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Notation

Notation
N Set of positive natural numbers
Ry Set of non negative real numbers
(Q,.7,P) Probability space
E Expectation with respect to PP
E=1{1,...,s} Finite state space
M Set of real matrix on E X E
Mg (N) Matrix-valued functions defined on N,

with values in .Zg
Z:= (Z})ken Semi-Markov chain
Z:=(Z)cnr+ Semi-Markov process (SMP)

(J,8) := (Jn,Sn)neny  Markov renewal chain (MRC)

J:= (Jn)nen Visited states, embedded Markov chain (EMC)
S = (Sy)nen Jump times
X = (Xy)nen Sojourn times
T Fixed censoring time
N(T) Number of jumps of Z in the time interval [1, 7|
Ni(T) Number of visits to state i of the EMC,
up to time T
N;;(T) Number of transitions from state i to state |

of the EMC, up to time T
N;j(k,T) Number of transitions from state i to state j of the

EMC, up to time T, with sojourn time in state 1

inferior or equal to t



Notation

P = (Pij)ijeE

q := (4ij(k))ije keN
Q= (Qij(k))i jeE keN
Q:=(Qij(1))i jeE rer+

f:= (fij(k))i jeE ke

F:=(F '(k))i,jeE,keN

F:= (F '(t))i,jeE,teR+

F:= (Fi(t))icg ier+
F := (F(k))icE ken
P := (P;j)(k); jeE keN
P:= (P;j)(t); jcE rer+

Transition matrix of the EMC J
Semi-Markov kernel
Cumulated semi-Markov kernel
First derivative of semi Markov kernel
Conditional sojourn time in state i,
before visiting state j
Conditional cumulative sojourn time distribution
in state i, before visiting state j

Sojourn time distribution in state i,
before visiting state j

Sojourn time distribution in state i
Survival function in state i

Transition function of the semi-Markov chain Z
Transition function of the semi-Markov

process Z

W(t) = (Wij(1))i jerrer+ Markov renewal matrix

Hij

*

Hi;

v=(v(j))jeE
o= (0)icE

A*B

Mean first passage time from state i to state j,
for the semi-Markov process Z

Mean first passage time from state 1 to state j
for the embedded Markov chain J

Stationary distribution of the EMC J

Initial distribution of semi-Markov process Z
Discrete-time matrix convolution product of A, B
Stieltjes convolution of ¢, O
n-fold convolution of A € .#g(N)

Almost sure convergence (strong consistency)



Notation

Z, Convergence in probability

2, Convergence in distribution

8ij Symbol of Kronecker

1,4 Indicator function of A

N (0,02) Standard normal random variable
CTMP Continuous-time Markov Process
MRP Markov Renewal Process

SMP Semi-Markov Process

CTSMP Continuous-time Semi-Markov Process
EMC Embedded Markov Chain

MLE Maximum-Likelihood Estimator
SLLN Strong Law of Large Numbers

CLT Central Limit Theorem
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Résumé

Ce travail aborde I’estimation d’un systeme semi-markovien (SMS) a états finis en utilisant
une approche non paramétrique. Nous présentons des estimateurs a noyau pour plusieurs car-
actéristiques clés et mesures de performance du processus semi-markovien, et établissons leur
forte consistance ainsi que leur normalité asymptotique.

Premierement, nous introduisons des estimateurs empiriques pour les principales caractéris-
tiques d’un processus semi-markovien a temps continu, a savoir les temps de séjour condition-
nels et inconditionnels dans un état, le noyau semi-markovien et ses dérivées associées, ainsi
que la fonction de transition du processus semi-markovien et la fonction de renouvellement
markovien. Nous étudions ensuite leurs propriétés asymptotiques, avec un accent particulier
sur la consistance forte uniforme et la normalité asymptotique.

Deuxiemement, nous présentons des estimateurs a noyau pour les principales caractéris-
tiques d’un processus semi-markovien a temps continu, y compris les temps de séjour condi-
tionnels et inconditionnels dans un état, le noyau semi-markovien et leurs dérivées correspon-
dantes, la fonction de transition du processus semi-markovien et la fonction de renouvellement
markovien. L’objectif principal est d’étudier leur comportement asymptotique, en particulier la
consistance forte uniforme et la normalité asymptotique.

Pour démontrer I’ efficacité de nos résultats théoriques, chaque section est complétée par un

exemple numérique.

