t) = (u(t)Λ− β(1− v(t))S(t)I(t)− µS(t) + lR(t)) dt+ σ1S(t)dB1(t)

+

∫
R∗

C1(z)S(t
−)Ñ(dt, dz),

dI(t) = (β(1− v(t))S(t)I(t)− (γ + µ+ ϵ)I(t)) dt+ σ2I(t)dB2(t)

+

∫
R∗

C2(z)I(t
−)Ñ(dt, dz),

dR(t) = (γI(t)− (µ+ l)R(t)) dt+ σ3R(t)dB3(t)

+

∫
R∗

C3(z)R(t−)Ñ(dt, dz),

(2.1)

with initial condition (S(0), I(0), R(0)) ∈ R∗3
+ . Let the cost functional be defined by

J(u, v) = E

[∫ T

0
f(t,X(t), u(t), v(t))dt+ g(X(T ))

]
(2.2)

where X(t) = (S(t), I(t), R(t))⊤, f : [0, T ] × Rn × U → R is a continuous function called
running cost, g : Rn → R is C1 function called terminal cost, and T <∞ is a positive fixed
deterministic time.
In our case, the cost function will be:
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J(u, v) = E

[∫ T

0

(
I(t) +

γ1
2
u(t)2 +

γ2
2
v(t)2

)
dt+ I(T )

]
, (2.3)

where γ1, γ2 > 0 are weighting constants, and

f(t,X(t), u(t), v(t)) = I(t) +
γ1
2
u(t)2 +

γ2
2
v(t)2

and
g(X(T )) = I(T ).

A pair of admissible controls (u∗, v∗) ∈ U is said to be an optimal control for the SIRS
model with Lévy jumps if:

J(u∗, v∗) = inf
(u,v)∈U

J(u, v).

The corresponding state trajectory (S∗(t), I∗(t), R∗(t)) solution to (2.1) associated with
(u∗, v∗) is called the optimal state, and the pair

(
(S∗, I∗, R∗), (u∗, v∗)

)
is called an optimal

pair.

2.3 Maximum principle

In the deterministic case this principle was first introduced by Pontryagin and his collab-
orators formulated the essential first-order requirements for optimal control. This result
is regarded as one of the most significant achievements in Mathematics throughout the
20th century [28]. Pontryagin proposed an idea of adjoint functions to incorporate the
differential equation to the objective functional. Adjoint functions provide a purpose sim-
ilar to Lagrange multipliers in multivariate calculus, which incorporate constraints into
the function of many variables to be optimized. A corresponding maximum principle for
Ito diffusions was formulated by Kushner, Bismut and subsequently further developed by
Bensoussan, Haussmann and others. For jump diffusions, a sufficient maximum principle
has recently been formulated in [12].

2.3.1 Hamiltonian of the model

We define the Hamiltonian H : [0, T ]× Rn × U × Rn × Rn×m × Rn → R by:

H(t,X,U, p, q, r) = f(t,X,U) +
n∑

i=1

bi(t,X,U)pi + tr(σ(t,X, U)q)

+

n∑
i=1

∫
R∗

γi(t,X,U, z)ri(t, z)π(dz) (2.4)

where:

• X ∈ Rn vector of state variable
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• U = (u, v) ∈ U ⊂ Rk controls variable

• f(t,X,U) running cost

• b(t,X, U) ∈ Rn drift coefficient

• p ∈ Rn adjoint variable associated with drift

• γi(t, x, U, z) jump coefficient for the i-th component

• r(t, z) ∈ Rn adjoint variable associated with the jump part

• π(dz) Lévy measure(jump intensity measure).

In our case, the Brownian adjoint process is a full matrix:

q(t) =

q11(t) q12(t) q13(t)

q21(t) q22(t) q23(t)

q31(t) q32(t) q33(t)

 ∈ R3×3.

The diffusion matrix is diagonal:

σ(X) =

σ1S 0 0

0 σ2I 0

0 0 σ3R


The Hamiltonian associated to the control problem (2.1)–(2.3) is defined by:

H(t,X, u, v, p, q, r) = I +
γ1
2
u2 +

γ2
2
v2 + p1

(
uΛ− β(1− v)SI − µS + lR

)
+ p2

(
β(1− v)SI − (γ + µ+ ϵ)I

)
+ p3

(
γI − (µ+ l)R

)
+ σ1Sq11 + σ2Iq22 + σ3Rq33

+

∫
R∗

[
C1(z)Sr1(z) + C2(z)Ir2(z) + C3(z)Rr3(z)

]
π(dz). (2.5)

where X(t) = (S(t), I(t), R(t))⊤, p = (p1, p2, p3)
⊤ are the adjoint processes, and q(t) and

r(t, z) are the Brownian and jump adjoint terms, respectively.

2.3.2 Derivation of the adjoint model

The adjoint equation corresponding to (u, v) and X(u) is the unknown processes p(t) ∈
Rn, q(t) ∈ Rn×m and r(t, z) ∈ Rn×ℓ that describe the following backward stochastic differ-
ential equation: 

dp(t) = −∇xH(t,X(t), u(t), p(t), q(t), r(t, ·)) dt

+q(t) dB(t) +

∫
R∗

r(t−, z)Ñ(dt, dz); t < T

p(T ) = ∇xg(X(T )) = ∇xI(T ).
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The adjoint processes satisfy the backward stochastic differential equations with jumps:


dp1(t) = −

∂H

∂S
dt+ q11(t)dB1(t) + q12(t)dB2(t) + q13(t)dB3(t) +

∫
R∗

r1(t, z)Ñ(dt, dz),

dp2(t) = −
∂H

∂I
dt+ q21(t)dB1(t) + q22(t)dB2(t) + q23(t)dB3(t) +

∫
R∗

r2(t, z)Ñ(dt, dz),

dp3(t) = −
∂H

∂R
dt+ q31(t)dB1(t) + q32(t)dB2(t) + q33(t)dB3(t) +

∫
R∗

r3(t, z)Ñ(dt, dz),

(2.6)
with

p1(T ) = 0, p2(T ) = 1, p3(T ) = 0

where:

∂H

∂S
= −p1β(1− v)I − p1µ+ p2β(1− v)I + σ1q11 +

∫
R∗

C1(z)r1(z)π(dz),

∂H

∂I
= 1− p1β(1− v)S + p2β(1− v)S − p2(λ+ µ+ ϵ) + p3γ + σ2q22 +

∫
R∗

C2(z)r2(z)π(dz),

∂H

∂R
= p1l − p3(µ+ l) + σ3q33 +

∫
R∗

C3(z)r3(z)π(dz).

