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Spinel compounds adopt the general chemical formula AB₂O₄, in which A denotes 

divalent cations (A²⁺) typically occupying tetrahedral sites, while B represents trivalent 

cations (B³⁺) situated in octahedral coordination within a cubic close-packed oxygen 

framework. These materials occur in two principal structural configurations —normal and 

inverse spinel—distinguished by the distribution of cations among crystallographic sites[1]. 

The normal spinel structure, first elucidated in 1915 by William Henry Bragg and Seiji 

Nishikawa [2], is characterized by A²⁺ cations in tetrahedral positions and B³⁺ cations in 

octahedral sites. in contrast, the inverse configuration, later described by Tom F. W. Barth 

and E .Posnjak[3], involves the occupation of tetrahedral sites by B³⁺ cations, while the 

octahedral positions are equally shared between A²⁺ and the remaining B³⁺ cations .  

Owing to this structural flexibility , spinel materials exhibit diverse atomic 

arrangements and electronic configurations [4], which give rise to exceptional electronic , 

optical [5, 6], magnetic, and catalytic properties [7-10] . These properties are strongly 

influenced by the specific nature of the incorporated metal cation [11], their spatial 

distribution within the lattice , and the symmetry of the crystal structure itself . 

As a consequence of this broad spectrum of functional characteristics, spinel materials 

have attracted considerable scientific attention [12-14] and demonstrate remarkable 

technological versatility. Their applications extend to magnetic data storage systems [15], 

high-frequency electronic devices [16], dielectric materials, transparent conducting oxides, 

and laser technologies[17] Additionally, they serve as key components in sensor 

technologies and supercapacitor electrodes [18] with further applications spanning 

superconductivity, biotechnology, biomedical engineering, and renewable energy systems 

[19-22]  

Motivated by rapid advances in materials science, contemporary research has 

increasingly focused on ternary spinel oxides [8]. Recent density functional theory (DFT) 

studies on 3d transition-metal-based ternary spinels have provided valuable insight into the 

key parameters governing lithium-ion battery cathodes, including cation site preference, 

delithiation voltage, and thermodynamic stability [23] A comprehensive understanding of 

these factors is essential for the rational development of high-performance and practically 

viable cathode materials. 

These ternary oxides are characterized by the presence of three distinct metal cations 

distributed over tetrahedral and octahedral sites within the spinel lattice. Their 

multicomponent nature enables a remarkably broad spectrum of tunable physicochemical 
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properties [24-26], making them particularly attractive for advanced energy-storage 

applications. 

In this framework, copper manganese oxide (CuMn2O₄) has emerged as a prominent 

spinel-type compound owing to its distinctive properties and versatile applications[27-29]. 

Extensive investigations have explored its magnetic characteristics and potential used in 

advanced functional materials. CuMn2O₄ crystallizes in a spinel structure, conventionally 

written as (Cu²⁺)[ 2Mn³⁺]O₄, and exhibits ferromagnetic behavior [30]. Its physicochemical 

and magnetic properties are strongly governed by cation distribution and lattice arrangement. 

Furthermore, elemental substitution through doping or stoichiometric modification has been 

shown to significantly influence its magnetic response, thereby opening pathways for 

tailored material design. 

To systematically investigate the intrinsic properties of this spinel compound and to 

explore its untapped potential, we employed first-principles calculations based on the full-

potential linearized augmented plane wave (FP-LAPW) method. All computations were 

carried out using the WIEN2k code [31] , with exchange–correlation effects described within 

the Generalized Gradient Approximation (GGA) [32] This methodological approach enables 

reliable verification of structural stability, accurate prediction of elastic properties, and 

detailed elucidation of the electronic and magnetic characteristics of CuMn2O₄. 

The manuscript is organized into four main chapters. Chapter I provides a 

comprehensive overview of spinel materials, covering their fundamental principles, key 

physical properties, and current technological applications. Chapter II describes the 

theoretical framework, with particular emphasis on density functional theory and the FP-

LAPW method. Chapter III is dedicated to the synthesis methods. Finally, Chapter IV 

presents and discusses the obtained results in detail. 

The work concludes with a synthesis section summarizing the main findings, 

emphasizing the most significant results, and proposing concrete directions for future 

research, along with promising technological perspectives. 
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1.1. Introduction 

Spinel-type materials occupy a prominent position in many scientific and 

technological fields due to their distinctive structural, magnetic, and electrical properties. 

Their crystalline structure, which determines the arrangement of atoms within the lattice, 

plays a crucial role in defining their unique physical characteristics. Spinels are particularly 

important within the family of ferrites, which have been widely investigated for applications 

in electronics, magnetism, and data storage because of their diverse magnetic behaviors, 

including ferrimagnetism and characteristic hysteresis cycles. 

To gain a deeper understanding of these magnetic phenomena, crystal field theory is 

commonly employed, as it provides valuable insight into the role of 3d electrons in the 

magnetic dynamics of spinel compounds. In addition, the electrical properties of these 

materials have attracted significant interest, especially because of their potential as magnetic 

semiconductors. This multifunctional nature opens up promising opportunities for advanced 

technological applications, particularly in the rapidly developing field of spintronics. 

1.2. Crystal Structure of Spinels 

The general form0ula AB₂O₄ adopts a spinel crystal structure similar to that of the 

natural spinel MgAl2O4 [1]. This cubic structure belongs to the Fd3m space group (No. 227) 

and is characterized by a compact arrangement of oxygen ions forming a face-centered cubic 

lattice. Within this lattice, the cations are distributed between two types of interstitial sites: 

octahedral sites (Oh) and tetrahedral sites (Td). 

This specific cation distribution results in the formation of eight structural units (or 

octants) of AB₂O₄ within each unit cell. These units illustrate the spatial arrangement of A²⁺ 

and B³⁺ cations surrounding the O²⁻ anions, highlighting the structural complexity of spinel 

compounds. 

The primitive unit cell is rhombohedral and contains two formula units of AB₂O₄. 

However, since this cell is not convenient for describing the crystal structure, the smallest 

multiple cubic unit cell is generally used instead. This cubic cell contains 32 oxygen atoms, 

which define 32 B sites and 64 A sites. Among these, only 8 A sites and 16 B sites are 

actually occupied by cations . Consequently, the smallest cubic unit cell contains eight 

formula units of AB₂O₄ [2] 
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To provide a detailed description of the structure, the unit cell with lattice parameter a 

is conventionally subdivided into eight smaller cubes, commonly referred to as octants, each 

characterized by an edge length of a/2. As illustrated in Figure I-1, the spatial distribution of 

both cations and anions can be observed within two neighboring octants. The oxygen anions 

adopt an identical arrangement in all octants, occupying positions that correspond to the 

vertices of a tetrahedron inscribed within a cube of edge a/4 [3]. 

The occupied A sites are located at the center of alternating octants and additionally at 

half of the vertices of all octants. Within the cubic unit cell, these A sites form two 

interpenetrating face-centered cubic (FCC) sublattices, which are displaced relative to one 

another by a vector of magnitude a√3/4 along the [111] crystallographic direction. The B 

sites, on the other hand, are also distributed in alternating octants. Similar to the oxygen ions, 

they are positioned at one quarter of the octant diagonal measured from four of the eight 

octant vertices, thereby forming a tetrahedral arrangement inscribed within a cube of edge 

a/4 [4]. 

In practice, the oxygen anions do not occupy the exact positions of a perfect FCC 

sublattice. Their precise locations are defined by the oxygen positional parameter u, which 

determines the displacement of the O²⁻ ions relative to the ideal lattice positions. This 

parameter corresponds to the distance between an oxygen anion and the cations located at 

tetrahedral (Td) sites [5]. The value of u is expressed as a fraction of the lattice parameter a. 

For an ideal spinel structure, u = 0.375; however, such an ideal configuration is rarely 

realized in practice. For the majority of known spinel compounds, the oxygen parameter 

typically lies within the range 0.375 ≤ u ≤ 0.385 [6]. 

Figure 1.1 : Unit cell of the AB2O4 spinel structure 
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The presence of O²⁻ ions within a face-centered cubic (FCC) oxygen framework, 

together with the availability of both tetrahedral (Td) and octahedral (Oh) interstitial sites, 

allows for different possible ionic distributions among these nonequivalent crystallographic 

positions. Such cation arrangements are commonly described by a parameter known as the 

degree of inversion (λ). This parameter represents the fraction of divalent cations occupying 

octahedral sites. Accordingly, the general formula of a spinel structure can be expressed as 

follows (by convention, octahedral sites are written in brackets) [7] 

𝐴1−2𝜆 
2+ 𝐵2𝜆 

3+[𝐴2𝜆
2+  𝐵2−2𝜆

3+ ]                                              (I.1) 

Where λ denotes the degree of inversion. 

When λ = 0, the compound is referred to as a normal spinel, and the cation distribution 

can be written as: A [B₂] O₄ For λ ≈ 0.33, the structure is considered statistically disordered 

or partially inverse (mixed spinel). When λ = 0.5, the structure corresponds to an inverse 

spinel, which can be represented as: B [AB] O₄ 

Thus, spinel compounds can generally be classified into two main categories 

depending on the cation distribution: normal spinels and inverse spinels. In a normal spinel 

structure, the A²⁺ cations exclusively occupy the tetrahedral (Td) sites, while the B³⁺ cations 

are located at the octahedral (Oh) sites. In contrast, in an inverse spinel structure, half of the 

B³⁺ cations occupy the tetrahedral sites, whereas the A²⁺ cations together with the remaining 

half of the B³⁺ cations are distributed over the octahedral sites. 

 
Figure 1- 2(a) Normal spinel structure, (b) Inverse spinel structure[8] 

Double spinel structure: Defined by the chemical formula ABB′O₄, the double spinel 

structure is characterized by an ordered arrangement of divalent and trivalent cations, 

combining features of both normal and inverse spinels. This implies a distinct spatial 

separation of divalent and trivalent cations; however, the distribution does not strictly 

correspond to either a purely normal or purely inverse spinel configuration. In this structure, 



CHAPTER 1                         GENERAL OVERVIEW OF SPINEL MATERIALS   

 

10 

 

A²⁺ ions occupy the octahedral sites of a normal spinel sublattice, whereas B³⁺ and B′³⁺ ions 

occupy the octahedral and tetrahedral sites, respectively, within an inverse spinel sublattice 

[9, 10] 

According to the work of Pilania et al., such cation mixing across different sublattices 

can occur at relatively low temperatures for specific spinel compositions, making the 

synthesis of double spinel structures particularly challenging. Their findings demonstrate not 

only the theoretical feasibility but also the experimental realization of these compounds, 

thereby opening new avenues for the design of spinel-based materials with tailored 

functionalities. 

Double spinel structures thus constitute an emerging class of materials exhibiting a 

wide range of distinctive properties compared to conventional normal and inverse spinels, 

primarily due to their unique cation arrangements. For instance, they may display enhanced 

ionic conductivity, unconventional magnetic behavior, and improved resistance to 

degradation. 

 
Figure 1-3: (a) Inverse double spinel 1 [B′ABO₄], (b) Normal double spinel [ABB′O₄], and (c) 
Inverse double spinel  [(B)AB′O₄]. The A, B, and B′ cations are represented in orange, blue, and 
green, respectively, while the oxygen atoms are shown in red. 