MOTS clés : Processus semi-markoviens, Estimateur a noyau, Méthode empirique, Ma-
trice de renouvellement markovien, Matrice de transition semi-markovienne, Propriétés asymp-

totiques
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Abstract

This work addresses the estimation of a finite-state semi-Markov system (SMS) using
a nonparametric approach. We present kernel-based estimators for several key characteristics
and performance measures of the semi-Markov process, and establish their strong consistency

as well as their asymptotic normality.

First, we introduce empirical estimators for the main characteristics of a continuous-time
semi-Markov process, namely the conditional and unconditional sojourn times in a state, the
semi-Markov kernel and its associated derivatives, as well as the transition function of the semi-
Markov process and the Markov renewal function. We then study their asymptotic properties,

with particular emphasis on uniform strong consistency and asymptotic normality.

Secondly, we present kernel estimators for the principal characteristics of a continuous-time
semi-Markov process, including conditional and unconditional state sojourn times, the semi-
Markov kernel, and their corresponding derivatives, the transition function of the semi-Markov
process and the Markov renewal function. The primary objective is to investigate their asymp-

totic behavior, particularly uniform strong consistency and asymptotic normality.

To demonstrate the effectiveness of our theoretical results, each section is complemented by

a numerical example.

KEYWORDS : Semi-Markov processes, Kernel estimator, Empirical method, Markov re-

newal matrix, Semi-Markov transition matrix, Asymptotic properties
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General introduction

Motivation and bibliographic context

Systems are becoming increasingly complex across various scientific disciplines, such
as reliability and maintenance [9], survival analysis, performance evaluation, and biology [20].
Similar complexity is observed in DNA analysis, risk processes, earthquake modeling, and fi-
nance [17, 5, 53]. Consequently, recent years have seen a growing interest in evaluating system
performance, where their evolution is modeled using continuous-time stochastic processes.
Among the models widely used as a standard tool for describing system evolution, Markov and
semi-Markov models are prominent. Semi-Markov models in continuous time are appropriate
for describing the evolution of a system. One reason for their widespread use is that they gen-
eralize Markov processes by relaxing the memoryless assumption. In semi-Markov processes,
the future evolution may depend not only on the current state but also on the time already spent
in that state. These processes are especially useful because they allow arbitrary distributions for
sojourn times, such as exponential, Weibull, Gamma, or log-normal distributions.

Unlike standard Markov processes which are restricted to exponential or geometric distri-
butions for the time spent in each state, semi-Markov processes (SMPs) offer the flexibility to
use any distribution. This makes them a more realistic tool for modeling complex systems.
The semi-Markov process (SMP) is a generalization of the Markov process, independently in-
troduced by Lévy [30], Smith [49] and Takécs [50], who proposed essentially the same type of
process. Further contributions were made by Pyke and Schaufele [46], Cinlar [14], Koroliuk

and Turbin [26, 27], Takdcs [51], and many other researchers worldwide.

The statistical estimation of semi-Markov processes (SMPs) has been extensively studied
over the past decades. The essential developments as well as inference problems for continuous-
time semi-Markov processes were proposed by several authors. Moore and Pyke [37] studied
empirical estimators for finite semi-Markov kernels. Lagakos, Sommer and Zelen [28] gave

maximum likelihood estimators for nonergodic finite semi-Markov kernels. Akritas and Rous-

13



General introduction 14

sas [!] investigated the asymptotic local normality of estimators. Empirical estimators for the
sojourn-time distributions, with proven consistency and asymptotic normality, were developed
by Atuncar [3]. Significant contributions were also made by Limnios [3!], who provided em-
pirical estimators for finite nonlinear functionals of SMPs with desirable asymptotic properties.
Window-censored nonparametric SMP estimation was proposed by Alvarez [2]. Ouhbi and
Limnios [41] were the first to present nonparametric estimators of the Markov renewal matrix,
and they later examined the semi-Markov transition matrix [40].