Then the adjoint model is:

dp1(t) =

[
p1βI(1− v) + p1µ− p2β(1− v)I − σ1q11 −

∫
R∗

C1(z)r1(z)π(dz)

]
dt

+ q11(t)dB1(t) + q12(t)dB2(t) + q13(t)dB3(t) +

∫
R∗

r1(t, z)Ñ(dt, dz),

dp2(t) =

[
−1 + p1β(1− v)S − p2β(1− v)S + p2(λ+ µ+ ϵ)− p3γ − σ2q22 −

∫
R∗

C2(z)r2(z)π(dz)

]
dt

+ q21(t)dB1(t) + q22(t)dB2(t) + q23(t)dB3(t) +

∫
R∗

r2(t, z)Ñ(dt, dz),

dp3(t) =

[
−p1l + p3(µ+ l)− σ3q33 −

∫
R∗

C3(z)r3(z)π(dz)

]
dt

+ q31(t)dB1(t) + q32(t)dB2(t) + q33(t)dB3(t) +

∫
R∗

r3(t, z)Ñ(dt, dz),

(2.7)
with

p1(T ) = 0, p2(T ) = 1, p3(T ) = 0.

2.3.3 Optimal controls u∗(t), v∗(t) of the model

The derivatives of the Hamiltonian (2.5) with respect to the controls u and v are:

∂H

∂u
= γ1u+ p1Λ

∂H

∂v
= γ2v + p1βSI − p2βSI.
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From
∂H

∂u
= 0 and

∂H

∂v
= 0. The optimal controls satisfy

u∗(t) = max

(
0,min

(
1,
−Λp1(t)

γ1

))
,

v∗(t) = max

(
0,min

(
1,

βS(t)I(t)(p2(t)− p1(t))

γ2

))
.

(2.8)
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Chapter 3

Numerical simulations for the
controlled epidemic model

3.1 Introduction

In most practical applications, stochastic differential equations (SDEs) do not admit ex-
plicit analytical solutions. This is particularly true for epidemic models perturbed by
stochastic noise, where randomness arises from environmental fluctuations, demographic
variability, or sudden external shocks. As a result, numerical approximation schemes play
a fundamental role in the qualitative and quantitative analysis of stochastic models.
This chapter is first devoted to the numerical approximation of SDEs. We present two
widely used numerical methods: the Euler–Maruyama method and the Milstein method. A
comparison between the two methods is then carried out in order to evaluate their accuracy
and performance. The more efficient method is then chosen to be used in the next parts of
the chapter. Also, we introduce the Least-Squares Monte Carlo method that we have used
to solve the forward-backward stochastic system resulted from the Pontryagin’s maximum
principle for our controlled epidemic model. The last part of the chapter presents numerical
simulations of the jump model, the optimal controls and their effects on the dynamic of
the epidemic model in different situations. These results are performed in Python. The
Python code is also provided at the end of this chapter.

3.2 Preliminaries on numerical methods for stochas-
tic differential equations

Let (Ω,F , (Ft)t≥0,P) be a complete filtered probability space supporting a standard Brow-
nian motion B(t). A one-dimensional stochastic differential equation is written as

dX(t) = a(X(t), t)dt+ b(X(t), t)dB(t), X(0) = X0. (3.1)
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A numerical scheme aims to approximate the true solution X(t) at discrete time points
tn = n∆t, where ∆t = T/N is the time step.

3.2.1 Euler–Maruyama method

Definition

The Euler–Maruyama method is the simplest numerical approximation for SDEs and can
be viewed as a stochastic extension of the classical Euler method for ordinary differential
equations [3]. Given the SDE (3.1), the Euler–Maruyama approximation is defined by:

Xn+1 = Xn + a(Xn, tn)∆t+ b(Xn, tn)∆Bn, (3.2)

where ∆Bn = B(tn+1) − B(tn) and ∆Bn ∼ N (0,∆t). The algorithm of this method is
given by:

Algorithm 1 Euler–Maruyama Method
1: Input: Drift function a(t,X), diffusion function b(t,X), initial value X0, initial

time t0, final time T , step size ∆t
2: Set t = t0
3: Set X = X0

4: while t < T do
5: Generate ∆B ∼ N (0,∆t)
6: X = X + a(t,X)∆t+ b(t,X)∆B
7: t = t+∆t
8: end while
9: Output: Approximate solution X

Convergence of Euler–Maruyama method

The Euler–Maruyama method converges strongly with order 1/2, [11] meaning that:

E
[
|X(T )−XN |

]
= O(∆t1/2).

This relatively slow convergence rate motivates the use of higher-order methods such as
the Milstein scheme.
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3.2.2 Milstein method

Definition

The Milstein method improves the Euler–Maruyama scheme by incorporating additional
information from the diffusion term [18]. It is given by:

Xn+1 = Xn + a(Xn, tn)∆t+ b(Xn, tn)∆Bn +
1

2
b(Xn, tn)bx(Xn, tn)

(
(∆Bn)

2 −∆t
)
, (3.3)

where bx denotes the derivative of b with respect to x.

Convergence of the Milstein method

The Milstein method converges strongly with the order 1, [18] i.e.

E
[
|X(T )−XN |

]
= O(∆t).

This higher order of convergence leads to improved precision compared to the Euler–
Maruyama method. The algorithm of the Mistein method is given by:

Algorithm 2 Milstein Method
1: Input: Drift a(t,X), diffusion b(t,X), derivative bx(t,X), initial value X0, ini-

tial time t0, final time T , step size ∆t
2: Set t← t0
3: Set X ← X0

4: while t < T do
5: Generate ∆B ∼ N (0,∆t)

6: X = X + a(t,X)∆t+ b(t,X)∆B +
1

2
b(t,X)bx(t,X)

[
(∆B)2 −∆t

]
7: t = t+∆t
8: end while
9: Output: Approximate solution X

3.2.3 Numerical example: Linear stochastic differential equa-
tion

Consider the linear SDE:

dX(t) = µX(t)dt+ σX(t)dB(t), X(0) = X0 = 1. (3.4)

Analytic solution

To get an analytic solution to the SDE, we follow the steps:
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• Step 1. Apply Itô’s formula: We apply Itô’s Lemma to the function
f(t,Xt) = ln(Xt):

df =

(
∂f

∂t
+

∂f

∂Xt
µXt +

1

2

∂2f

∂X2
t

σ2X2
t

)
dt+

∂f

∂Xt
σXt dBt.