 

1.3. Spinel-Type Ferrites 

Spinel ferrites, commonly referred to simply as ferrites, are primarily composed of 

trivalent iron and oxygen. Their general chemical formula is MFe₂O₄, where M denotes a 

divalent metal cation, while iron is present in its trivalent state [11]. The ferrites most 

relevant for practical applications are often complex compositions in which M consists of a 

combination of divalent ions such as Mn²⁺, Ni²⁺, Zn²⁺, Fe²⁺, Co²⁺, and Cu²⁺. 
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Ferrites are classified as “soft” magnetic materials due to the absence of a preferred 

direction of magnetization [12]. This means that their magnetization direction can be easily 

altered under the influence of an external magnetic field [13]. The magnetic properties of 

ferrites depend not only on the nature of the metal ions occupying the interstitial sites but 

also on their distribution within the crystal lattice. These characteristics make ferrites highly 

suitable for a wide range of applications, including magnetic storage media, microwave 

devices, and magnetic sensors [14, 15]. 

1.4. Magnetic Properties of Spinels 

1.4.1. Types of Magnetism 

I.4.1.a. Ferromagnetism 

Ferromagnetic materials are characterized by spontaneous magnetization, in which the 

magnetic moments of atoms or ions align parallel to one another, even in the absence of an 

external magnetic field. This alignment results in a permanent net magnetization. The Curie 

temperature is the critical temperature above which the material loses its permanent 

magnetization and becomes paramagnetic. At this temperature, the magnetic moments 

become randomly oriented due to thermal agitation. 

I.4.1.b Antiferromagnetism 

Antiferromagnetic materials exhibit an antiparallel coupling of the magnetic moments 

of atoms or ions. Below the Néel temperature, these moments align in opposite directions, 

effectively canceling out the net magnetization of the material. The magnetic susceptibility 

of antiferromagnetic materials is relatively low, and their magnetic response differs from 

that of ferromagnetic materials. The Néel temperature is the temperature above which the 

material loses its antiparallel magnetic order and becomes paramagnetic. Beyond this 

temperature, thermal agitation causes a random orientation of the magnetic moments. 

 

I.4.1.c Ferrimagnetism 

Ferrimagnetic materials are distinguished by an antiparallel alignment of magnetic 

moments; however, unlike antiferromagnetic materials, these moments do not completely 

cancel each other. This is due to the difference in magnitude between opposing magnetic 

moments, resulting in a net magnetization [16]. This type of magnetic ordering is typical of 

ferrites, which are widely used in various technological applications. Similar to 

ferromagnetic materials, ferrimagnetic materials become paramagnetic above the Curie 

temperature. However, they may also exhibit a compensation temperature at which the net 

magnetization becomes zero before reaching the Curie temperature. 
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Figure I-4 Different magnetic ordering in materials: ferromagnetism, antiferromagnetism, and 

ferrimagnetism. 
 

1.4.2. Magnetic Hysteresis Cycle 

The magnetization of a ferrimagnetic material under the application of a magnetic field 

H follows a magnetic hysteresis cycle (Figure I-5). 

 
Figure 1-5:  Magnetic Hysteresis Cycle 

When the applied magnetic field is zero, a residual magnetization Mr remains, called 

remanent magnetization. To reduce and eliminate this magnetization, the direction of the 

applied field must be reversed until reaching a value Hc known as the coercive field. Both 

the coercive field and the remanent magnetization vary with temperature. Beyond a certain 

temperature, called the Curie temperature, the hysteresis loop closes, and the material 

becomes paramagnetic [17]. 

The hysteresis cycle for a ferrimagnetic material is generally similar in shape to that 

of a ferromagnetic material, but the values of Mr and Hc can differ depending on the specific 

composition and structure of the material. The loop width may vary, reflecting differences 

in the internal magnetic interactions. 

Magnetic domains: The magnetic properties of ferrite particles also depend, at equal 

composition, on the size of the crystallites. When crystallites have dimensions larger than 
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approximately one micrometer, they consist of multiple magnetic domains separated by 

Bloch walls. Each domain possesses a permanent magnetic moment due to the 

crystallographic orientation of the structure. Magnetization reversal occurs through the 

displacement of these walls under the action of a relatively weak applied field [18]. 

For sizes below approximately 1 µm, the grains are single-domain. Each particle then 

exhibits a permanent magnetic moment whose direction is fixed by the easy axis of 

magnetization. In this case, magnetization occurs through the rotation of the magnetic 

moments of the ions, and the coercivity reaches its maximum value. 

1.4.3. Ferrimagnetism in Ferrites 

The magnetic properties of spinel ferrites are interpreted within Néel’s ferrimagnetism 

theory [19]. This theory is based on the existence of magnetic order resulting from spin–spin 

interactions between metal cations. Néel proposed that two magnetic sublattices exist, with 

moments that are antiparallel but unequal in magnitude. These two sublattices correspond to 

the two crystallographic sites, Td and Oh in the spinel structure. 

Néel further proposed that exchange forces act between the metal cations located at Td 

 and Oh sites via the oxygen ions. At high doping levels, the interaction between octahedral 

sites (Oh ) becomes predominant, and the compounds become antiferromagnetic. In such 

materials, the atomic coupling is antiparallel with equal magnitude, resulting in a net 

magnetic moment of zero; thus, the susceptibility is very small and positive. These couplings 

are destroyed by thermal agitation at a critical temperature called the Néel temperature. 

Beyond this temperature, antiferromagnetic materials become paramagnetic. 

1.5. Crystal Field Theory 

Crystal Field Theory (CFT) is a crucial model for understanding the structure and 

properties of coordination complexes, fascinating compounds formed by the association of 

a central metal ion (cation) with neutral or negatively charged molecules or ions (ligands) 

[20]. The metal ion is surrounded by ligands arranged symmetrically around it. This 

geometry, reminiscent of a crystal lattice, gives the theory its name. 

According to CFT, the ligands create an electric field that affects the energy orbitals 

of the metal ion’s electrons, destabilizing some and stabilizing others in a differential manner 

[21]. 

1.5.1.  3d Elements 

Transition elements have an incomplete 3d electron shell, which leads to the presence 

of localized magnetic moments (Figure I-6). The 3d electrons of the magnetic ions do not 
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form a separate band due to their limited overlap. However, they can influence the electronic 

properties of the bands through hybridization with the p states of the valence band. 

The 3d shell splits into a fully occupied 3d↑ level and an empty or partially filled 3d↓ 

level, depending on the type of transition ion (Mn, Fe, Co, …). 

 
0-6: Electronic configuration of the 3d and 4s states of transition metals  [22] . 

 

1.5.2.   Degeneracy of d Orbitals 

The crystal field has a significant effect on the d orbitals of a metal ion, destabilizing 

them unequ0ally and removing their degeneracy. The magnitude of this splitting depends on 

the geometry of the 0crystal field, which is determined by the arrangement of ligands around 

the metal ion. 

 Octahedral field: In an octahedral crystal field, six ligands surround the central 

metal ion, forming an octahedron. The ligands are positioned along the x, y, and z 

axes, creating a non-uniform electric field that destabilizes the d orbitals pointing 

toward the ligands (antibonding orbitals) and stabilizes those located between the 

ligands (bonding orbitals). The d orbitals split into two groups: 

 t₂g orbitals: 3dxy, 3dyz, 3dzx (stabilized).  

 eg orbitals: dz², dx²−y² (destabilized). 

      The energy difference between the t₂g and eg orbitals is called the crystal field 

splitting parameter (Δ₀). 

 (b) Tetrahedral field: In a tetrahedral crystal field, four ligands surround the central 

metal ion, forming a tetrahedron. The ligands are positioned at equal angles from one 

another, creating an electric field that is less non-uniform than in an octahedral field. 

The d orbitals split into two groups: 
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 t₂ orbitals: (stabilized).  

 e orbitals: (destabilized).  

The energy difference between the t₂ and e orbitals is smaller than Δ₀ in an octahedral 

field. 

 
Figure 0-7: Influence of the crystal field on the energy levels of d orbitals, (a) octahedral field, (b) 
tetrahedral field. 

 

The lifting of degeneracy of d orbitals induced by the crystal field has major 

implications for the properties and behavior of complexes in various physical contexts. The 

color of metal complexes is directly influenced by this splitting. Electronic transitions 

between d orbitals, caused by field, are responsible for the absorption or emission of visible 

light, giving the complex its characteristic color. This property is essential in spectroscopy 

and in the analysis of chemical compounds [23] 

Furthermore, the lifting of degeneracy has a significant impact on the magnetic 

properties of complexes. The presence of unpaired electrons in the d orbitals, resulting from 

this interaction, gives rise to magnetic behavior. The specific distribution of these electrons 

determines the overall magnetic moment of the complex, which is crucial for understanding 

its magnetic characteristics. 
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1.6. Electrical Properties 

1.6.1.  Conduction in Spinel Ferrites 

The Verwey mechanism, proposed by E.J.W. Verwey in the 1950s, explains electronic 

conduction at room temperature in spinel ferrites. According to this model, conduction does 

not arise from the movement of free electrons but rather from polaron hopping between 

cations of the same element with oxidation states differing by one unit and occupying 

equivalent crystallographic sites [24]. 

In this framework, conduction occurs via polaron hopping. A polaron is a quasiparticle 

formed by an electron coupled with a local distortion of the crystal lattice [25]. This model 

specifically excludes electron transfer between the two crystallographic sublattices of the 

spinel structure, namely tetrahedral (Td) and octahedral (Oh) sites. It favors hopping between 

octahedral sites (Oh), considering intersite distances to determine the most energetically 

favorable electron transfer. 

The intersite distances in spinel ferrites are : 

𝑑𝑂ℎ𝑂ℎ = 𝑎
√2

4
 𝑒𝑡 𝑑𝑇𝑑𝑇𝑑 = 𝑎

√3

4
                                         (I.2) 

Electron hopping between octahedral sites (Oh) requires the lowest energy, as this 

distance is the shortest. Hopping between octahedral and tetrahedral sites, or between 

tetrahedral sites, is less likely due to the higher energy required for longer distances. 

Electrical conductivity is strongly influenced by the distribution of cations in 

octahedral and tetrahedral sites. The Verwey mechanism also explains the relatively high 

electrical resistivity of spinel ferrites compared to metals. 

1.6.2.  Negative Temperature Coefficient (NTC) Behavior in Spinel Ferrites 

NTC (Negative Temperature Coefficient) spinel ferrites exhibit distinctive properties 

that make them suitable for various technological applications [26]. Their temperature 

coefficient (α) is generally negative, meaning that resistivity decreases as temperature 

increases, making them highly sensitive to thermal variations. 

Moreover, these ferrites have high values of the sensitivity factor (B), indicating strong 

variation of resistivity over a given temperature range, which allows precise temperature 

measurement and control. 

In addition to their exceptional sensitivity, NTC spinel ferrites are chemically and 

mechanically stable, making them suitable for use in harsh environments. This combination 

of thermal sensitivity and robustness gives NTC spinel ferrites a crucial role in many 

industrial and technological applications [27, 28]. 
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1.6.3. Magnetic Semiconductors 

Magnetic semiconductors are a fascinating class of materials that exhibit both 

semiconducting and magnetic properties [29]. This unique combination allows control of 

both electrical and magnetic properties, enabling revolutionary applications in spintronics 

and magneto-electronics. 

A key concept in magnetic semiconductors is the spin–charge interaction. Conduction 

electrons carry both charge and a magnetic moment due to spin. Consequently, the magnetic 

state of the system can influence conduction, and vice versa. 

The Goodenough model explains how magnetic ordering affects electron conduction 

in these materials [30]. According to this model, electron transfer from a donor to an acceptor 

site is more likely when the 3d electron spins of the donor and acceptor cations are parallel. 