Nonetheless, the empirical distribution function has a key limitation: it is discontinuous. If
the true distribution is known to be continuous, this discontinuity can lead to poor approxima-
tions. Kernel smoothing addresses this issue by producing a continuous estimate. We recall
that the first kernel estimator for a probability density was proposed by Rosenblatt [47]. This
estimator was generalized by Parzen [42] six years later. Since then, it has been formally
known as the nonparametric Parzen-Rosenblatt kernel estimator. It represents one of the most
fundamental tools in density estimation. Extending these approaches, kernel-based techniques
have been applied to semi-Markov processes, with the key advances of this method proposed by
Ayhar et al. [4] who studied kernel estimators of the main characteristics of a continuous-time
semi-Markov process, Mokhtari et al. [36] who studied kernel estimators of Markov renewal
function and transition Matrix of semi-Markov systems, Shamsuddinov [48] investigated the
asymptotic unbiasedness and consistency of a kernel estimator of the density of the sojourn time
distribution.

The shift from empirical to kernel methods is particularly important in semi-Markov processes,
where sojourn time distributions, Markov renewal and transition function are often assumed
to have continuous densities. Markov renewal processes and semi-Markov transition functions
are essential for modeling systems with variable timing between events. Transition functions
describe the probability of moving between states over time. Together, they enable calculation
of survival probabilities, hazard rates, and reliability measures. This makes them crucial for

applications in reliability, finance, and queuing systems.
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Outline of the dissertation

This Master’s thesis is structured into four chapters:

Chapter 1: In this chapter, we provide the necessary mathematical background on renewal
processes and continuous-time semi-Markov processes. We introduce the fundamental con-
cepts, properties, and theorems required to characterize these processes with in a discrete state

space, laying the groundwork for the following chapters.

Chapter 2: In this chapter, we consider a continuous-time semi-Markov model with finite
state space. We present its basic probabilistic properties and we present the empirical estima-
tors for its main characteristics, such as the semi-Markov kernel, sojourn time distributions, the
transition function of the semi-Markov process and the Markov renewal function. The final sec-
tion is devoted to investigating the asymptotic properties of these estimators, specifically their

strong consistency and asymptotic normality.

Chapter 3: In this chapter, we extend our statistical study to nonparametric kernel esti-
mation for continuous-time semi-Markov processes. We present the kernel estimators for the
transition function of the semi-Markov process and the Markov renewal function. The main
objective is to overcome the discontinuity of empirical estimators by providing smoother and
more accurate approximations. Finally, we establish the asymptotic properties of these kernel-

based estimators.

Chapter 4: To support the theoretical results achieved in the field of nonparametric estima-
tion for the transition function of a semi-Markov process, we present in this chapter a simulation

study that highlight the performance of these estimators.



CHAPTER 1

Background on stochastic processes and

renewal theory

In this chapter, we consider a semi-Markov process with a finite state space, observed over
a fixed time interval [0, T]. The main objective of this chapter is to provide the fundamental
definitions, properties, and key theorems related to continuous-time homogeneous semi-Markov

processes with a discrete set of states.

1.1  Basic definitions and properties

Let us consider (2,.#,P) be a probability space, let (E,&) be a measurable space with
countably generated o-algebra, and let I be a set called a parameter set. Generally, [ is a subset

of R, usually N or R,..

Definition 1.1.1. (Stochastic processes)
A stochastic process is a family of random variables indexed by a set I, {X (¢),z € I} defined on
(Q,.7,,P) with values in E. For every t € I, X(¢) is a random variable X () : Q — E, whose
value for the outcome @ € Q is noted X (¢, ®).

If instead of ¢ we fix an @ € Q, we obtain the function X(.,®) : I — E which is called a
trajectory, a path-function, or a sample function of the process.

The set E is called the state space of the stochastic process X = (X(¢),z € I). The stochastic
process may be denoted by X; instead of X (¢) (respectively, X, if | = N) .

Consider a finite set E = {1,...,s}. We denote by .Z the set of real matrices on E x E and

by £ (N) the set of matrix valued functions defined on N, with values in .Zf.

16



1.1 Basic definitions and properties 17

Theorem 1.1.1. (Strong law of large numbers) [33]
Let (X1,X>,...) be an infinite sequence of i.i.d. Lebesgue integrable random variables with
expected value E[X|] = E[X;| = ..., then we have

1 n

=Y X =S EX

nio e

Definition 1.1.2. (Martingale)

Let F = (#,,n > 0) be a filtration of .%. A real-valued F-adapted stochastic process X, is (.7~

measurable for n > 0) called martingale with respect to a filtration F if, for every n =0,1,...
1. E|X,| < e, and
2. EXpt+1]%0) = X, (as.)