With the relevant partial derivatives:

∂f

∂t
= 0 ;

∂f

∂Xt
=

1

Xt
;
∂2f

∂X2
t

= − 1

X2
t

.

Substituting these into Itô’s formula, yields a simpler SDE for Yt = ln(Xt):

dYt =

(
µ− σ2

2

)
dt+ σ dBt.

• Step 2. Integrate the New SDE: Integrating both sides from 0 to t:∫ t

0
dYs =

∫ t

0

(
µ− σ2

2

)
ds+

∫ t

0
σ dBs ⇐⇒ Yt − Y0 =

(
µ− σ2

2

)
t+ σBt.

Using the initial condition X0 = 1, we have Y0 = ln(1) = 0.

Yt =

(
µ− σ2

2

)
t+ σBt.

• Step 3. Exponentiate to find Xt: Since Yt = ln(Xt), we solve for Xt:

Xt = eYt = e

(
µ−σ2

2

)
t+σBt .

The exact solution is given by:

X(t) = X0 exp

((
µ− 1

2
σ2

)
t+ σB(t)

)
. (3.5)

Euler–Maruyama approximation

Applying the Euler–Maruyama method to (3.4), we obtain:

XEM
n+1 = XEM

n + µXEM
n ∆t+ σXEM

n ∆Bn.

The approximation error at time T is measured by:

EEM = |X(T )−XEM
N |.

The Python code corresponding to this method is given by:

1 # Step 0: Import required libraries
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2 import numpy as np # For numerical computations

3 import matplotlib.pyplot as plt # For plotting

4 mu = 1.0# Drift coefficient

5 sigma = 0.5 # Diffusion coefficient

6 x0 = 1.0 # Initial condition X_0

7 T= 1.0 # Final time

8 N = 1000 # Number of time steps

9 dt = T / N # Time step size dt

10 t = np.linspace(0, T, N + 1) # Time grid

11 np.random.seed (1)# Fix the random seed for reproducibility

12

13 # Brownian increments dB_n ~ N(0, dt)

14 dB = np.sqrt(dt) * np.random.randn(N)

15

16 # Brownian path B_t = cumulative sum of increments

17 B = np.concatenate (([0.0] , np.cumsum(dB)))

18 # Exact solution of the SDE:

19

20 X_exact = x0 * np.exp((mu - 0.5 * sigma **2) * t + sigma * B)

21

22 # Initialize array for Euler Maruyama solution

23 X_EM = np.zeros(N + 1)

24

25 # Initialize the array for Euler -Maruyama solution X_EM = np.

zeros (N + 1) # Set initial value

26 X_EM [0] = x0

27 # Time -stepping loop

28 for n in range(N):

29 X_EM[n + 1] = (

30 X_EM[n]

31 + mu * X_EM[n] * dt # Drift term

32 + sigma * X_EM[n] * dB[n] # Diffusion term

33 )

34 plt.figure ()

35 plt.plot(t, X_exact , ’k’, linewidth=2, label=’Exact solution ’)

36 plt.plot(t, X_EM , ’r--’, label=’Euler Maruyama ’)

37 plt.xlabel(’Time t’)

38 plt.ylabel(’X(t)’)

39 plt.title(’Euler Maruyama solution superposed with Exact

Solution ’)

40 plt.legend ()
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41 plt.grid(True)

42 plt.show()

Listing 3.1: Euler–Maruyama method for a linear SDE

The simulation result is given in the figure below:

Figure 3.1: Numerical solution by Euler–Maruyama method.

Milstein Approximation

Applying the Milstein method yields:

XM
n+1 = XM

n + µXM
n ∆t+ σXM

n ∆Bn +
1

2
σ2XM

n

(
(∆Bn)

2 −∆t
)
.

The corresponding error is:
EM = |X(T )−XM

N |.

The Python code corresponding to this method is given by:

1

2 import numpy as np

3 import matplotlib.pyplot as plt

4 mu = 1.0

5 sigma = 0.5

6 x0 = 1.0

7 T = 1.0

8 N = 1000

9 dt = T / N

10 t = np.linspace(0, T, N + 1)
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11 np.random.seed (1)

12 # Brownian increments dB_n ~ N(0, dt)

13 dB = np.sqrt(dt) * np.random.randn(N)

14

15 # Brownian path B_t = cumulative sum of increments

16 B= np.concatenate (([0.0] , np.cumsum(dB)))

17 # Exact solution of the SDE:

18 X_exact = x0 * np.exp((mu - 0.5 * sigma **2) * t + sigma * B)

19 # Initialize array for Milstein solution

20 X_MIL = np.zeros(N + 1)

21 # Set initial value

22 X_MIL [0] = x0

23 for n in range(N):

24 X_MIL[n + 1] = (

25 X_MIL[n]

26 + mu * X_MIL[n] * dt

27 + sigma * X_MIL[n] * dB[n]

28 + 0.5 * sigma **2 * X_MIL[n] * (dB[n]**2 - dt) )

29 plt.figure ()

30 plt.plot(t, X_exact , ’k’, linewidth=2, label=’Exact solution ’)

31 plt.plot(t, X_MIL , ’b-.’, label=’Milstein ’)

32 plt.xlabel(’Time t’)

33 plt.ylabel(’X(t)’)

34 plt.title(’Milstein solution superposed with Exact Solution ’)

35 plt.legend ()

36 plt.grid(True)

37 plt.show()

Listing 3.2: Milstein method for a linear SDE

The simulation result is given in the figure below:
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Figure 3.2: Numerical solution by Milstein method.

Comparison of methods

Numerical simulations show that the Milstein method provides significantly higher ac-
curacy than the Euler–Maruyama method for the same time step. While the Euler–
Maruyama method is simpler to implement, its convergence order is lower. The Milstein
method, although slightly more complex, achieves faster convergence and better approxi-
mation of the exact solution. The figure below indicates the error values of both methods.

Figure 3.3: The approximation error

Final-time absolute error:
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The Milstein scheme is much more accurate (3.64 × 10−3) than the Euler–Maruyama
method (1.62 × 10−2). This improvement is due to Milstein’s greater strong convergence
order of 1.0, while Euler–Maruyama’s is just 0.5. Adding the second-order Itô corrective
term to the Milstein approach makes the discretization error at the last time step much
smaller.

Remark 2. Based on these results, which demonstrate superior accuracy and convergence
of the Milstein method. This latter will be implemented as the primary numerical approach
in our study of stochastic epidemic models in the next parts of this chapter.