The transfer energy depends on the factor cos(θ/2), where θ is the angle between the 

3d electron spins at two neighboring conduction sites. Electron hopping is easier when spins 

are aligned (θ = 0) than when antiparallel (θ = π). Ferromagnetic semiconductors, with 

aligned spins, have relatively low resistivity, while antiferromagnetic semiconductors, with 

antiparallel spins, show higher resistivity due to increased carrier localization. 

1.7. Applications and Technology 

Spinel ferrites exhibit remarkable magnetic and dielectric properties, making them 

attractive for various technological applications [31]. 

1.7.1. Telecommunications 

Ferrites are essential in telecommunications, particularly in microwave filters, 

circulators, and isolators [32]. In microwave filters, ferrites are integrated into resonators or 

transmission lines where their magnetic permeability varies with frequency, allowing 

bandwidth control and improved signal selectivity. An external magnetic field can adjust 

their magnetic properties, enabling dynamic tuning of the filters. 

In circulators—passive devices that direct electromagnetic signals through a network 

of ports—ferrites exploit the gyromagnetic effect. A static magnetic field induces precession 

of electron magnetic moments, causing rotation of electromagnetic waves. This rotation 

directs signals unidirectionally, avoiding unwanted feedback. 

Isolators protect sensitive components from signal reflections by allowing signals to 

pass in one direction only. Using the gyromagnetic properties of ferrites, an applied magnetic 

field induces non-reciprocal wave rotati0on, permitting waves to pass in one direction with 
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minimal loss while strongly attenuating reflected waves. This prevents interference in 

communication systems. 

1.7.2. Radars and Electronic Defense 

Ferrites enhance radar and electronic defense systems by increasing sensitivity and 

reducing interference. Their ability to absorb electromagnetic waves enables efficient wave 

absorbers, improving radar signal clarity and precision [33]. 

They can also be used for signal jamming. Exploiting the gyromagnetic effect, ferrites 

allow precise manipulation of electromagnetic signals under a static magnetic field, 

enhancing jamming efficiency [34]. 

1.7.3. Consumer Electronics 

Miniaturized, low-loss ferrites are promising for consumer electronics such as 

smartphones, tablets, and laptops. Microwave filters and antennas made from ferrites 

improve connectivity and performance. By reducing interference and enhancing signal 

transmission, ferrites contribute to better reception and more reliable wireless 

communication. Their integration enables more compact devices without compromising 

performance [35]. 

1.7.4. Electric and Hybrid Vehicles 

Ferrites can be used in power converters and filters for electric and hybrid vehicles. 

These components efficiently convert battery energy into usable motor energy, optimizing 

performance. Ferrites reduce electromagnetic interference, improving onboard electronic 

system reliability and safety. Their ability to handle high currents and minimize energy loss 

makes them essential for vehicle efficiency and durability [36]. 

1.7.5. Renewable Energy 

Ferrites are used in power converters and filters for renewable energy systems, such 

as wind turbines and solar panels. These components efficiently convert energy from 

renewable sources into electricity for the grid. Their high magnetic permeability and low 

energy loss optimize energy conversion and reduce electromagnetic interference, enhancing 

overall system efficiency [37]. 

1.7.6. Medical Imaging 

In medical imaging, ferrites’ magnetic properties make them useful for MRI. Ferrite 

nanoparticles serve as contrast agents, improving MRI resolution and sensitivity. Their 

magnetic moments create local magnetic field variations, enhancing image contrast and 

enabling more accurate diagnoses [38]. 
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1.7.7. Magnetic Hyperthermia 

Ferrites are also used in magnetic hyperthermia cancer treatment, where alternating 

magnetic fields heat tumors. Injected ferrite nanoparticles 0heat under an external magnetic 

field, raising local temperature and selectively destroying cancer cells [39]. 

1.7.8. Catalysis 

Ferrites’ catalytic properties make them useful for various chemical reactions. They 

serve as catalysts for pollutant degradation, chemical production, and energy conversion. 

Their crystal structure and chemical reactivity facilitate these processes [40, 41]. 

Research on ferrites continues to evolve, with new applications constantly emerging. 

Their unique properties make them promising for a wide range of technological applications, 

advancing various fields and improving daily life. 
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2.1. Introduction 

Density Functional Theory (DFT) is one of the most widely used and powerful 

quantum mechanical approaches for investigating the properties of matter. As a method 

grounded in quantum mechanics, DFT aims to describe the behavior of many-body systems 

by solving the Schrödinger equation and determining the ground state of the system. 

The central idea of DFT is to represent a complex interacting system of particles in 

terms of its electron density rather than its many-body wave function. This is particularly 

significant because it reduces the complexity of the problem from 3N degrees of freedom 

for an N-particle system to only three spatial variables, making calculations far more 

tractable. 

The origins of DFT can be traced back to the pioneering work of Thomas [1] and Fermi 

in the early 1930s[2]. Their contributions were later refined and extended by Hartree[3] , 

Dirac[4], Fock[5], and Slater. However, a rigorous theoretical foundation was not 

established until the seminal work of Hohenberg, Kohn, and Sham nearly four decades later, 

which provided the formal framework of modern DFT. 

Today, DFT is extensively used to compute a wide range of physical and chemical 

properties, including equilibrium geometries, electronic structures, optical properties, 

activation energies, and reaction energies. 

In this chapter, we will explore the fundamental principles underlying Density 

Functional Theory, review its historical development, and introduce the key concepts 

essential for its application. 

2.2. Many-body system: 

     The behavior of a quantum many-body system is governed by the Hamiltonian 

operator, denoted as 𝐻, which encapsulates the total energy of the system, including both 

kinetic and potential contributions. 

If ∣Ψ⟩ represents the quantum state of the system in an abstract Hilbert space, its time 

evolution is described by the time-dependent Schrödinger equation: 

𝑖ℏ
𝜕Ψ

𝜕𝑡
 =ĤΨ                                              (II.1) 

Stationary states with well-defined energies, particularly the ground state of the 

system, are obtained as solutions of the time-independent Schrödinger equation, expressed 

as the following eigenvalue problem: 

Ĥ|Ψ⟩ = E|Ψ⟩   , ⟨Ψ|Ψ⟩ = 1                                     (II.2) 
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Alternatively, these states can be determined through the variational principle, where the 

energy functional is minimized: 

⟨Ψ|Ĥ|Ψ⟩

⟨Ψ|Ψ⟩
⇉   𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦                                       (II.3) 

In this work, we consider a system composed of N electrons and M nuclei, evolving 

under the influence of an external field and interacting via pairwise Coulomb interactions. 

The total wave function of the system depends on both electronic and nuclear coordinates 

and can be written as: 

𝜓 = 𝜓(𝑟1 , 𝑟2, … 𝑟𝑁; 𝑅⃗⃗1 , 𝑅⃗⃗2 , … , 𝑅⃗⃗𝑀)                              (II.4) 

And the Hamiltonian consists of: 

𝐻 = 𝑇̂𝑁 + 𝑇̂𝑒 + 𝑉̂𝑁−𝑁 + 𝑉̂𝑁−𝑒 + 𝑉̂𝑒−𝑒                             (II.5) 

Where: 

𝑇̂𝑁 = − ∑
ℏ2

2𝑀𝐼
∇𝐼

2𝑀
𝐼=1 : Thekinetic energy of nuclei 

𝑇̂𝑒 = − ∑
ℏ2

2𝑚𝑒
∇𝑖

2                𝑁
𝑖=1 :Thekinetic energy of electrons 

𝑉̂𝑁−𝑁 =
1

2
∑

𝑒2

4𝜋𝜀0
𝐼≠𝐽

𝑍𝐼𝑍𝐽

|𝑅⃗⃗𝐼−𝑅⃗⃗𝐽|
∶The potential energy of nucleus-nucleus coulomb interaction 

𝑉̂𝑁−𝑒 =
1

2
∑

𝑒2

4𝜋𝜀0
𝑖,𝐽

𝑍𝐼

|𝑟𝑖−𝑅⃗⃗𝐽|
    ∶Potential energy of nucleus-electron coulomb interaction  

𝑉̂𝑒−𝑒 =
1

2
∑

𝑒2

4𝜋𝜀0
𝑖≠𝑗

1

|𝑟𝑖−𝑟𝑗⃗⃗⃗⃗ |
    ∶Potential energy of electron-electron coulomb interaction 

The wave function contains, in principle, all the information describing a given 

quantum system [6]. For simple systems such as the hydrogen atom, the Schrödinger 

equation can be solved exactly, leading to analytical solutions. However, for systems 

involving many interacting particles (so-called N-body systems), obtaining exact solutions 

becomes extremely difficult. The complexity arises from the large number of degrees of 

freedom and the interactions between particles. Consequently, it is necessary to employ 

simplified models and approximation methods in order to make the problem tractable and to 

capture the essential physical properties of the system. 
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2.2.1. Born-Oppenheimer approximation: 

In 1927, Born and Oppenheimer introduced the well-known Born–Oppenheimer 

approximation [7], which provides a fundamental simplification in the study of quantum 

systems. This approximation is based on the large mass difference between nuclei and 

electrons; for instance, a proton is approximately 1836 times heavier than an electron. As a 

result, nuclei move much more slowly than electrons. 

This disparity in mass allows for the separation of electronic and nuclear motions, an 

approach often referred to as the adiabatic approximation. Within this framework, electrons 

are treated as moving in the static potential created by fixed nuclei. Consequently, when 

solving the electronic problem, the nuclear positions are considered as parameters rather than 

dynamical variables. 

Under the Born–Oppenheimer approximation, the electronic Hamiltonian can be written as: 

.𝐻𝑒 = 𝑇̂𝑒 + 𝑉̂𝑁−𝑒 + 𝑉̂𝑒−𝑒                                (II.6) 

Within the Born–Oppenheimer framework, the total wave function of the system can be 

factorized into a nuclear and an electronic part: 

𝜓(𝑅⃗⃗𝐼 , 𝑟𝑖) = 𝜑𝑁(𝑅⃗⃗𝐼)𝜓𝑒(𝑅⃗⃗𝐼, 𝑟𝑖)                                 (II.7) 

where𝜑𝑁(𝑅⃗⃗𝐼) describes he nuclear wavefunction, and 𝜓𝑒(𝑅⃗⃗𝐼 , 𝑟𝑖) represents the electronic 

wavefunction, which depends parametrically on the nuclear positions. 

Within this approximation, the Schrödinger equation for the electronic subsystem is written 

as: 

𝐻𝑒𝜓𝑒 = 𝐸𝑒𝜓𝑒                                               (II.8) 

This approximation simplifies the problem, but it does not completely resolve it. For a 

system containing N electrons, one must still account for 3N spatial coordinates as well as 

N spin variables. 

2.2.2. Hartree approximation: 

The difficulty in solving equation (II.6) arises from electron–electron interactions, 

which prevent the separation of the equation into N independent electronic equations. In the 

Hartree approximation [3], electrons are treated as independent particles, each moving in an 

average field generated by the nuclei and the other electrons. 

The Hamiltonian can be written: 
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𝐻𝑒 = ∑ ℎ𝑖𝑖                                                      (II.9) 

Whereℎ𝑖is : the mono electronic hamiltonian.     