Theorem 1.1.2. (CLT for martingales)[ | 0]
Let (X,)nen+ be a martingale with respect to the filtration .7 = (.%,),cn and define the process

Y, =X, —X,,—1,n € N* (with Y] := Xj),called a difference martingale. If

1 n

1 &
2. Z Z E[Yk21{|Yk|>£\/ﬁ}] n—>—oo> O,FOI' all € > 0,
k=1

then

and

\lf \/_ZYkH—w>JV(OG)

Theorem 1.1.3. (Anscombe’s Theorem) [1 1]

Let (¥,),cn be a sequence of random variables and (N, ),c a positive integer-valued stochastic

process. Suppose that

— Y Y25 #(0,6%) and N,/n——0,
nmzl e

n—oo

where 0 is a constant, 0 < 6 < . Then,

1
\/_anIY —>n_>oo A (0,062).




1.1 Basic definitions and properties 18

Theorem 1.1.4. (Glivenko-Cantelli theorem) [11]

n
Let Fy(x) = . Z 1(x,<x be the empirical distribution function of the i.i.d. random sample
k=1

X1y, X5, Denote by F the common distribution function of X;,i = 1,...,n. Thus
sup |F,(x) — F (x)] =25 0.
xcR oo

Theorem 1.1.5. (Slutsky’s theorem)[57]

Let X, X, and Y,,,n € N be random variables or vectors. If

and

with ¢ a constant, then
9
1. X;,+Y, — X +c,
n—roo

2. XY, -2 Xc,
n—yoo

3. XY, % Xc !, for ¢ £0.
n—roo

Limit Theorems for Markov renewal process

We present the strong law of large numbers and the central limit theorem for additive functional
of MRPs. Pyke and Schaufele [46] gave these results. The notation used here comes from

Moore and Pyke [37].

For areal measurable function f, defined on E X E x R, define, for each T' > 0, the functional

Wi (T) as
N(T)

n=1

Set
A= /0 (i, j,x)dQ;(x), A,-::j;Aij,
B = / (F(i,,x)%dQi(x), Bi:=Y B
0 j=1

Let u;; and [,L;;- denote the mean first passage times from state i to j in the MRP (J,,, S,,) and

in the corresponding Markov chain (J,),cn, respectively.
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Write

N ‘LL*
ri = ZAM )lkl )

ol * ) W+t —
o/ :=—r;+ Y B, “i’ +2) ZZAulAj#;%'
u=1 uu u=11%#i j#i Huu M

(1.2)

Finally, put

Ti

i
=9
I Wi

mg . s

Theorem 1.1.6. (strong law of large numbers)

For an aperiodic MRPs that satisfies Assumptions H.1 and H.2 (see Chapter 3) we have

We(T
f( ) a.s. mf.
T T—oo

Theorem 1.1.7. (Central Limit Theorem)
For an irreducible recurrent MRPs that satisfies Assumptions H.1 and H.2 (see Chapter 3) we
have

T 2WH(T) =T -my) =2 . (0,By).

T—oo
Theorem 1.1.8. (Theorem of strong consistency)[39]
Suppose that K(x) is a function of bounded variation, f(x) is a uniformly continuous density
function, and the series } ", il converges for every positive value of y. Then
sup | fu(x) = f(x)] — 0,
—cox< o0

with probability one as n — co.

Classification of states

In order to understand the Markov chains better. It is necessary to provide some basic ways

to describe the state or Markov chain.

Definition 1.1.3. (Accessible state)
(n)

We say that the state j is accessible from the state i, written as i — j if p; ;> 0. We assume

every state is accessible from it self since p;;(0) = 1.



1.2 Markov renewal process and semi-Markov process 20

Definition 1.1.4. (Communicate state)
Two states i and j are said to communicate, written as i <> j if they are accessible from each
other. In other words,

i <> jmeans i — jand j — i.

Remark 1.1.1. (Irreducible Markov chain)

A Markov chain is irreducible if there is a single communication link.

Definition 1.1.5. (Recurrent state)
A state is said to be recurrent if, any time that we leave that state, we will return to that state
in the future with probability one. On the other hand, if the probability of returning is less than

one, the state is called transient. Here, we provide a formal definition. For any state i, we define
Gi=PU,=i, n>1|Jo=1i).
A state 7 is said to be recurrent if Gj;(e) = 1, and it is transient if Gjj(e0) < 1.