3.3 Least-Squares Monte Carlo method

The forward-backward stochastic system obtained from the Pontryagin’s Maximum Prin-
ciple involves conditional expectations that cannot be computed analytically. To overcome
this difficulty, we employ a Least-Squares Monte Carlo (LSMC) method, which combines
Monte Carlo simulation with regression techniques to approximate conditional expectations
[15].

3.3.1 General framework

Let Xt be the state process governed by a stochastic differential equation with Lévy jumps:

dXt = b(Xt, ut, vt)dt+ σ(Xt)dBt +

∫
R∗

γ(Xt− , z)Ñ(dt, dz), (3.6)

and let pt be the adjoint process satisfying a backward stochastic differential equation.
Define the σ-algebra generated by the discrete Brownian motion:

Ft = σ(B̃k : 0 ≤ k ≤ n),

such that B̃ =
√
∆t
∑
i≤n

ξi and (ξi)i>1 is an independent and identically distributed sequence

of normalised Gaussian random variables.
The backward equation typically has the form

pt = E [pt+∆t +∆t F (Xt, ut, vt, qt+∆t, pt+∆t) | Ft] , (3.7)

where F represents the drivers. The key numerical challenge lies in approximating the
conditional expectation.

3.3.2 Time discretization

Let 0 = t0 < t1 < · · · < tN = T with ∆t = T/N .
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Representation of the forward model:

The forward dynamics are simulated using the Milstein method with jumps:

Xn+1 = Xn + b(Xn, un, vn)∆t+ σ(Xn)∆Bn +
1

2
σ(Xn)σ

′(Xn)((∆Bn)
2 −∆t) (3.8)

+

Kn∑
k=1

γ(Xn, Zn,k)

where:

• Bn ∼ N (0,∆t),

• Kn ∼ Poisson(λ∆t),

• Zn,k are jump amplitudes.

We simulate M independent trajectories:

S
(m)
n+1 = S(m)

n + [u(m)
n Λ− β(1− v(m)

n )S(m)
n I(m)

n − µS(m)
n + lR(m)

n ]∆t

+ σ1S
(m)
n ∆B

(m)
1,n +

1

2
(σ2

1S
(m)
n ((∆B

(m)
1,n )2 −∆t) +

J∑
j=1

C1(zj)S
(m)
n ∆Ñ (m)

n (zj)

I
(m)
n+1 = I(m)

n + [β(1− v(m)
n )S(m)

n I(m)
n − (γ + µ+ ϵ)I(m)

n ]∆t

+ σ2I
(m)
n ∆B

(m)
2,n +

1

2
(σ2

1I
(m)
n ((∆B

(m)
1,n )2 −∆t) +

J∑
j=1

C2(zj)I
(m)
n ∆Ñ (m)

n (zj)

R
(m)
n+1 = R(m)

n + [γI(m)
n − (µ+ l)R(m)

n ]∆t

+ σ3R
(m)
n ∆B

(m)
3,n +

1

2
(σ2

1R
(m)
n ((∆B

(m)
1,n )2 −∆t) +

J∑
j=1

C3(zj)R
(m)
n ∆Ñ (m)

n (zj)

where ∆B
(m)
i,n ∼ N (0,∆t) and ∆Ñ (m)

n (zj) are the increments of the compensated Poisson
process.

Representation by conditional expectation of backward equations:

Taking the conditional expectation given Ftn of the discretized backward equations, we
obtain the following expressions for the adjoint model:

p1(tn) = E [p1(tn+1) + ∆tG1(tn) | Ftn ] (3.9)

p2(tn) = E [p2(tn+1) + ∆tG2(tn) | Ftn ] (3.10)

p3(tn) = E [p3(tn+1) + ∆tG3(tn) | Ftn ] (3.11)
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where the drivers Gi are given by:

G1(tn) = p1(tn+1)β(1− v(m)
n )In + p1(tn+1)µ− p2(tn+1)β(1− v(m)

n )In

− σ1q11(tn+1)−
∫

R∗
C1(z)r1(tn+1, z)π(dz) (3.12)

G2(tn) = −1 + p1(tn+1)β(1− v(m)
n )Sn − p2(tn+1)β(1− v(m)

n )Sn + p2(tn+1)(γ + µ+ ϵ)

− p3(tn+1)γ − σ2q22(tn+1)−
∫

R∗
C2(z)r2(tn+1, z)π(dz) (3.13)

G3(tn) = −p1(tn+1)l + p3(tn+1)(µ+ l)− σ3q33(tn+1)−
∫

R∗
C3(z)r3(tn+1, z)π(dz) (3.14)

Regression approximation:

We approximate adjoint processes and controls as linear combinations of K basis functions
{ϕk}Kk=1:

pi(tn, S, I, R) ≈
K∑
k=1

αi,k(tn)ϕk(S, I,R) (3.15)

qij(tn, S, I, R) ≈ σi(S, I,R)

K∑
k=1

αi,k(tn)
∂ϕk

∂Xj
(S, I,R) (3.16)

ri(tn, z, S, I, R) ≈ Ci(z)
K∑
k=1

αi,k(tn)ϕk(S, I,R) (3.17)

where Xj represents the corresponding state variables (S for j = 1, I for j = 2, R for
j = 3). At each time step, the coefficients α(tn) are obtained by solving the least-squares
problem:

α(tn) = arg min
α∈R3×RK

M∑
m=1

∣∣∣∣∣
K∑
k=1

αkϕk(X
(m)
n )− b(m)

n

∣∣∣∣∣
2

, (3.18)

where
b(m)
n = p

(m)
n+1 +∆tG(X(m)

n , u(m)
n , v(m)

n , p
(m)
n+1). (3.19)

In matrix form, this leads to:

(A⊤
nAn + λI)α = A⊤

n bn, (3.20)

α(tn) = (A⊤
nAn + λI)−1A⊤

n bn, (3.21)

where An = ϕk(X
(m)
n )m=1,...,M ;k=1,...,K .
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Choice of basic functions:

We take as radial basis functions (RBF), the following formula:

ϕk(S, I,R) =
1

δ
√
2π

exp

(
−
(S − µS,k)

2 + (I − µI,k)
2 + (R− µR,k)

2

2δ2

)
The centers (µS,k, µI,k, µR,k) can be chosen adaptively using the positions of the trajectories
at each time step.

Numerical treatment of jump terms:

The integrals over the jump space are discretized as follows:

∫
R∗

Ci(z)ri(t, z)π(dz) ≈
J∑

j=1

Ci(zj)ri(t, zj)πj

where {zj}Jj=1 are representative jump amplitudes and πj are the corresponding intensities.