ℎ𝑖 = −
ℏ2

2𝑚𝑒
∇𝑖

2 + 𝑉̂𝑒𝑥𝑡(𝑟) + 𝑉̂𝑖(𝑟)                            (II.10) 

With𝑉̂𝑖(𝑟) = ∫
𝜌(𝑟′)

|𝑟−𝑟′|
𝑑3𝑟′ ∶ the Hartree potential, 𝑉̂𝑒𝑥𝑡(𝑟):the Coulomb interaction of the 

electron with all the nuclei of the system. The electronic wave function of this Hamiltonian 

is a product of mono-electronic functions (Hartree Product (HP) 

𝜓𝑒(𝑟1, 𝑟2, … … . . , 𝑟𝑁⃗⃗⃗⃗⃗) = 𝜙1(𝑟1) … … 𝜙𝑁(𝑟𝑁)                         (II.11) 

In this case, each of these mono-electronic wave function is then a solution of the 

Schrödinger equation to a particle which is written in the form: 

ℎ𝑖(𝑟)𝜙𝑖(𝑟) = 𝜀𝑖𝜙𝑖(𝑟)                                   (II.12) 

The wave function given by equation (II.11) is not yet complete, as it does not satisfy the 

Pauli exclusion principle. This principle states that electrons, being fermions, require the 

total wave function to change sign upon exchanging any two particles. Consequently, no two 

electrons can occupy the same quantum state [8]. Therefore, the correct electronic wave 

function must be antisymmetric with respect to the exchange of two electrons: 

𝜓𝑒(𝑟1 , 𝑟2 … 𝑟𝑖 , 𝑟𝑗 … 𝑟𝑁) = −𝜓𝑒(𝑟1 , 𝑟2 … 𝑟𝑗, 𝑟𝑖 … 𝑟𝑁)               (II.13)  

2.2.3. Hartree Fock approximation: 

In 1930, Vladimir Fock identified a key limitation of the Hartree equations: they do 

not enforce the required antisymmetry of the total wave function. This issue is resolved by 

introducing the Slater determinant, which ensures that the many-electron wave function 

satisfies the antisymmetry condition. In this framework, the total wave function is 

constructed from one-electron wave functions arranged in a determinant form: 

𝜓(𝑟1, 𝑟2, … … . . , 𝑟𝑁⃗⃗⃗⃗⃗) =
1

√𝑁! |
|

𝜙1(𝑟1)𝜙1(𝑟2⃗⃗⃗ ⃗) … 𝜙1(𝑟𝑁)

𝜙2(𝑟1)𝜙2(𝑟2⃗⃗⃗ ⃗) … 𝜙1(𝑟𝑁)
.                    .                    .
.                    .                    .

𝜙𝑁(𝑟1)𝜙𝑁(𝑟2⃗⃗⃗ ⃗) … 𝜙1(𝑟𝑁)

|
|
                     (II.14) 

This is the easiest way to respect the Pauli’s exclusion principle. Themono-electronic 

equations are written: 

[−
∇2

2
+ 𝑉̂𝑒𝑥𝑡(𝑟) + 𝑉̂𝑖(𝑟)] 𝜙𝑖(𝑟) + ∫ 𝑑𝑟′𝑉𝑋(𝑟, 𝑟′)𝜙𝑖(𝑟′) = 𝜀𝑖𝜙𝑖(𝑟)                (II.15) 
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By simplifying the equation: 

 ℎ𝑖𝜙𝑖(𝑟) + ∫ 𝑑𝑟′𝑉𝑋(𝑟, 𝑟′)𝜙𝑖(𝑟′) = 𝜀𝑖𝜙𝑖(𝑟)                 (II.16) 

With  𝑉𝑋(𝑟, 𝑟′) = − ∑
𝜙𝑗

∗(𝑟′)𝜙𝑗(𝑟)

|𝑟−𝑟′|𝑗  : The Hartree Fock exchange potential 

In quantum physics, the exchange (VX) potential arises as a direct consequence of the 

Pauli Exclusion Principle, which prevents two electrons from occupying the same quantum 

state. Within the Hartree–Fock method, the electronic structure is described through two 

coupled contributions: the local Hartree term and the non-local exchange (Fock) term. 

The exchange potential is non-local in nature, meaning it depends on the coordinates 

of another electron, often introduced through an additional variable r′. This non-locality 

significantly increases the computational complexity of the Hartree–Fock equations, making 

their numerical solution more demanding. 

For this reason, Density functional theory is frequently preferred in practical 

calculations, as it reformulates the many-body problem in terms of the electron density rather 

than the full many-electron wave function, greatly simplifying the computational effort 

while maintaining good accuracy in many systems. 

2.3. Density functional theory: 

Density functional theory (DFT) is based on the fundamental idea of using the electron 

density as the central quantity, in contrast to the Hartree–Fock method, which relies on the 

many-electron wave function. This change in perspective significantly reduces the 

complexity of calculations. 

Indeed, the electronic wave function depends on 3N variables (the spatial coordinates 

of all N electrons), whereas the electron density depends only on three spatial variables (x, 

y, z).This simplification makes computations much more efficient. However, it raises an 

important question: can all the essential physical information be extracted solely from the 

electron density? 

This question was answered by Pierre Hohenberg and Walter Kohn, who established 

the foundational theorems demonstrating that the ground-state properties of a many-electron 

system are uniquely determined by its electron density. Since their work, DFT has become 
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one of the most widely used methods in computational physics and chemistry, leading to 

major advances in molecular physics and solid-state physics. 

2.3.1. Electron density: 

In quantum mechanics, it is not possible to localize an electron as a single particle at a 

precise position [9, 10]. Instead, one can describe the probability of finding an electron 

within an infinitesimal volume element d3r⃗. This probability is given by the electron 

density, which is related to the square of the wave function: 

(𝑟)⇔2 (𝑟) = 𝜌(𝑟)                                 (II.17) 

This definition ensures that ρ(r⃗) is always positive and represents the probability density of 

finding an electron at position r⃗. The electron density has several important properties: 

 ∫ 𝜌(𝑟)𝑑𝑟 = 𝑁 (Integration over the entire space), while N is total number of 

electrons  

 𝜌(r = ∞) = 0 

 𝜌(𝑟)is an observable that can be measured experimentally (by X-ray diffraction)  

All these properties indicate that the electron density alone is sufficient to determine the 

fundamental characteristics of an atomic system. This is the central idea underlying Density 

functional theory. 

2.3.2.  Hohenberg-Kohn (HK) theorems: 

DFT is founded on two fundamental theorems established in 1964 by Pierre 

Hohenberg and Walter Kohn [11, 12]. 

a. Theorem I 

For a system of interacting electrons in an external potential 𝑉𝑒𝑥𝑡(r⃗) , the ground-state 

electron density ρ(r⃗) uniquely determines this potential (up to an additive constant). In other 

words, the external potential is a unique functional of the electron density. 

Proof: Assume that there exist two different external potentials 𝑉𝑒𝑥𝑡(r⃗) and 𝑉′𝑒𝑥𝑡(r⃗), 

differing by more than a constant, which produce the same ground-state density 𝜌0(r⃗). 

These potentials correspond to two different Hamiltonians 𝐻 and 𝐻′, with distinct ground-

state wave functions Ψ and Ψ′, satisfying: 

𝐻Ψ=𝐸0Ψ ,              𝐻′Ψ′=𝐸0
′ Ψ′ 

Since Ψ′ is not the ground state of 𝐻, the variational principle implies: 
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𝐸0<⟨’|Ĥ|’⟩                                                    (I.18) 

<⟨’|𝐻 ’̂|’⟩ + ⟨’|Ĥ − 𝐻 ’̂|’⟩                                      (II.19) 

<𝐸’
0+ ∫ ρ0(𝑟)[ Vext(r⃗i) − 𝑉 ’

ext( r⃗i)]𝑑𝑟⃗⃗⃗⃗⃗                                 (II.20) 

Similarly:                                            𝐸’
0<⟨|𝐻 ’̂|⟩                                                      (I.21) 

<⟨|𝐻 ’̂|⟩ + ⟨|𝐻’ ̂ − Ĥ|⟩                              (II.22) 

<𝐸0 +∫ ρ0(𝑟)[ 𝑉 ’
ext(r⃗i) − Vext(r⃗i)]𝑑𝑟⃗⃗⃗⃗⃗                       (II.23) 

Adding Eq. (VI.2.A.3) and (VI.2.A.6) lead to the contradiction 

𝐸0 + 𝐸’
0<𝐸’

0 + 𝐸0                                     (II.24) 

Therefore, it is impossible for two different external potentials Vext(r⃗i) to produce the 

same ground-state density ρ0(𝑟), This means that the ground-state density uniquely 

determines the external potential, up to an additive constant. 

Consequently, the fundamental quantity is no longer the many-electron wave function, 

but rather the electron density itself, which fully characterizes the ground state and all its 

properties. This result forms the basis for the second theorem of Pierre Hohenberg and 

Walter Kohn. 

b. Theorem 2: 

        A universal energy functional E[ρ] can be defined in terms of the electron density. 

The exact ground state of the system corresponds to the minimum value of this functional.  

Proof: From the first theorem, the external potential is uniquely determined by the electron 

density. Since this potential, in turn, uniquely determines the ground-state wave function 

(except in degenerate cases), all physical observables—such as the kinetic and interaction 

energies—are also uniquely determined by the density. 

As a result, the total energy of the system can be expressed as a functional of the electron 

density: 

𝐸[ρ( 𝑟 )]=   [𝑇̂]+[𝑉̂𝑖𝑛𝑡] + ∫ 𝑉𝑒𝑥𝑡 (ρ(𝑟))𝑑𝑟⃗⃗⃗⃗⃗                 (II.25) 

=𝐹[ρ( 𝑟 )] + ∫ 𝑉𝑒𝑥𝑡 (ρ(𝑟))𝑑𝑟⃗⃗⃗⃗⃗                      (II.26) 

Where𝐹[ρ( 𝑟 )]is a universal functional. In the ground state the energy is defined by the 

unique ground state density ρ0(𝑟) 
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𝐸0 = 𝐸[ρ0(𝑟)] = ⟨|Ĥ|⟩                          (II.27) 

By the variational principle, a different densityρ’(𝑟) will necessarily give a higher energy 

𝐸0 = ⟨|Ĥ|⟩ < ⟨’|Ĥ|’⟩ = E’                        (II.28) 

It follows that, by minimizing the total energy functional with respect to the electron density 

ρ(r⃗), one obtains the ground-state energy of the system. The density that achieves this 

minimum is therefore the true ground-state density. 

The practical implementation of this variational principle is provided by the equations 

developed by Walter Kohn and Lu Jeu Sham [13, 14], commonly known as the Kohn–Sham 

equations, which offer an effective and tractable approach to solving this problem. 

2.3.3.  Kohn-Sham equation: 

    The Kohn–Sham equations provide a practical implementation of Density 

functional theory by translating the Hohenberg–Kohn theorems into a computational 

framework. This approach was so impactful that Walter Kohn was awarded the Nobel Prize 

in Chemistry in 1998. 

The Kohn–Sham method maps the original interacting electron system, characterized 

by the external potential 𝑉𝑒𝑥𝑡 , onto an equivalent fictitious system of non-interacting 

electrons moving in an effective potential 𝑉𝑒𝑓𝑓 . This auxiliary system is constructed such 

that it reproduces the same ground-state electron density as the real interacting system. Since 

the exact forms of the kinetic energy T[𝜌] and the electron–electron interaction energy 

𝑉𝑖𝑛𝑡[𝜌]  are not explicitly known, Walter Kohn and Lu Jeu Sham proposed to decompose 

these terms. In particular, the kinetic energy functional is written as: 

𝑇[ρ( 𝑟 )]=𝑇0[𝜌(𝑟)] + (𝑇[ρ( 𝑟 )]- 𝑇0[𝜌(𝑟)])                         (II.29) 

which can be expressed as: 

= 𝑇0[𝜌(𝑟)] + 𝐸𝑐[𝜌(𝑟)]                            (II.30) 

Here, 𝑇0[𝜌] is the kinetic energy of the non-interacting reference system, while 𝐸0[𝜌] 

represents the correlation energy, accounting for the difference between the true interacting 

system and the non-interacting approximation.  