Definition 1.1.6. (Periodic, aperiodic state)
A state i € E is said to be periodic of period d > 1, or d-periodic if d is equal to the greatest
common divisor of all n such that P(J/,, .1 = i|J; = i) > 0. If d = 1, then the state i is said to be

aperiodic.

Remark 1.1.2. (Ergodic state)
An aperiodic recurrent state is called ergodic. An irreducible Markov chain with one state

ergodic (and then all states ergodic) is called ergodic.

1.2 Markov renewal process and semi-Markov process

The semi-Markov process can be defined, by a two dimensional Markov renewal process,
where one variable represents the states and the other the times of state changes (jump times).
Thus, all properties of a semi-Markov process can be deduced from the properties of this
Markov renewal process. The definition of a semi-Markov process in its usual form, essentially
requires two points: A restrictive Markov condition which causes invariance of the renewal pro-
cess under time shift (stationarity), and the homogeneity, i.e., the independence of the transition

probabilities of the number of renewals.
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Definition 1.2.1. (Markov renewal process)
Let E be the state space. A Markov renewal process is a bivariate stochastic process (Jy,S,)
where J,, are the values of the state space E in the Markov chain and S, are the jump times. We
define X,,+1 = S, +1 — Sy, to be the sojourn time in the state J,,. The process has to satisfy the
following equality

P(Jus1=Jj,Sns1—=Su <t |Jo,J1,-sJn, 80,81, -, Sn)

(1.3)
:P(Jn+1 = j»SnJrl _Sn S t | Jn)a

forall je E,allt € Ry andalln € N.

Definition 1.2.2. (Continuous-time semi-Markov process)
Consider a Markov-renewal process (J,,S,)nen defined on a complete probability space and

with state space E. The process Z = {Z;;t > 0} defined by
Zy = JN(t)7

is called a semi-Markov process (SMP) where N(¢) = sup{n > 0:S, <t} is the counting process
of the semi-Markov process up to time ¢.
Zi=J, forS, <t<S,41.
The relationships between the semi-Markov process Z and the embedded Markov chain J are
given by
Zi =Ing) = I =1Zs,,

states
X
J —
X
Ji -——2
X

J3 -

X1
Jo  ——
0=250 S1 So S3 Sy.... time

Figure 1.1: Sample path of a semi-Markov process.
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Definition 1.2.3. (Homogeneous Markov chain)

Markov chain is homogeneous if for alln > 0,iand j € E

P(Jyr1 = jlJn=1) =P = jlJo =1).
This means that the probability P(J,,, = j|J, = i) does not depend on n.

Definition 1.2.4. (Renewal matrix, renewal kernel)
Let E be the state space and consider the Markov renewal process (J,,S,), we define

Xn+1 = Su+1— Sy to be the sojourn time in the state. The matrix defined as
Q) ={Qi;(t):i,j € EY},

Qij(t) :=P(Jps1 = Jj, X1 <ty =1), (1.4)

is called a renewal matrix. We identify the renewal matrix Q as the renewal kernel(the semi-

Markov kernel).
Proposition 1.2.1. [21]The Markov renewal matrix Q satisfies the following conditions:
(i) Forallt > 0and i, j € E, it holds true that Q;;(z) > 0.

(ii) The functions Q;;(t) are right-continuous and not decreasing.

(iii) Foralli,j € E, it holds true that Q;;(0) = 0 and Q;;(¢) < 1 for all # > 0.

(iv) For alli € E, it holds that lim Y, Q;;(f) = 1.

1= jeF

Definition 1.2.5. (Transition probability)

For all i, j € E and n > 0, we define the probability of transition from state i to state j between

instants n and n+ 1 by the quantity:
Pij(n) = P(Jn—i-l = J|Jn = i)
We do not allow transitions to the same state, i.e. we set p;; =0 forany i € E.

Definition 1.2.6. (Transition matrix)
The function (i, j) = pij := P(Jy41 = j|J» = i) is called transition function of the chain. For

any i, j € E and n > 0, the transition function has the following properties:

I. pijj >0, foranyi,j€cE,
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2. ) pij=1,foranyi€E.
JEE
Proposition 1.2.2. In order to define a Markov chain (J,),>0 we need:

1. Transition function (matrix) p = (p;;)i jcE-

2. a=(0y,...,0), the initial distribution of the chain, that is the distribution of Jy, o; =

P(Jo = i) for any state i € E.
Definition 1.2.7. (Distribution functions of sojourn time) For all i, j € E,Vt € R,..