3.3.3 Algorithm of the LSMC method

The LSMC procedure can be summarized as follows:

1. Choose time discretization parameters N and ∆t.

2. Generate M forward sample paths.

3. Initialize the terminal adjoint variable pN .

4. For n = N − 1 down to 2:

• Construct regression matrix A,

• Solve the least-squares problem,

• Update pn,

• Update controls un and vn.

5. Iterate until convergence.

The adapted Least Square Monte Carlo algorithm is given by:
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Algorithm 3 Adapted LSMC for SIRS model with two controls and jumps
Forward initialization: Set S

(m)
0 = 0.8, I

(m)
0 = 0.15, R

(m)
0 = 0.05.

Backward initialization: Set p
(m)
1,N = 0, p

(m)
2,N = 1, p

(m)
3,N = 0, q

(m)
ij,N = 0, r

(m)
i,N = 0

for i, j = 1, 2, 3.
for z = 1 to N-iteration do
Forward simulation: Generate M paths (S(m)

n , I(m)
n , R(m)

n ) using the Milstein
scheme including jump terms.
Backward simulation: for n = N − 1 to 2 do

• For each i = 1, 2, 3:

– Build matrix Ai,n with entries ϕk(S
(m)
n , I(m)

n , R(m)
n ).

– Build data vector bi,n using the appropriate driver Gi evaluated at time
tn+1.

– Find α̂i(tn) = (AT
i,nAi,n + λI)−1AT

i,nbi,n (with regularisation).

– Update

pi(tn)
(m) =

∑
k

α̂i,k(tn)ϕk(S
(m)
n , I(m)

n , R(m)
n ),

qij(tn)
(m) = σi(S, I, R)

∑
k

α̂i,k(tn)
∂ϕk

∂Xj

(S(m)
n , I(m)

n , R(m)
n ),

ri(tn, zj)
(m) = Ci(zj)

∑
k

α̂i,k(tn)ϕk(S
(m)
n , I(m)

n , R(m)
n ).

end for
end for

• Compute the optimal controls:

u(m)
n = max

(
0,min

(
1,− Λ

γ1
p1(tn)

(m)

))

v(m)
n = max

(
0,min

(
1,

βS
(m)
n I

(m)
n

γ2

(
p2(tn)

(m) − p1(tn)
(m)
)))

3.3.4 Convergence and complexity of LSMC method

The total computational complexity is dominated by solving the regression system at each
time step. If K denotes the number of basis functions and M the number of Monte Carlo
trajectories, the overall complexity is approximately [13]:

O(NK2 +NMK).
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Under suitable regularity conditions, the LSMC estimator converges as:

Error ∼ O
(

1√
M

)
+O(∆t).

3.3.5 Advantages of LSMC method

The LSMC method offers several advantages:

• It avoids solving high-dimensional partial differential equations.

• It is well-suited for stochastic control problems with jump dynamics.

• The computational cost grows polynomially with the state dimension.

3.4 Numerical simulation of the controlled epidemic
model with jumps

3.4.1 Simulation of stochastic SIRS model with jump

Since the differential equation system governing the model is difficult to solve analytically,
we used the Milstein method described in the previous section to obtain numerical solutions
of the stochastic system (1.9) by simulating multiple possible trajectories. The results of
these simulations are illustrated in the following figure:

Figure 3.4: Solutions of system (1.9). The initial condition is (S0 = 0.8, I0 =
0.15, R0 = 0.05), with the parameter values β = 0.8, µ = 0.3,Λ = 0.4, ϵ = 0.1, γ =
0.2, l = 0.2.
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3.4.2 The Lévy jumps effect on the epidemic dynamics

To illustrate the Lévy jumps on the model trajectories, we show one path in the following
figure:

Figure 3.5: Paths of S(t), I(t) and R(t) for the stochastic model (1.9) (one trajec-
tory).

Interpretation:
The jumps observed in the magnified segments of the graph are interpreted as real life
discontinuities that cannot be modeled by a smooth model, like for example:

• Super-spreader event: A vertical jump in the infected curve indicates a real life
situation such as a concert, an organized sport, or a festival that results in a surge
of new cases almost instantaneously.

• Migration: The abrupt decline in the susceptible population may be a consequence
of migration that takes place in a matter of days, which changes the density of
vulnerable individuals overnight.

• Policy Changes: Another example where the graph’s jumps can illustrate an abrupt
change in reality is when there is an urgent change in the policy. Such changes could
be the result of ending a lockdown or the arrival of a new variant.

So, the presence of these jumps in the graph makes our model more realistic.

44



CHAPTER 3. NUMERICAL SIMULATIONS FOR THE CONTROLLED EPIDEMIC MODEL

3.4.3 Numerical Approximation of optimal control for SIRS
models

We use the Least-Squares Monte Carlo Method mentioned in the previous section based on
the Milstein method to solve the adjoint equations (2.7) and obtain the optimal controls
which are shown the following figure:

Figure 3.6: Stochastic optimal control trajectories.

Figure 3.6 represents the evolution of optimal control trajectories over time for determin-
istic and stochastic cases. At the beginning, both controls are maximum (borders closed
and strong preventive measures. Over time the control strategy relaxed as the epidemic is
being reduced.
The figure also illustrates incorporating jumps through a Lévy process significantly en-
hances the effectiveness of the optimal control strategy compared to a purely deterministic
framework. In the deterministic case, the control v (social distancing, vaccination and
masks) follows a smooth path that gradually declines over time. However, when Lévy
jumps are introduced representing abrupt, large-scale events such as super-spreader out-
breaks or the emergence of a new variant, the optimal control reacts immediately and
forcefully. The figure shows that the stochastic trajectory with jumps maintains a per-
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sistently higher level of v than its deterministic counterpart. This elevated control value
provides a buffer that allows the system to respond more precisely and robustly when
jumps in the infection rate occur (by keeping v sufficiently high). The controller is always
ready to mitigate sudden surges in transmission, leading to more accurate and resilient
disease management. Thus, the visual comparison confirms that adding Lévy jumps is not
merely a theoretical refinement, but it directly enables tighter and more adaptive control
actions under real-world uncertainty.
Mathematically, immigration control acts as a long-term strategic buffer. Unlike preven-
tive measures v that must react tactically to daily spikes. The control u focuses on the
"marginal value of control immigration". It remains stable because it aims to reduce
the overall pool of susceptible individuals over time, building institutional resilience that
"filters out" the immediate volatility caused by random stochastic shocks.