Where 𝑇0 [ρ(𝑟)]: The kinetic energy of non-interacting electron gas. 𝐸𝑐[𝜌(𝑟)] : the 

correlation energy that is neglected in the Hartree-Fock approximation. 

𝑉𝑖𝑛𝑡[ρ( 𝑟 )] =𝐸𝐻[𝜌(𝑟)] + (𝑉𝑖𝑛𝑡[ρ( 𝑟 )]-𝐸𝐻[𝜌(𝑟)])                 (I.31) 

= 𝐸𝐻[𝜌(𝑟)] + 𝐸𝑥[𝜌(𝑟)]                              (I.32) 
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Where𝐸𝐻[𝜌(𝑟)] : Term of Hartree.𝐸𝑥[𝜌(𝑟)]: Exchange energy that is neglected by Hartree. 

Then:  

𝐹[ρ(𝑟)]=𝑇0[𝜌(𝑟)] + 𝐸𝑐[𝜌(𝑟)] + 𝐸𝐻[𝜌(𝑟)] + 𝐸𝑥[𝜌(𝑟)]                  (II.33) 

𝐹[ρ(𝑟)] = 𝑇0[𝜌(𝑟)] + 𝐸𝐻[𝜌(𝑟)] + 𝐸𝑥𝑐                                        (II.34) 

Therefore, the functional energy of Hohenberg and Kohn can be expressed by the following 

equation:  

𝐸[𝜌(𝑟)] = 𝑇0[𝜌(𝑟)] + 𝐸𝐻[𝜌(𝑟)] + 𝐸𝑥𝑐[𝜌(𝑟)] + ∫ 𝜌(𝑟)𝑉𝑒𝑥𝑡(𝑟)𝑑𝑟           (II.35) 

With 𝐸𝑋𝐶[ρ(𝑟)]: Exchange-correlation energy, is due to the difference between the non-

interacting and the interacting kinetic energies as well as to the difference between real 

interaction energy and that of Hartree. The equations of Kohn and Sham that solve the 

problem is :  

[−
ℎ2

2𝑚𝑒
∇⃗⃗⃗𝑖

2 +  𝑉𝑒𝑓𝑓(𝑟 )] 𝜑𝑖(𝑟) = 𝜀𝑖𝜑𝑖(𝑟)     ,i=1,……N                 (II.36) 

Where there is one electron in each of the N orbitals 𝜑𝑖(𝑟), with the lowest eigenvalues𝜀𝑖 . 

The density of the auxiliary system is constructed from:   

ρ(𝑟) =  ∑ |φi  (r⃗)|2N
i=1                                      (II.37) 

 The effective potential is of the form: 

𝑉𝑒𝑓𝑓(𝑟) = 𝑉𝑒𝑥𝑡[𝜌(𝑟)] + 𝑉𝐻[𝜌(𝑟)] + 𝑉𝑥𝑐[𝜌(𝑟)]                  (II.38) 

With   

𝑉𝐻[𝜌(𝑟)] =
1

2
∫

𝑒2

4𝜋𝜀0

𝜌(𝑟′)

|𝑟 − 𝑟′|
𝑑3𝑟′: Hartree potential 

𝑉𝑥𝑐[𝜌(𝑟)] =
𝛿𝐸𝑥𝑐[ρ( 𝑟 )]

𝛿ρ( 𝑟 )
∶ Exchange − correlation potential 

So far, Density functional theory (DFT) provides, in principle, an exact framework for 

describing many-electron systems. However, for practical applications, it is necessary to 

introduce an explicit form for the exchange–correlation functional 𝐸𝑥𝑐[ρ( 𝑟 )], which is not 

known exactly. Therefore, approximations to 𝐸𝑥𝑐[ρ(r⃗)] are required, and these 

approximations are central to making DFT computationally feasible and widely applicable.. 
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2.3.4. Solving Kohn-Sham equations    

The Kohn–Sham equations provide a practical way to obtain the ground-state energy 

and electron density of a many-electron system using an independent-particle approach. 

However, these equations must be solved self-consistently, since the effective potential 

𝑉𝑒𝑓𝑓(𝑟 )  depends on the electron density ρ(𝑟) are closely related. This is usually done 

numerically through some self-consistent iteration as shown in Figure (01) 

Discovering an appropriate resolution can be achieved by adhering to these procedures: 

   Start with an initial guess for the electron density ρ(r⃗) . 

   Compute the effective potential 𝑉𝑒𝑓𝑓(r⃗).  

   Solve the Kohn–Sham equations to obtain single-particle eigenvalues and wave 

functions.  

   Construct a new electron density from the obtained wave functions.  

  Check the self-consistency condition by comparing the new density with the previous 

one.  

   If convergence is reached, compute physical quantities such as total energy and forces; 

otherwise, repeat the cycle. 

 

2.4.  Methodology 

In this section, we present the fundamental concepts of the linearized augmented 

plane wave method with local orbitals (LAPW+lo), including its different developments 

related to linearization, full-potential treatment, and the inclusion of local orbitals. We also 

discuss the treatment of the exchange–correlation potential using common approximations 

such as LDA, GGA, and GGA+mBJ. 

2.4.1. Augmented Plane Wave methods:  

Several computational approaches have been developed to determine the electronic, 

optical, thermal, and mechanical properties of materials. These methods can be classified 

into three main categories: 

 Empirical methods: based on experimental data and fitted parameters derived from 

observations.  

 Semi-empirical methods: combine experimental data with theoretical models to predict 

properties efficiently, even for large systems.  
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 Ab initio methods: rely solely on fundamental physical principles, without requiring 

empirical input.  

In recent years, ab initio methods—also known as “first-principles methods”—have 

become widely used. Among them, the Full-potential linearized augmented plane wave 

method (FP-LAPW), developed by Olle Andersen [15], is one of the most accurate 

techniques. It is an improved version of the earlier augmented plane wave method (APW), 

offering enhanced precision in electronic structure calculations. 

2.4.1.1. APW method: 

The Augmented Plane Wave (APW) method is one of the most widely used 

approaches for solving the electronic structure problem within the framework of the Kohn–

Sham (KS) equations. It was first introduced by Slater in 1937 [9, 16]. The central idea of 

this method is based on the observation that the behavior of electrons depends strongly on 

their distance from the atomic nuclei. In regions far from the nuclei, the potential varies 

slowly and electrons behave almost as free particles, making plane waves an appropriate 

basis. In contrast, in the vicinity of atomic nuclei, the potential becomes strongly varying 

and electrons exhibit atomic-like behavior, which is better described using localized atomic-

type functions. 

To account for this dual character, space is divided into two distinct regions: non-

overlapping spherical regions centered on each atom with radius 𝑅𝛼 , known as muffin-tin 

spheres 𝑆𝛼, and the remaining volume between these spheres, referred to as the interstitial 

region III [9].  

Within this framework, the APW basis function is defined as: 

𝜙(𝑟) = {
𝜑𝑖(𝑟) =  

1

Ω
1
2

∑ 𝐶𝐺𝐺 𝑒𝑖(𝑘⃗⃗+𝐺⃗)𝑟𝑟 > 𝑅𝛼

𝜑𝑠(𝑟) =  ∑ 𝐴𝑙𝑚𝑈𝑙
𝛼(𝑟, 𝐸𝑙)𝑌𝑙𝑚(𝑟)𝑙𝑚 𝑟 < 𝑅𝛼

              (II.39) 

From (II.1) 𝜑 is the wave function, Ω is the unit cell volume,  𝐶𝐺 and 𝐴𝑙𝑚are expansion 

coefficients , 𝑌𝑙,𝑚are spherical harmonics ;𝑈𝑙
𝛼is the numerical solution to the 

radialSchrödinger equation which is given by: 

{−
𝑑2

𝑑𝑟2
+  

𝑙(𝑙+1)

𝑟2
+  𝑉(𝑟) −  𝐸𝑛𝑙} 𝑟𝑈𝑙(𝑟) = 0                                 (II.40) 

Slater’s approach relies on the fact that plane waves are suitable solutions of the Schrödinger 

equation in regions of nearly constant potential, whereas radial functions provide accurate 

solutions in the spherically symmetric potential near atomic cores. To ensure physical 
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consistency, the basis functions must be continuous at the muffin-tin boundaries. In the APW 

formalism, this continuity condition is enforced by determining the radial functions 𝑈𝑙
𝛼 

through the coefficients 𝐶𝐺 obtained from the plane-wave expansion inside the spherical 

regions. 

 

 

 

 

 

 

 

 

Within the APW formalism, basis functions are constructed to be continuous across 

the entire crystal volume, including both the interstitial region and the muffin-tin spheres. 

Although this method is widely used for calculating structural, electronic, optical, and 

magnetic properties of solids, it presents several inherent limitations. 

One major restriction is its reliance on the spherical muffin-tin approximation, which 

assumes a spherically symmetric potential within atomic spheres and a constant potential in 

the interstitial region. This approximation can limit the method’s accuracy for systems where 

the potential deviates significantly from spherical symmetry. 

Another important drawback arises from the behavior of the basis functions at the 

muffin-tin boundary. In the original APW formulation, the wave functions themselves 

remain continuous, but their derivatives are generally discontinuous at the sphere 

boundaries, leading to a “kink” in the basis representation. 

Furthermore, the radial function 𝑈𝑙
𝛼(𝑟, 𝐸𝑙) depends explicitly on the energy, which 

introduces a nonlinear eigenvalue problem. This energy dependence complicates the 

numerical solution of the Kohn–Sham equations and may lead to convergence difficulties, 

particularly in cases where 𝑈𝑙
𝛼 becomes very small near the boundary of empty spheres. 

To overcome these limitations, several improvements and reformulations of the 

original APW method have been proposed, most notably by Koe0lling [17]and Andersen 

[15, 18], leading to more stable and efficient variants of the method. 

 

 

 

 

 

 

 

 

 

 

Interstitiel(I)                             interstitiel(I) 

Sphere (α)  
Sphere(α) 

 

Figure 2-1: Adaptation of the basis set by dividing the unit cell into atomic spheres and interstitial 
regions. 
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2.4.1.2. LAPW: 

To overcome the difficulties associated with the original APW method—particularly 

the discontinuity of the derivative of the basis functions at the muffin-tin boundary 

separating the interstitial and atomic (co0re) regions—linearized methods were developed 

in the mid-1970s. These approaches were pioneered by Andersen and Koelling together with 

Arbman [15, 17], building on an idea originally proposed by Marcus. The key improvement 

introduced by Andersen consists in linearizing the energy dependence of the radial functions 

within the muffin-tin spheres. 