1. F;j(.), the distribution function associated with the sojourn time in state i, before going
to state j:

Fj(t) :=P(Xpy1 <tldn =i, Jns1 = ).
2. Fi(.), the distribution function of the sojourn time, also called the waiting time, in state i:

F(1) :=P(Xy1 <tlJpy=1i) =Y Qij(t).
jEE

3. F(t)=(Fi(t);i € E)=(1—F(t);i € E), t€R" the survival function of F ().
From the previous definition, we can deduce the following result.

Proposition 1.2.3. [21]Forall > 0and i, j € E, we have

_ 9
Pij

Fij(t)
Proof.
From the definition of conditional probabilities, it follows that
Fij(t) = P(Xopy < tlJn = i, Jng1 = J)

_ ]P)(XnJrl S taJn - i7Jn+1 — ])
PJ, =i,Jp+1=J)

_ P(Xyy1 <t,Jy=1,Jp+1=J) P(J, =1i)
P(J, = i) P(Jy = i,Jut1 = J)

_ IPD(Jn—i-l = J,Xn+1 < t|Jn = i)
P(nt1 = jlJn =1)
_ 9i(®) O
Pij
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Definition 1.2.8. (Mean sojourn times)
Let m;; be the mean sojourn times of SMP Z in state i when the next state is j, defined by
mij = Piij Oool'qij(t)dl:/oootﬁj(t)dt. (1.5)
The mean sojourn time in state i, m; is defined by
mi=E[S||Jo=i] =Y pijmij= /oofi(t)dt. (1.6)
JEE 0
The mean sojourn time m is defined by
m=Y vimi=Y Y vipijm;.
i€E i€E jeE
where v = (v;, i € E) the stationary distribution of the EMC.
Let (S!),>0 be the renewal process (eventually delayed) of the times of successive passages
in state i. Then N;(¢) is the counting process of renewals.
In the case where Zy = i, we have Sf) = 0 and the renewal process S', is an ordinary one; other-
wise, if Zy # i, it is a delayed renewal process.

Denote by ;; the mean recurrence time of the state i of Z. This is the mean interarrival times of

the (possibly delayed) renewal process (S%,),n > 0:
wii = E[S5 — 5}

Let us consider an irreducible positive recurrent Markov renewal process. For any i € E (see
Limnios and Oprisan [34]) we have the following equality

m

L= 1.7
K V. (1.7)

Let u* := (u;;) be the vector of mean recurrence times in the state i for the EMC J, defined
by
Wi :=E[T" Vo =,
where 7;* is the first entry time in i defined by 7;* := min{n > 1 : J, =i}, i.e. it is the minimal
number of jumps to arrive in state i.

The relationship between the mean recurrence time and the stationary distribution (see Ke-

meny and Snell [25]) is given by

|
My = v’ (1.8)
and, from relation (1.7), we have
Hii _

*
Hii
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Definition 1.2.9. (Stieltjes convolution)
Let ¢(i,t) fort > 0 and i € E, be a real-valued measurable function and define the convolution

of ¢ by Q as follows
0+0(i.1) = Y [ Qulds)olkt—s).

keE

The n-fold Stieltjes convolution of Q;;(¢) by itself, for any 7, j € E is defined by,

( t
Y [ outasol s, itnz2,

) kek /0
i (1):=1 0i(0), ifn=1,
| ij1ii>0}- ifn=0,

where 9;; is Kronecker’s delta symbol. We have

0\ (1) = P(Jy = j,Su < tldo = 1).

Remark 1.2.1.
The renewal function y(t) = (y(z),i,j € E) is called a Markov renewal function of the semi-

Markov process defined by
vii(t) =) Qg-l)(t), i,jeEE, t>0.
n=0

All along this work we consider that the MRP and the SMP are homogeneous in time, in the

sense that equation (1.3) is independent of n.

Theorem 1.2.1. If some real numbers, say & > 0 and 8 > 0, exist, such that F;(a) < 1 — 3, for

all i € E, then the semi-Markov process is regular.