3.4.4 Impact of control measures on SIRS model dynamics

The figure 3.7 illustrates the effect of applying optimal control to the SIRS model. In the
upper right graph, the evolution of the S, I,R populations is presented without control (un-
controlled case), while the upper left graph shows the behavior of the system after applying
control strategies (controlled case). The results represent the effect of the controls, which
play an important role in reducing the number of infected individuals through preventive
measures such as social distancing, wearing masks, and vaccination. These strategies help
decreasing the transmission rate of the disease and limit its spread over time.
The bottom plot compares the infected numbers from both scenarios (controlled and un-
controlled cases). It can be clearly observed that the application of control significantly
reduces the proportion of infected individuals, demonstrating the effectiveness of the pro-
posed strategy in controlling the epidemic.
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Figure 3.7: Optimal control effects on SIRS Model changes

In addition, as shown in figure 3.8, the control variable u contributes to reducing the
number of susceptible individuals by regulating the migration rate, which further helps to
limit the spread of the disease and improve the overall stability of the model.
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Figure 3.8: Single stochastic realization highlighting optimal control effect on out-
break.

3.4.5 Effect of different levels of randomness on the epidemic
model

We show in the figure below how different levels of randomness might change the SIRS
trajectories. The black line is a deterministic model and the light (blue, green, gold) lines
are continuous random fluctuations (Brownian motion). The red, cornflower blue and
medium orchid lines show the effect of the jumps, leading to more realistic and volatile
scenarios of disease spread over the population.
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Figure 3.9: Impact of randomness (deterministic vs. stochastic trajectories (without
and with jumps).)

3.4.6 Stochastic threshold for the SIRS model with Lévy jumps

Consider the SIRS model with Lévy jumps. Following [34], we define the stochastic thresh-
old without control:

R̃0 = R0 −
β2

γ + µ+ ϵ
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where R0 =
βΛ

µ(γ + µ+ ϵ)
is the basic reproduction number of the deterministic model

(1.5), and

β2 =
1

2
σ2
2 +

∫
R∗

[
C2(u)− ln(1 + C2(u))

]
π(du)

accounts for the white noise σ2 and Lévy jumps C2. Then:

• If R̃0 < 1: the disease goes extinct almost surely.

• If R̃0 > 1: the disease persists in mean.

With controls (immigration control u and transmission reduction v), the controlled thresh-
old becomes:

R̃ctrl
0 = Rctrl

0 − β2
γ + µ+ ϵ

, Rctrl
0 =

β(1− v) (uΛ)

µ(γ + µ+ ϵ)
.

The table below summarizes the reproduction numbers under various control strategies:

Scenario u(immigration control) v(transmission control) R0 (Deter.) R̃0 (Stoch.)

No Control 1.0000 0.0000 1.7777 1.7771

With Optimal Control (Actual Mean) 0.0002 0.7931 0.000 0.000

Immigration control Only 0.7000 0.0000 1.2444 1.2437

transmission control Only 1.0000 0.2500 1.3333 1.3326

Combined (Example) 0.800 0.200 1.1377 1.13712

Table 3.1: Threshold comparison in different control scenarios.

Impact and efficiency analysis of optimal control:
The calculated of optimal control strategy is highly effective by reducing the immigration
factor u to near zero and maintaining transmission control v ≈ 0.79. Stochastic vs deter-
ministic: In all scenarios, R̃0 is slightly lower than R0. This confirms that environmental
noise (white noise and Lévy jumps) actually assists in destabilizing the infected population,
providing a "noise-induced extinction" advantage compared to the deterministic model.
Individual vs combined control: Neither immigration control (u = 0.7) nor transmission
control (v = 0.25) alone is sufficient to bring the reproduction number less than 1. This
highlights the necessity of the Multi-Control approach optimized by the Least-Squares
Monte Carlo method mentioned in Chapter 2.

3.5 Python code for the SIRS epidemic model

The Python code that we have programmed to perform our simulations of the controlled
SIRS model is given bellow:
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1 import numpy as np

2 import matplotlib.pyplot as plt

3 from scipy.linalg import solve

4 import pandas as pd

5 # Parameters

6 beta = 0.8 #the transmission rate

7 l=0.2 #the rate of immunity loss

8 mu = 0.3 #death rate

9 epsilon = 0.1 #disease -induced death rate

10 gamma = 0.2 #the recovery rate

11 imm_rate =0.4 # recruitment rate

12 gamma1 = 1.0 #cost weight for u

13 gamma2 = 1.0 #cost weight for v

14 sigma = np.array ([0.1, 0.1, 0.1]) # Volatilities

15 lambda_jump = 2 # Jump Intensity

16 C = np.array ([0.05 , 0.01, 0.02]) # Constant Amplitudes [

C_S , C_I , C_R]

17

18 T = 100

19 dt = 0.1 # Time step

20 M = 50 # Number of Monte Carlo trajectories

21 K = 3 # Number of basis functions

22 reg_lambda = 1e-4 # Ridge regularization

23 N = int(T / dt) # Number of time steps

24

25 S0, I0, R0 = 0.8, 0.15, 0.05 # Initial Conditions

26

27 tol = 1e-3 # Tolerance for convergence

28 max_iter = 10 # Maximum Number of iteration

29 ep=0.01

30

31 # adaptive RBF Functions

32 def compute_centers(S, I, R):

33

34 min_S , max_S = np.min(S), np.max(S)

35 min_I , max_I = np.min(I), np.max(I)

36 min_R , max_R = np.min(R), np.max(R)

37 centers = np.array([

38 [min_S+ep, min_I+ep, min_R+ep],

39 [max_S+ep, max_I+ep, max_R+ep],
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40 [(min_S+max_S)/2+ep, (min_I+max_I)/2+ep, (min_R+max_R)

/2+ep]

41 ])

42 return centers

43

44 def phi(X, centers , width =10):

45

46 M = X.shape [0]

47 K = centers.shape [0]

48 Phi = np.zeros((M, K))

49 for k in range(K):

50 diff = X - centers[k, :]

51 r2 = np.sum(diff**2, axis =1)

52 Phi[:, k] = (1/( width*np.sqrt(np.pi*2)))*np.exp(-r2 /

(2 * width **2))

53 return Phi

54

55 def grad_phi(X, centers , width =10):

56 M = X.shape [0]

57 K = centers.shape [0]

58 grad_S = np.zeros((M, K))

59 grad_I = np.zeros((M, K))

60 grad_R = np.zeros((M, K))

61 for k in range(K):

62 diff = X - centers[k, :]

63 r2 = np.sum(diff**2, axis =1)

64 phi_k = (1/( width*np.sqrt(np.pi*2)))*np.exp(-r2 / (2 *

width **2))