In the Linearized Augmented Plane Wave (LAPW) method, the basis functions inside the 

muffin-tin (MT) spheres are constructed as linear combinations of the radial solution 

𝑈𝑙(𝑟, 𝐸𝑙) and its energy d0erivative 𝑈̇𝑙(𝑟, 𝐸𝑙).The basis functions are defined as: 

𝜙(𝑟) = {
𝜑𝑖(𝑟) =  

1

Ω
1
2

∑ 𝐶𝐺𝐺 𝑒𝑖(𝑘⃗⃗+𝐺⃗)𝑟𝑟 > 𝑅

𝜑𝑠(𝑟) =  ∑ [𝐴𝑙𝑚𝑈𝑙(𝑟, 𝐸0) + 𝐵𝑙𝑚𝑈̇𝑙(𝑟, 𝐸0)]𝑌𝑙𝑚(𝑟)𝑙𝑚 𝑟 < 𝑅
             (II.41)   

where the 𝐵𝑙𝑚 coefficients for the energy derivative analogous to the𝐴𝑙𝑚.The basis functions 

inside the spheres are linear combinations of a radial functions 𝑈𝑙(𝑟)𝑌𝑙𝑚(𝑟)and their energy 

derivatives 𝑈̇𝑙(𝑟)𝑌𝑙𝑚(𝑟) are the augmenting functions. The 𝑈𝑙 are defined as in the APW 

method equation (II.1) and the energy derivative, 𝑈̇𝑙(𝑟)𝑌𝑙𝑚(𝑟), satisfies the following 

equation: 

{−
𝑑2

𝑑𝑟2
+  

𝑙(𝑙+1)

𝑟2
+  𝑉(𝑟) −  𝐸𝑙} 𝑟𝑈̇𝑙(𝑟) = 0                      (II.42) 

In contrast to the APW method, where only plane waves are used in the interstitial region, 

the LAPW method retains plane waves in the interstitial region but employs a more flexible 

basis inside the muffin-tin spheres through the inclusion of both radial functions and their 

energy derivatives. 

This construction can be interpreted as a first-order Taylor expansion of the radial function 

around a chosen linearization energy 𝐸𝑙: 

𝑈𝑙(𝑟, 𝐸) = 𝑈𝑙(𝑟, 𝐸𝑙) + (𝐸 − 𝐸0)𝑈̇𝑙(𝑟 − 𝐸0) + 𝑂((𝐸 − 𝐸𝑙)
2)              (II.43) 

While𝑈̇𝑙(𝑟, 𝐸0) =  
𝜕𝑈𝑙(𝑟)

𝜕𝐸
                                             (II.44) 

As a result of this linearization, the basis set becomes energy-independent, which removes 

the nonlinear eigenvalue problem present in the APW method. The remaining approximation 

introduces an error that is quadratic in (𝐸−𝐸𝑙), leading to eigenvalue errors of fourth order. 
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Consequently, the LAPW method provides improved numerical stability and ensures both 

the continuity of the wave function and its derivative at the muffin-tin boundary. 

2.4.1.3. APW+LO method: 

The APW basis can be further improved by introducing local orbitals, leading to the 

so-called APW+lo method proposed by Sjöstedt et al [19]. This approach enhances the 

original APW formalism by increasing the flexibility of the basis set through the addition of 

local orbitals (lo), while maintaining a computational efficiency comparable to APW. In 

contrast to LAPW [20], where energy derivatives are included for all angular momentum 

channels, the APW+lo method introduces these additional functions only for selected 

quantum numbers. 

In this scheme, the basis functions are defined differently inside and outside the muffin-tin 

(MT) spheres: 

𝜙(𝑟) = {
0                                                                              𝑟 > 𝑅𝛼

[𝐴𝑙𝑚𝑈𝑙(𝑟, 𝐸𝑙) + 𝐵𝑙𝑚𝑈̇𝑙(𝑟, 𝐸𝑙)]𝑌𝑙𝑚(𝑟)           𝑟 < 𝑅𝛼
                     ( II.45) 

In this formulation, the coefficients 𝐴𝑙𝑚and 𝐵𝑙𝑚 are determined by enforcing the matching 

conditions at the muffin-tin boundary. Unlike LAPW, the energy derivative function 𝑈̇𝑙 is 

not included for all plane-wave expansions but is introduced selectively as local orbitals for 

specific angular momentum channels where additional variational flexibility is required. 

This selective use of local orbitals improves the efficiency of the basis set. In 

particular, APW+lo often achieves faster convergence than LAPW while maintaining 

comparable accuracy for many systems. However, as with LAPW, the method still relies on 

an energy linearization around a chosen reference energy, and questions regarding the 

accuracy of this linearization remain relevant, particularly in cases involving strongly 

varying electronic states [17]. 

2.4.2.  Exchange-potential correlation: 

2.4.2.1.  Local density approximation (LDA) : 

The Local Density Approximation (LDA), introduced by Walter Kohn and Lu Jeu 

Sham in 1965 [13], is one of the most widely used approximations in density functional 

theory (DFT). This approach is based on the assumption that the electron density at each 

point in space can be treated locally as that of a homogeneous (uniform) electron gas. 

Within this approximation, the exchange–correlation energy at a given point depends only 

on the value of the electron density at that point, and is assumed to be equal to the exchange–
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correlation energy density of a uniform electron gas with the same density. This leads to the 

following expression for the exchange–correlation energy functional: 

𝐸𝑥𝑐
𝐿𝐷𝐴[ρ( 𝑟 )] = ∫ ρ( 𝑟 ) 𝜀𝑥𝑐

ℎ𝑜𝑚[ρ( 𝑟 )]𝑑3𝑟                           (II.46) 

Wherexc
hom [ρ( 𝑟 )] : The exchange-correlation energy per particle. The exchange-

correlation potential is then given by: 

𝑉𝑥𝑐[𝜌(𝑟)] =
𝛿𝐸𝑥𝑐[ρ( 𝑟 )]

𝛿ρ( 𝑟 )
= 𝜀𝑥𝑐

ℎ𝑜𝑚[( 𝑟 )]+ρ( 𝑟 )
𝛿𝜀𝑥𝑐

ℎ𝑜𝑚[ρ( 𝑟 )]

𝛿ρ( 𝑟 )
                       (II.47) 

For practical use of the LDA in calculations it is necessary to determine the exchange-

correlation energy for a uniform electron gas of a given density. It is common to 

split 𝜀𝑥𝑐(ρ( 𝑟 )) into exchange and correlation potentials 

𝜀𝑥𝑐(ρ( 𝑟 )) = 𝜀𝑥(ρ( 𝑟 )) + 𝜀𝑐(ρ( 𝑟 ))                               (II.48) 

The exchange term, commonly referred to Dirac's exchange[21] (symbolized by S, means 

that this expression was taken over by Slater)  

𝜀𝑥
𝑠(ρ( 𝑟 ))=−

3

4
(

3𝜌(𝑟)

𝜋
 )1/3                                     (II.49) 

The exactly Accurate values for 𝜀𝑥
𝑠(ρ( 𝑟 )) have been determined from Quantum Monte 

Carlo (QMC) calculations These have then been interpolated to provide an analytic form for  

𝜀𝑐(ρ( 𝑟 )). 

2.4.2.2. Generalized gradient approximations (GGA): 

As previously discussed, the Local Density Approximation (LDA) neglects the 

inhomogeneity of the real electron density. This limitation motivated the development of the 

Generalized Gradient Approximation (GGA), which incorporates not only the local value of 

the electron density but also its spatial variation through the density gradient. 

In GGA, the exchange–correlation energy is expressed as a functional depending on 

both the electron density ρ(r⃗)  and its gradient |∇⃗⃗⃗𝜌(𝑟)| : 

𝐸𝑥𝑐
𝐺𝐺𝐴 (ρ( 𝑟 ) ) = ∫ ⨍𝑥𝑐 [ρ(𝑟), ∇ρ(𝑟)]d3r⃗                                     (II.50) 

The specific form of the function fxc distinguishes the different GGA functionals. Among the 

most widely used are those proposed by Axel Becke[22], John Perdew and collaborators 

[23], as well as the well-known Perdew–Burke–Ernzerhof functional (PBE) [24]. 

In general, GGA provides improved predictions over LDA for many physical 

properties, such as bond lengths, binding energies, and lattice constants, particularly in 
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systems where the electron density varies rapidly. However, GGA may sometimes 

overcorrect LDA results. For example, in certain ionic crystals, LDA yields lattice 

parameters in good agreement with experimental data, whereas GGA tends to slightly 

overestimate them. 

Despite these improvements, both LDA and GGA remain insufficient for describing systems 

with strong electron localization and correlation, such as transition metal oxides and rare-

earth compounds. This limitation has led to the development of more advanced approaches 

beyond standard LDA and GGA. 

2.4.2.3. GGA+mBJ: 

To improve the accuracy of band gap predictions within density functional theory, 

Fabien Tran and Peter Blaha [25, 26] proposed a modified version of the Becke–Johnson 

exchange potential [16], known as the modified Becke–Johnson (mBJ) potential . The mBJ 

approximation enhances the description of the exchange potential, leading to a significant 

improvement in the calculated band gaps. Unlike LDA and GGA, which typically 

underestimate band gaps, the mBJ approach generally produces values that are much closer 

to experimental results [9]. 

This method has proven effective across a wide range of materials, including 

semiconductors with small band gaps and insulators with large gaps. As a result, the 

GGA+mBJ scheme has become a popular and efficient alternative for band structure 

calculations when accurate gap estimation is required. 
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3.1. Introduction 

The rise of soft chemistry emerged during the 1974 energy crisis. At that time, the 

scientific community sought to employ synthesis methods that consume less energy to create 

materials. This approach benefited from advances in analytical instrumentation. Thanks to 

these developments, scientists were able to examine materials in detail, for example using 

electron microscopes.[1] 

Solid-state chemistry offers numerous methods for producing materials such as mixed 

oxides. spinels, perovskites, and pyrochlores are examples of such materials. The properties 

of these materials, including their structure and morphology, depend on the preparation 

method. Synthesis conditions and the temperature employed also play an important role[1]. 

3.2. Co-precipitation 

Co-precipitation is a soft-chemistry method that differs from other approaches such as 

precursor decomposition, microemulsions, or the sol–gel process. It enables the production 

of large quantities of powders and the attainment of grain sizes on the nanometer scale.  

To obtain powders with controlled particle size distribution, precise stoichiometry, and 

high purity, two main steps must be followed. The first step is the precipitation itself, which 

constitutes the fundamental stage of soft chemistry. It allows either the direct formation of 

the desired mixed oxide or the generation of precursors composed of oxides or hydroxides 

of the involved metals. The second step consists of one or more thermal treatments, which 

are necessary to remove adsorbed residues on the particle surface and to achieve the 

formation of the final desired compound[2]. 

The control of morphology, particle size, and size distribution of particles obtained by 

co-precipitation depends on the mastery of the different kinetic stages of the process. These 

stages include the formation of a precursor capable of condensation, nucleation, the growth 

of nuclei through condensation, and particle aging. 

The control of these steps is ensured by regulating key experimental parameters such 

as pH, reactant concentration, and temperature[3]. 
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3.3. Solid-State Reaction Synthesis 

Solid-state reaction is the most classical preparation method and is still widely used in 

industry. It consists of mixing several solid oxides and heating them at temperatures below 

their melting points, so that the chemical reaction proceeds entirely in the solid state[4]. 

This reaction begins at the interfaces between solid grains and progresses through the 

diffusion of reactive species from the core of the particles toward the interfacial regions. An 

increase in temperature enhances this diffusion phenomenon, which is generally the rate-

limiting step of the process[5, 6]. 

Despite its simplicity and widespread use, this method presents several drawbacks. 