Let us write the Markov renewal function in matrix form

(o)

() =1-00) V=Y o). (1.9)
n=0
This can also be written as
W(r) =1(1)+Q*¥(r), (1.10)

where I = I(¢) (the identity matrix), if # > 0 and I(¢) = 0, if # < 0. The upper index (—1) in the

matrix (I—Q(7)) means its inverse in the convolution sense.
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Equation (1.10) is a special case of what is called a Markov Renewal Equation (MRE). A general
MRE is as follows

O(t) =L()+ Q0*06(1), (1.11)
where O(t) = (0; ;(t))i,jee, L(t) = (Li j(t))i jer are matrix-valued measurable functions, with
©;(t) =L; j(t) =0 for t < 0. The function L(#) is a given matrix valued function whereas
O(t) is an unknown matrix-valued function. We may also consider a vector version of Equation
(1.11), i.e., consider corresponding columns of the matrices © and L.
Let A be the space of all bounded on compact sets of R matrix-valued functions O(¢), i.e.,

|©(2)[| = sup; ;|©; ;(t)] is bounded on sets [0,7n] for all n € R.

We say that a matrix function ©(f) = O ;(¢) belongs to A, if for any fixed j € E the column

vector function ©. ;(-) belongs to A.

Equation (1.11) has a unique solution © =¥ xL(7) belonging to A when L(¢) belongs to A (see

Gamiz et al.[19]).

Transition matrix

Another important function is P(-) = (P;;(-), i,j € E) called the transition matrix function of

the semi-Markov process Z defined by
Pii(t)=P(Z, = jlZo=1i), i,jEE, t>0.

It is known, cf. Pyke [45], that

s t
Pij(t) =1yi—jy <1 -) Qik(f)) +) / Pyj(t —5)Qir(ds). (1.12)
k=1 kee /0

By solving the above Markov renewal equation, cf. Limnios [35], in a matrix notation, we
obtain the solution,

P(t) = (1= Q1)) « (I — diag(Q(1)1)), (1.13)

where diag(-) is a diagonal matrix with i’ element Y1 Qij(t)and 1= (1,1,...,1)",

Definition 1.2.10. For a semi-Markov process Z, the stationary distribution 7 = (7;,i € E) is

defined, when it exists, by

7; = lim P;(t), foreveryi,j€E. (1.14)
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Proposition 1.2.4. [32] If the MRP is positive recurrent, the limit distribution is given by

vim;

= v (1.15)
Y1 Vemi

T
The transition function is illustrated by the following example .

Definition 1.2.11. (Regularity of SMP) The semi-Markov process Z is said to be regular if
the corresponding counting process {N(z);¢ > 0} has a finite number of jumps in a finite period
with probability 1:

VieRy, P(N(t) <eo)=1. (1.16)

The equality (1.16) is equivalent to the relation
VieRy, P(N(t)=e)=0.

Definition 1.2.12. For all i, j € E and t < T, let us define the following counting processes:

N(T)
(i) N(T) = Z 1y, ,—iy : the number of visits to state i, up to time T;
=1

N(T)
(i) N;(T) = Z 1y, \=iy—j): the number of transitions from i to j, up to time 7’
I=1

N(T)
(i) N;;(r,T) = Z Ly, \=ig—jx<: the number of transitions from i to j, up to time T,
=1
with sojourn time in state i less than or equal to z.

Lemma 1.1. [34] Under the previous notations, if the EMC (J,,), is positive recurrent, then, for

any i, j € E we have:

Ni(T) a.s.

1. —V;,
N(T) T—
Ni'(T) a.s.

2. Y b
N(T) 7o VP

3 Ni(T) a.s. L)

T T—eo Ui

4. Ni'(T) a.s. @,

T T—eo Wi
o N(T) as 1

T T Villi



CHAPTER 2

Empirical estimators for continuous-time

semi-Markov process

In this chapter, we investigate the empirical estimation of the main characteristics of continuous-
time semi-Markov processes, including the semi-Markov kernel, the transition matrix of the em-
bedded Markov chain, the conditional distributions of the sojourn times, and the semi-Markov
transition function. We also study the asymptotic properties of the proposed estimators, namely

their strong consistency and asymptotic normality.