65 grad_S[:, k] = -(1/( width*np.sqrt(np.pi*2)))*(diff[:,

0] / width **2 )* phi_k

66 grad_I[:, k] = -(1/( width*np.sqrt(np.pi*2)))*(diff[:,

1] / width **2) * phi_k

67 grad_R[:, k] = -(1/( width*np.sqrt(np.pi*2)))*(diff[:,

2] / width **2) * phi_k

68 return grad_S , grad_I , grad_R

69 # Forward simulation with given controls

70 def forward_simulation(u_func , v_func):

71 S = np.zeros((M, N+1))

72 I = np.zeros((M, N+1))

73 R = np.zeros((M, N+1))

74 S[:, 0] = S0
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75 I[:, 0] = I0

76 R[:, 0] = R0

77

78 # Generate the jumps

79 np.random.seed (123)

80 jump_inc = np.zeros((M, N, 3))

81 for m in range(M):

82 n_jumps = np.random.poisson(lambda_jump * T)

83 jump_times = np.random.uniform(0, T, n_jumps)

84 for t_jump in jump_times:

85 idx = int(np.floor(t_jump / dt))

86 if idx < N:

87 jump_inc[m, idx , :] += C

88

89 for n in range(N-1):

90 S_n = S[:, n]

91 I_n = I[:, n]

92 R_n = R[:, n]

93 # Control at instant n

94 u = u_func(n*dt, S_n , I_n , R_n)

95 v = v_func(n*dt, S_n , I_n , R_n)

96 # Brownian increments

97 dW1 = np.sqrt(dt) * np.random.randn(M)

98 dW2 = np.sqrt(dt) * np.random.randn(M)

99 dW3 = np.sqrt(dt) * np.random.randn(M)

100

101 # Drift

102 drift_S = u * imm_rate - beta*(1-v) * S_n * I_n - mu *

S_n+ l*R_n - lambda_jump * C[0] * S_n

103 drift_I = beta*(1-v) * S_n * I_n - (gamma + mu +

epsilon) * I_n - lambda_jump * C[1] * I_n

104 drift_R = gamma * I_n - mu * R_n -l*R_n - lambda_jump

* C[2] * R_n

105

106 # Diffusion

107 diff_S = sigma [0] * S_n

108 diff_I = sigma [1] * I_n

109 diff_R = sigma [2] * I_n

110

111 # Milstein

112 milstein_S = 0.5 * sigma [0]**2 * S_n * (dW1**2 - dt)
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113 milstein_I = 0.5 * sigma [1]**2 * I_n * (dW2**2 - dt)

114 milstein_R = 0.5 * sigma [2]**2 * R_n * (dW3**2 - dt)

115

116 # jump

117 jump_S = jump_inc[:, n, 0]

118 jump_I = jump_inc[:, n, 1]

119 jump_R = jump_inc[:, n, 2]

120

121 S[:, n+1] = S_n + drift_S * dt + diff_S * dW1 +

milstein_S + jump_S

122 I[:, n+1] = I_n + drift_I * dt + diff_I * dW2 +

milstein_I + jump_I

123 R[:, n+1] = R_n + drift_R * dt + diff_R * dW3 +

milstein_R + jump_R

124

125 S[:, n+1] = np.maximum(S[:, n+1], 0)

126 I[:, n+1] = np.maximum(I[:, n+1], 0)

127 R[:, n+1] = np.maximum(R[:, n+1], 0)

128

129 return S, I, R

130 #Backward Simulation (LSMC) to calculate adjoints

131 def backward_simulation(S, I, R):

132

133 M, Np1 = S.shape

134 N = Np1 - 1

135 p1 = np.zeros((M, N+1))

136 p2 = np.zeros((M, N+1))

137 p3 = np.zeros((M, N+1))

138

139 # Terminal conditions

140 p1[:, N] = 0

141 p2[:, N] = 1

142 p3[:, N] = 0

143

144 alpha1 = np.zeros((K, N+1))

145 alpha2 = np.zeros((K, N+1))

146 alpha3 = np.zeros((K, N+1))

147

148 for n in range(N-1, 0, -1):

149 S_n = S[:, n]

150 I_n = I[:, n]
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151 R_n = R[:, n]

152

153 # Adaptive Centers

154 centers = compute_centers(S_n , I_n , R_n)

155 X_n = np.column_stack ((S_n , I_n , R_n))

156 A = phi(X_n , centers)

157

158 # Values at the next step (for the drivers)

159 p1_np1 = p1[:, n+1]

160 p2_np1 = p2[:, n+1]

161 p3_np1 = p3[:, n+1]

162

163 # Calculation of q and r at the next step

164 if n < N-1:

165 centers_np1 = compute_centers(S[:, n+1], I[:, n

+1], R[:, n+1])

166 X_np1 = np.column_stack ((S[:, n+1], I[:, n+1], R

[:, n+1]))

167 A_np1 = phi(X_np1 , centers_np1)

168 grad_S_np1 , grad_I_np1 , grad_R_np1 = grad_phi(

X_np1 , centers_np1)

169

170

171 q1_np1 = sigma [0] * S[:, n+1] * np.sum(alpha1[:, n

+1] * grad_S_np1 , axis =1)

172 q2_np1 = sigma [1] * I[:, n+1] * np.sum(alpha2[:, n

+1] * grad_I_np1 , axis =1)

173 q3_np1 = sigma [2] * R[:, n+1] * np.sum(alpha3[:, n

+1] * grad_R_np1 , axis =1)

174

175 r1_np1 = C[0] * (A_np1 @ alpha1[:, n+1])

176 r2_np1 = C[1] * (A_np1 @ alpha2[:, n+1])

177 r3_np1 = C[2] * (A_np1 @ alpha3[:, n+1])

178 else:

179 q1_np1 = np.zeros(M)

180 q2_np1 = np.zeros(M)

181 q3_np1 = np.zeros(M)

182 r1_np1 = np.zeros(M)

183 r2_np1 = np.zeros(M)

184 r3_np1 = np.zeros(M)

185
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186 # Approximation of v for the driver

187 v_approx = (S_n*I_n / gamma2) * (p1_np1 - p2_np1)

188 v_approx = np.clip(v_approx , 0, 1)

189

190 #jump integrals

191 int_C1r1 = lambda_jump * C[0] * r1_np1

192 int_C2r2 = lambda_jump * C[1] * r2_np1

193 int_C3r3 = lambda_jump * C[2] * r3_np1

194

195 # Drivers

196 G1 = (p1_np1 * beta * I_n*(1- v_approx) + p1_np1 * mu

-

197 p2_np1 * beta*(1- v_approx) * I_n -sigma [0] *

q1_np1 -int_C1r1)