Among these is a relatively slow reaction kinetics, which strongly depends on thermal 

conditions such as the heating rate and annealing time. Another limitation is the requirement 

for high temperatures, leading to significant energy consumption. Finally, chemical 

homogeneity may sometimes be insufficient, resulting in a final product whose composition 

deviates from the targeted stoichiometry[6]. 

3.4. Sol–gel method 

The term “sol–gel” originates from the combination of the words “solution” and 

“gelation.” Before transforming into a gel, the mixture is liquid and consists of colloidal 

oligomers, small macromolecules, and partially hydrolyzed monomers, depending on the 

degree of polymerization. This stable dispersion of colloidal particles in a liquid is called a 

“sol.” The particle size must be sufficiently small for dispersive forces to overcome gravity, 

even when the particles are denser than the surrounding medium [7]. 

A gel is a three-dimensional oxide network filled with solvent. Its mechanical cohesion 

is ensured by chemical bonds that impart a certain rigidity to the material. This network 

forms through interactions of the Van der Waals type. The transition from the “sol” state to 

the “gel” state occurs over a period known as the gelation time. However, the reactions 

responsible for gelation continue even beyond this point[8]. 

Two main approaches can be identified for synthesizing materials via the sol–gel method: 

 The first approach is referred to as the inorganic or colloidal method. It uses metal 

salts such as chlorides or nitrates in an aqueous solution. Although this approach is 

inexpensive, it is difficult to control, which limits its applications.  

 The second approach is known as the metallo-organic or polymeric method. It 

employs metal alkoxides in an organic medium. This method is more costly, but it 

provides better control over particle size.  
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In both cases, the process begins with a hydrolysis reaction that forms M–OH groups, 

followed by condensation reactions that produce M–O–M bonds. 

Materials obtained by this method exhibit high purity, excellent homogeneity, high 

density, and a large specific surface area. The grain size can be extremely fine, below 10 nm, 

and the temperatures required for synthesis are relatively low[9] 
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CHAPTER IV                                                           RESULTS AND DISCUSSIONS 

4.1. Introduction 

Spinel oxides with the general formula AB₂O₄ represent a highly versatile and 

extensively studied class of crystalline materials, distinguished by their robust cubic or 

tetragonal lattice structures, which give rise a wide spectrum of functional properties, 

including magnetic, electronic, optical, and catalytic behaviors [1-6]. Their broad 

applicability across domains such as catalysis, magnetism, energy storage, and electronic 

devices stems largely from the intrinsic crystallographic flexibility of the spinel 

framework[7-9]. 

This versatility arises from the structure’s ability to host a diverse range of cationic 

species within specific crystallographic sites namely, the tetrahedral (A) and octahedral (B) 

positions. Such flexibility allows for precise control over the electronic configuration, 

magnetic coupling, and ionic transport properties, enabling systematic tuning of material 

behavior to meet application-specific requirements[10]. 

Structurally, most spinel compounds crystallize in the cubic Fd-3m space group, 

adopting the so-called normal spinel configuration, wherein A-site cations occupy 

tetrahedral sites, and B-site cations are coordinated octahedrally within the oxygen sublattice 

[11]. This ordered yet flexible cationic arrangement forms a stable structural backbone that 

supports extensive cation substitution, making spinels a powerful platform for rational 

materials design [12-14].  

Among these compounds, CuMn₂O₄ has attracted significant attention due to its 

multifunctional characteristics, including structural complexity, electrical conductivity, 

catalytic activity, and magnetic ordering. Fang et al. [15] demonstrated its effectiveness in 

NH₃–SCR catalysis, citing high Mn³⁺ content and synergistic Cu–Mn interactions as key 

contributors to NOₓ conversion. Patra et al. [16] found that Ti-doped CuMn₂O₄ transitions 

from ferrimagnetic (~76 K) to spin-glass behavior. Al-Hadded et al. [17] observed cluster-

glass dynamics at ~40 K and a ferromagnetic transition at ~80 K in Cu₁.₅Mn₁.₅O₄, 

accompanied by a magnetic entropy change suitable for magnetic refrigeration. Recently, 

CuMn₂O₄ has also been reported as an efficient catalyst for the aerobic oxidation of 5 -

hydroxymethylfurfural to FDCA with a 92% yield, attributed to Mn-rich surfaces and dual-

valence states (Cu²⁺/Cu⁺, Mn⁴⁺/Mn³⁺) [18]. 
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In this work, we conduct a combined theoretical and experimental study of CuMn₂O₄ 

normal spinel. First-principles calculations based on the Full-Potential Linearized 

Augmented Plane Wave (FP-LAPW) [19]method within the density functional theory (DFT) 

framework are used to investigate structural stability, electronic structure, and magnetic 

behaviour. Additionally, experimental synthesis and X-ray diffraction (XRD) measurements 

are carried out to validate the theoretical models and gain deeper insight into the structural 

properties of this spinel-type material. 

4.2. Experimental methods:  

4.2.1.  Synthesis of CuMn2O4  

CuMn2O4 spinel oxide was synthesized using sol-gel-based method: For the 

preparation of CuMn₂O₄ , a conventional sol-gel route was employed [20, 21]. 

Stoichiometric amounts of copper nitrate trihydrate (Cu(NO₃)₂•3H₂O, 99+%, Sigma Aldrich, 

USA) and manganese nitrate tetrahydrate Mn(NO₃)₂•4H₂O, 98+%, Sigma Aldrich, USA) 

were dissolved in 50 mL of distilled water under continuous stirring. Citric acid was then 

added as a chelating agent, with a molar ratio of 1:2 relative to the total metal cations. The 

resulting solution was heated at 85 °C until a viscous gel get formed, followed by drying at 

120 °C for 12 h to obtain a xerogel. The precursor was decomposed at 350 °C in air for 3 h 

and allowed to cool to room temperature. The obtained intermediate was finely ground in an 

agate mortar and subsequently calcined at 800 °C for 2 h. Finally, the product was reground 

to obtain homogeneous CuMn₂O₄ powder. 

4.2.2. Characterization Technique 

The crystal structure and phase purity of the synthesized powders were investigated 

by X-ray diffraction (XRD) using a Rigaku D-Max/B diffractometer equipped with a Cu-

Kα radiation source (λ = 0.15406$ nm). The diffraction patterns were recorded over a 2θ 

range of 20°–80° with a step size of 0.02°. The obtained data was used to confirm the 

formation of the spinel phase and to calculate the lattice parameters. 
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4.3. Computational Details 

First-principles calculations were carried out using the full-potential linearized 

augmented plane wave (FP-LAPW) method[22] within the density functional theory (DFT) 

framework[23, 24], as implemented in the WIEN2k code[25]. The generalized gradient 

approximation (GGA)[26] was employed for structural optimization, while both GGA and 

GGA combined with the modified Becke–Johnson potential (GGA+mBJ)[27] were used to 

investigate the electronic and magnetic properties. For all studied compounds, the plane-

wave cutoff parameter was set to RKmax = 8, with an angular momentum cutoff of lmax= 10 

inside the muffin-tin spheres, and a Fourier expansion cutoff of Gmax = 12 a.u-1. The energy 

separation between core and valence states was set to 7 Ry. The muffin-tin radii were chosen 

as 1.95 a.u. for Cu, 1.89 a.u. for Mn and 1.63 a.u. for O atoms. The convergence criteria for 

self-consistency were set to 10−5 Ry for total energy, 10−4 e for charge, and 0.1 mRy/a.u. for 

atomic forces. 

4.4. Results and Discussions 

4.4.1. Experimental results: X-ray Diffraction 

The obtained XRD patterns, which confirm the formation of the CuMn2O4, and 

CoCuMnO4 spinel phases, are shown in Figures 1 and 2. 

 

Figure 4 1: XRD pattern of CuMn₂O₄. Single-phase cubic spinel (Fd-3m, a = 8.28 Å). (311) 

reflection used as structural constraint for FP-LAPW calculations 
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The structural characterization of CuMn₂O₄ using X-ray diffraction (XRD) confirms the 

successful formation of a single-phase cubic spinel structure belonging to the Fd3m space 

group. All observed diffraction peaks are well indexed to this structure, indicating high 

crystallinity and phase purity. A key structural parameter, the lattice constant (a), was 

determined using the most intense diffraction peaks, particularly the (311) and (440) planes. 

The calculated value is: a = 8.28 Å , this value is in excellent agreement with reported 

literature values (8.28–8.33 Å), confirming that the synthesized material is stoichiometric 

and structurally consistent with standard copper manganite spinels. 

Importantly, the XRD pattern shows no secondary phases, as evidenced by the absence 

of impurity peaks such as: Mn₂O₃ (~33°)  ,CuO (~38.7°)  this confirms that the synthesis 

method successfully produced a pure CuMn₂O₄ phase without oxide segregation. 

Further structural insight is obtained from the oxygen positional parameter (u = 0.260). 

This value slightly deviates from the ideal spinel value (~0.25), indicating a distortion in the 

lattice. This distortion is attributed to the Jahn–Teller effect of Cu²⁺ ions, which induces 

local structural deformation due to electronic instability in the d-orbitals. As a result, oxygen 

ions shift from their ideal positions, leading to a non-perfect cubic symmetry at the local 

scale. On the microstructural level, the average crystallite size was estimated using 

Scherrer’s equation applied to the (311) peak. The result shows: Crystallite size ≈ 32.3 nm, 

this nanoscale size suggests a relatively fine microstructure, which can significantly 

influence physical properties such as magnetic behavior and electrical conductivity 

 

Table 4- 1: Comparative Structural and Microstructural Parameters of the Synthesized 

Spinel. 

Sample Reflection 

(hkl) 

Position 2θ 

(∘) 

d-spacing 

(Å) 

FWHM 

(∘) 

Lattice 

Parameter a (Å) 

CuMn2O4 (311) 35.79 2.507 0.27 8.28 

4.4.2. Theoretical Results 

4.4.2.1. Calculated Structural Parameters: Theoretical lattice parameters and 

atomic positions 

        To comprehend the theoretical investigation of the structural properties of CuMn₂O₄, 

calculations were performed using first-principles methods within the Generalized Gradient 

Approximation (GGA) framework [22], as implemented in the Wien2k code [23]. The 

calculated lattice parameters demonstrate excellent agreement with our experimental data 

obtained via XRD, thereby validating the computational approach employed. 
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Analysis of the oxygen positional parameter (‘u’) reveals subtle yet significant 

distortions from the ideal spinel structure. Furthermore, variations in the bulk modulus (B) 

provide insight into the mechanical response and incompressibility of the material. The 

analysis of total energy contributes to understanding the thermodynamic stability of the 

compound. These findings offer critical atomic-level insights into the fundamental structural 

characteristics of this technologically relevant spinel material. 

           Structurally, spinels are based on a cubic close-packed (c.c.p.) array of oxygen anions, 

with A and B cations occupying specific interstitial sites. Specifically, A cations typically 

occupy one-eighth of the tetrahedrally (T) coordinated sites, while B cations occupy one-

half of the octahedrally (M) coordinated sites. Understanding the precise structural 

parameters, including lattice constants and atomic positions, is fundamental, as these 

parameters determine interatomic distances and bond angles, which in turn govern the 

electronic structure, bonding characteristics, and ultimately the macroscopic physical 

properties of the material under various conditions [24]. 

          This investigation focuses on the structural properties of CuMn₂O₄. Figure 3 illustrates 

the crystal structure of the studied spinel compound. The compound is known to adopt a 

normal spinel structure. A detailed analysis of its structural parameters is essential to 

elucidate its intrinsic properties and to provide a solid foundation for further theoretical and 

experimental studies. 