198

199 G2 = (-1 +p1_np1 * beta*(1- v_approx) * S_n - p2_np1 *

beta*(1- v_approx) * S_n +

200 p2_np1 * (gamma + mu + epsilon) -p3_np1 * gamma

-

201 sigma [1] * q2_np1 -int_C2r2)

202

203 G3 = (-p1_np1*l+ p3_np1 * (mu +v_approx)-sigma [2] *

q3_np1 - int_C3r3)

204

205 b1 = p1_np1 + dt * G1

206 b2 = p2_np1 + dt * G2

207 b3 = p3_np1 + dt * G3

208

209 # Ridge regression

210 AtA = A.T @ A + reg_lambda * np.eye(K)

211 alpha1[:, n] = solve(AtA , A.T @ b1, assume_a=’pos’)

212 alpha2[:, n] = solve(AtA , A.T @ b2, assume_a=’pos’)

213 alpha3[:, n] = solve(AtA , A.T @ b3, assume_a=’pos’)

214

215 # Reconstruction of p

216 p1[:, n] = A @ alpha1[:, n]

217 p2[:, n] = A @ alpha2[:, n]

218 p3[:, n] = A @ alpha3[:, n]

219

220 # At the first time n=0

221 p1_mean_time = np.mean(p1[:, 1:], axis =1) # shape (M,)
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222 p2_mean_time = np.mean(p2[:, 1:], axis =1)

223 p3_mean_time = np.mean(p3[:, 1:], axis =1)

224 p1[:, 0] = p1_mean_time

225 p2[:, 0] = p2_mean_time

226 p3[:, 0] = p3_mean_time

227

228 # Regression for coefficients at n=0 (using these

path_specific targets)

229 S_0 = S[:, 0]

230 I_0 = I[:, 0]

231 R_0 = R[:, 0]

232 centers_0 = compute_centers(S_0 , I_0 , R_0)

233 X_0 = np.column_stack ((S_0 , I_0 , R_0))

234 A0 = phi(X_0 , centers_0)

235

236 b1_0 = p1_mean_time # already a vector of length M

237 b2_0 = p2_mean_time

238 b3_0 = p3_mean_time

239

240 AtA0 = A0.T @ A0 + reg_lambda * np.eye(K)

241 alpha1[:, 0] = solve(AtA0 , A0.T @ b1_0 , assume_a=’pos’)

242 alpha2[:, 0] = solve(AtA0 , A0.T @ b2_0 , assume_a=’pos’)

243 alpha3[:, 0] = solve(AtA0 , A0.T @ b3_0 , assume_a=’pos’)

244 return alpha1 , alpha2 , alpha3 , p1, p2, p3

245 # Iterates until convergence

246 def u0(t, S, I, R):

247 return np.ones_like(S)

248 def v0(t, S, I, R):

249 return np.zeros_like(S)

250

251 u_func = u0

252 v_func = v0

253

254 prev_p1_mean = None

255 converged = False

256

257 for it in range(max_iter):

258 print(f"Iteration {it+1}")

259 # Forward

260 S, I, R = forward_simulation(u_func , v_func)

261
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262 # Backward

263 alpha1 , alpha2 , alpha3 , p1, p2, p3 = backward_simulation(S

, I, R)

264

265 # Construction of new control functions

266 def make_control_func(alpha1 , alpha2 , alpha3):

267 def u_func_new(t, S_arr , I_arr , R_arr):

268 n = int(np.round(t / dt))

269 n = max(0, min(n, N-1))

270 centers = compute_centers(S_arr , I_arr , R_arr)

271 X = np.column_stack ((S_arr , I_arr , R_arr))

272 A = phi(X, centers)

273 p1_curr = A @ alpha1[:, n]

274 u = -(imm_rate / gamma1) * p1_curr

275 return np.clip(u, 0, 1)

276 def v_func_new(t, S_arr , I_arr , R_arr):

277 n = int(np.round(t / dt))

278 n = max(0, min(n, N-1))

279 centers = compute_centers(S_arr , I_arr , R_arr)

280 X = np.column_stack ((S_arr , I_arr , R_arr))

281 A = phi(X, centers)

282 p1_curr = A @ alpha1[:, n]

283 p2_curr = A @ alpha2[:, n]

284 p3_curr = A @ alpha3[:, n]

285 v = (beta*S_arr *I_arr/ gamma2) * (p2_curr -

p1_curr)

286 return np.clip(v, 0, 1)

287 return u_func_new , v_func_new

288

289 u_func , v_func = make_control_func(alpha1 , alpha2 , alpha3)

290

291 # Convergence verification (on the averge of p1 )

292 p1_mean = np.mean(p1[:, :N], axis =0)

293 if prev_p1_mean is not None:

294 diff = np.linalg.norm(p1_mean - prev_p1_mean) / (np.

linalg.norm(prev_p1_mean) + 1e-8)

295 print(f"Diff relative p1: {diff :.6f}")

296 if diff < tol:

297 print("Convergence reached")

298 converged = True

299 break
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300 prev_p1_mean = p1_mean

301

302 if not converged:

303 print("Muximum number of iterations reached")

Listing 3.3: Python code: Numerical simulation of SIRS epidemic model with
controls and jumps.

Remark 3. The program execution took 52 seconds to complete the full simulation on an
HP Elitebook PC, Intel Core i5 vPro 8th Gen Processor.
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Conclusion

In this thesis, we developed a hierarchical epidemic model starting from a deterministic
ODE system, then incorporating Brownian motion, and finally introducing Lévy jumps to
capture abrupt, real-world events in a SIRS epidemic model.
Using the stochastic maximum principle for Lévy processes, we formulated an optimal
control problem with two controls (immigration restriction and preventive measures) to
reduce infected individuals while minimizing costs. The necessary optimality conditions
were expressed via a Hamiltonian and a forward-backward system of stochastic differential
equations for the state and adjoint variables.
Numerically, we applied the Least Squares Monte Carlo (LSMC) method and the Milstein
scheme to solve our problem. Simulation results showed that the optimal control strategy
significantly reduces both susceptible and infected populations compared to uncontrolled
scenarios.
Future work may extend the model to incorporate vaccination explicitly as an additional
differential equation rather than merely a control variable. Furthermore, to achieve bet-
ter numerical accuracy and efficiency, real-world data could be employed based on more
advanced numerical methods such as Deep Learning to approximate stochastic control
epidemic model.
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