 
Figure 4-2: Crystal structures of CuMn2O4 Spinel Compounds 

To determine the equilibrium structural parameters, comprehensive structural optimizations 

were carried out for CuMn₂O₄. This involved minimizing the total energy of the system with 

respect to both the unit cell volume and the internal atomic positions. 

The resulting energy–volume curve (as shown in Figure 4), which exhibits a clear minimum, 

was then fitted to the Birch–Murnaghan equation of state [22, 23] to accurately determine 
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the equilibrium lattice parameter, bulk modulus, and its pressure derivative, thereby 

confirming the structural stability at the equilibrium volume. 

Typical convergence criteria for energy, forces, and charge density were rigorously applied 

to ensure the accuracy and reliability of the calculated results. 

 
Figure 4 3: Energy–Volume Curves of CuMn₂O₄ Normal Spinel 

The structural properties derived from the Generalized Gradient Approximation 

(GGA) calculations using the Wien2k code, alongside our experimental data obtained via 

XRD, are summarized in Table 2. This table provides a consolidated view of the lattice 

parameter (a), oxygen positional parameter (u), bulk modulus (B), and its pressure derivative 

(B') for the studied spinel compound. 

 

Table 4- 2: Calculated (GGA) and Experimental Structural Parameters of CuMn2O4 Spinel 
Compound 

 

 

        The calculated lattice parameter provides a fundamental measure of the unit cell 

dimensions for CuMn2O4, the GGA lattice parameter of 15.66 Bohr shows very good 

agreement with the experimental value of 15.69 Bohr obtained via XRD. This agreement 

confirms the reliability of the computational approach. It is well known that GGA 

calculations may slightly overestimate lattice parameters; however, the small deviation 

observed here indicates that the chosen computational setup provides an accurate description 

of the structural properties of this spinel system. 

The oxygen positional parameter, denoted as 'u', is a key structural descriptor in 

spinel compounds. In the ideal spinel structure, 'u' equals 0.25. Any deviation from this value 

Compounds a(Bohr) U B B’ 

CuMn2O4 GGA : 15.66 

Exp :   15.69 

15,769[28] 

0.265 

0.261 

179.9732 7.6033 
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reflects structural distortion from the ideal cubic close-packed arrangement. The calculated 

value of u for CuMn₂O₄ is 0.265, which is slightly higher than the experimental value (0.261) 

and greater than the ideal value. This indicates a noticeable distortion of the oxygen 

sublattice, leading to modifications in bond lengths and angles within the structure. Such 

deviations are generally associated with distortions in the octahedral coordination 

environment and shifts in oxygen positions. 

The bulk modulus (B) is is an essential mechanical parameter that characterizes the 

resistance of a material to uniform compression. For CuMn₂O₄, the calculated bulk modulus 

is 179.97 GPa, indicating a relatively good resistance to compression. The pressure 

derivative of the bulk modulus (B′ = 7.60) suggests that the material becomes stiffer under 

increasing pressure. 

The relationship between the oxygen positional parameter (u) and the mechanical 

properties provides additional insight into the structure–property interplay. Although an 

increase in u generally reflects structural distortion, its influence on the bulk modulus is not 

strictly linear. This indicates that, beyond structural distortion, other factors such as cation–

oxygen bond strength, ionic radii, and local coordination environments significantly 

contribute to the mechanical behavior of the material. 

Overall, the obtained results demonstrate that the structural properties of CuMn₂O₄ 

are strongly governed by subtle atomic-scale distortions and bonding characteristics. The 

good agreement between theoretical and experimental data validates the computational 

methodology and provides a solid basis for further investigations of spinel materials. 

4.4.2.2. Electronic Properties 

The spin-polarized band structures of CuMn2O₄, calculated within the GGA and 

GGA+mBJ schemes are presented in Fig. 5 and Fig. 6. Within GGA approximation, a 

pronounced spin-dependent electronic response is obtained in one spin channel, the valence-

band maximum reached the Fermi level (yielding essentially a zero band gap), while in the 

opposite spin channel, the bands cross the Fermi level. This indicates that CuMn2O₄ is 

metallic with ferromagnetic character. 

When the mBJ potential is included GGA+mBJ, CuMn2O₄ retains a metallic 

character in one spin direction, whereas the other spin channel becomes semiconducting with 

an energy gap of 1.09 eV, confirming its half-metallic character. 
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This transition from a ferromagnetic metal (GGA) to a half-metallic ferromagnet 

(GGA+mBJ) demonstrates that the half-metallicity in CuMn₂O₄ is sensitive to the exchange–

correlation treatment but becomes well stabilized when self-interaction errors are reduced. 

The resulting electronic structure yields 100% spin polarization at the Fermi level, which is 

a defining characteristic of half-metallic materials. This half-metallicity originates from the 

strong exchange splitting induced by the Cu and Mn cations occupying different 

crystallographic sites in the spinel structure. In the metallic spin channel, the states crossing 

the Fermi level are mainly derived from Mn-3d orbitals hybridized with O-2p states, while 

in the semiconducting spin channel the Cu-3d states are pushed away from the Fermi level 

due to crystal-field effects and exchange interactions. 
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Figure 4 4: Spin-polarized band structures of Mn₂CuO₄ calculated using GGA and GGA+mBJ 
approximations 
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5. 

 

Figure 4 5: Spin-polarized total and atomic densities of states for Mn₂CuO₄ calculated using GGA 
and GGA+mBJ approximations. 
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4.4.2.3.Magnetic Properties 

The calculated spin magnetic moments, as reported in Table 2, reveal a robust spin 

polarization consistent with the spin-resolved band structures. The integer total magnetic 

moments of 10 μB for CuMn₂O₄, indicates a quantized spin-dependent electronic structure, 

as expected for half-metallic systems. 

The magnetization is mainly carried by Mn ions located on the octahedral sublattice. 

This observation is in agreement with the projected density of states (PDOS), which shows 

that Mn-3d states, hybridized with O-2p orbitals, dominate near the Fermi level. In contrast, 

the Cu magnetic moment inside the muffin-tin sphere remains relatively small, which can 

be attributed to strong covalency and partial delocalization of the magnetic moment. 

Additionally, the interstitial region contributes non-negligibly to the total 

magnetization, indicating that a fraction of the spin density is delocalized outside the atomic 

spheres. This behavior is typical of transition metal oxides with significant hybridization 

between metal d-states and oxygen p-states. 

Overall, the magnetic behavior of CuMn₂O₄ is governed by strong exchange 

interactions and spin polarization effects, leading to a stable half-metallic ferromagnetic 

state. 

Table 4- 3: Calculated site-resolved spin magnetic moments (in μB) for CuMn₂O₄ spinel 

compound 

Compounds Co Cu Mn O Interstitiel Total 

CuMn2O4 // 0.15337 2.20410 0.06841 0.32968 10.00007 
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 CONCLSIONS 

In this comprehensive investigation, we successfully demonstrated the crucial role of 

cation arrangement and transition-metal interactions in determining the structural, 

electronic, and magnetic properties of the spinel oxide CuMn₂O₄ through the combined use 

of experimental synthesis and first-principles FP-LAPW calculations within the GGA+mBJ 

framework. The successful preparation of single-phase cubic CuMn₂O₄ by the sol–gel 

method, together with the excellent agreement between experimental XRD refinements and 

theoretical structural optimization, confirms the reliability of the adopted computational and 

experimental approaches. 

The electronic structure analysis revealed that CuMn₂O₄ exhibits a ferromagnetic 

half-metallic character, characterized by metallic behavior in one spin channel and 

semiconducting behavior in the opposite channel with a band gap of 1.09 eV. This half-

metallic nature originates mainly from the strong hybridization between Cu-3d, Mn-3d, and 

O-2p states near the Fermi level, emphasizing the important contribution of transition-metal–

oxygen interactions in controlling the electronic transport properties. Moreover, the 

calculated integer total magnetic moment of 10 μB provides clear evidence of complete spin 

polarization, confirming the suitability of CuMn₂O₄ for spintronic applications requiring 

highly spin-polarized currents. 

Furthermore, the present study highlights the influence of Jahn–Teller distortions 

associated with Cu²⁺ ions on the stabilization of the magnetic and electronic ground state of 

the spinel lattice. The obtained results establish CuMn₂O₄ as a promising candidate for future 

spintronic devices such as spin injectors, magnetic tunnel junctions, and spin valves. Beyond 

its technological relevance, this work provides valuable insight into the interplay between 

crystal structure, magnetism, and electronic behavior in transition-metal spinels, offering a 

solid framework for the rational design of advanced functional oxide material



  

 

 

Abstract  

This dissertation presents an experimental and theoretical study of the spinel oxide 

CuMn₂O₄. The compound was synthesized by the sol–gel method and structurally 

characterized by X-ray diffraction, confirming a single-phase cubic spinel structure. First-

principles FP-LAPW calculations within the GGA+mBJ approximation were performed to 

investigate its electronic and magnetic properties. The results reveal that CuMn₂O₄ exhibits 

a ferromagnetic half-metallic behavior with a spin-dependent band gap of 1.09 eV and an 

integer magnetic moment of 10 μB, indicating complete spin polarization. The electronic and 

magnetic properties are mainly governed by the hybridization between Cu-3d, Mn-3d, and 

O-2p states and by the Jahn–Teller effect associated with Cu²⁺ ions. These findings highlight 

the potential of CuMn₂O₄ for spintronic applications 

Résumé 

Cette dissertation présente une étude expérimentale et théorique du spinelle CuMn₂O₄. Le 

composé a été synthétisé par la méthode sol–gel et caractérisé par diffraction des rayons X, 

confirmant une structure spinelle cubique monophasée. Des calculs FP-LAPW basés sur 

l’approximation GGA+mBJ ont été réalisés afin d’étudier ses propriétés électroniques et 

magnétiques. Les résultats montrent que CuMn₂O₄ possède un comportement demi-

métallique ferromagnétique avec une bande interdite dépendante du spin de 1,09 eV et un 

moment magnétique entier de 10 μB, indiquant une polarisation de spin totale. Les propriétés 

électroniques et magnétiques sont principalement influencées par l’hybridation entre les 

états Cu-3d, Mn-3d et O-2p ainsi que par l’effet Jahn–Teller associé aux ions Cu²⁺. Ces 

résultats soulignent le potentiel de CuMn₂O₄ pour les applications spintroniques. 

 ملخص

–تم تحضير المركب باستعمال طريقة السول.  .CuMn₂O₄سة تجريبية ونظرية لمركب السبينيدرا مذكرةتقدم هذه ال

 الأشعة السينية، مما أكد تشكل بنية سبينيلية مكعبة أحادية الطور. كما أجُريت حساباتتوصيف بنيته بواسطة حيود  جيل و

FP-LAPW ضمن تقريب GGA+mBJ أظهرت النتائج أن مركب .لدراسة خصائصه الإلكترونية والمغناطيسية 

CuMn₂O₄  1.09قدرها يمتلك سلوكاً نصف فلزي حديدي المغناطيسية مع فجوة طاقوية معتمدة على اللف المغزلي 

، مما يدل على استقطاب مغزلي كامل. وترجع هذه  Bμ 10إلكترون فولت وعزم مغناطيسي كلي صحيح يساوي 

وتبرز  ⁺Cu² تيلر المرتبط بأيونات–إضافة إلى تأثير يان O-2pو Mn-3dو Cu-3d الخصائص إلى التهجين بين حالات

 .هذه النتائج إمكانيات المركب في تطبيقات السبينترونيك

 

 

  