2.1  Construction of the estimators
Let us define the following observation in the time interval [0, T].
%‘ = (J07J17 cee 7JN(T)7X07X17 cee 7XN(T)7UT)7

where Ur =T — Sy(r)-
The empirical estimator Q; i(t,T) of the semi-Markov kernel Q;;(t), related to J¢7, is de-
fined by

R N(T)
Q;i(t,T)= Ly —ig=jx,<t}> 2.1
J(6.T) Ni(T) n; Unr=idn=j Xa<t}
and the empirical estimator of the transition matrix of the embedded Markov chain p;; is defined
by
5. — Ni(T)
pl] NZ(T) )

then from the Proposition(1.2.3) , we obtain

R LN
E]<I7T) = NJ(T) Z 1{Jnfl:i7]n:j7Xn§t}’
l n=1

28
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where F; i(¢,T) is the empirical estimators for the conditional transition functions.

Let us denote by ¥(r) the estimators of ¥(r), defined by
¥, 7)=Y Q™). (2.2)
n=0
Let P be the estimator of the transition function of the semi-Markov process, given by

P, T)=(I—0(t, 7)) « (I — diag(O(r,T)1)). (2.3)

2.2 Asymptotic properties of the estimators

In this part, we study the asymptotic properties (consistency and asymptotic normality) of

the proposed estimators.

2.2.1 Assumptions

The following assumptions concerning the Markov renewal chain will be needed in the rest

of this work.

(H.1) p;j=0foralli € E.

(H.2) ¢;j(0) =0forall i, € E, such that g,; is the derivative of Q;;.
(H.3) The EMC (J,),en is an ergodic irreducible Markov chain.

(H.4) The SMP is irreducible, aperiodic, with finite mean sojourn times.

(H.5) The SMP (or equivalently, the MRP) is regular, that is P;(N(f) <o) =1 forallz > 0,i €
E, with P;(-) means P(-|Jy =i).

2.2.2 Comments on the assumptions

Notice that these conditions are usually assumed in this context. Assumption H.1 means
that transitions to the same state are not allowed, and it is equivalent to g;;;) = 0 for all i €
E k € N, whereas Assumption H.2 confirms that There are no instantaneous transitions, and it
is equivalent to f;;(0) = 0 for all i, j € E; remark that this implies that S is a strictly increasing

sequence.
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In Addition, Conditions (H.3), (H.4) and (H.S5) are clearly unrestrictive, since they are the
same as those classically used for the semi-Markov processes setting, (see, for instance Du-
mitrescu et al. [18] and Barbu et al. [6]). Note also that under condition (H.3), S,, < S,4+1,n € N,
S,y 22y oo, N(t) t—:% oo (see Limnios [34]).

n—oo

2.2.3 Strong consistency

Corollary 2.2.1. [5] For any i, j € E, under H3, we have

Nij(T) as.

5 (T LN
pij(T) = Ni(T) T P

Theorem 2.2.1. [37] For all i,j € E, the empirical estimator Q; i(t,T) of Q;j(t) is strongly
consistent, i.e.

max sup |sz(f T)—Qij(1)] —>O
Li€Eelo,T

Proof.
From the definition of Q; j(t) (Equation (1.4)) and that of Qi () (Equation(2.1)) note that

Qij(t) =P(Juy1 = j, Xns1 <t|Jy =1i) = Fy;(1) pij,
Qij(t,T) = Fj(t,T)pi(T).
Then it follows that

max sup |Qij(r,T) — Q;j(1)| = max sup |pi;(T)Fi;(t,T) — pi;(T)Fj(t,T)
LI€E 10,7 LISEefo,1)
+pij(T)F;j(t,T) — pijFij(t)|

<maxp;;(T)max sup |F;;(t,T)—F;;(t,T
_i,jeEpU( )’JGEIG[O%]| lj( ) —Fij(t,T)|

+max sup Fj;(t, T)max\p,j( ) — pijl
LI€E elo,1] LIE

< max|pi;(T) = pij| + max. sup [Fj(2,T) = Fij (o).
hcE J€E efo,1)

And from the consistency of p;;(7) and F i(t,T) (Corollary(2.2.1) and Glivenko-Cantelli

Theorem (1.1.4)), we obtain the desired result. OJ

Theorem 2.2.2. [41] The empirical estimator Q1(7) (¢,T) of Ql(;l) (¢) for all i, j € E is strongly

consistent, i.e. for any fixed n € N

(
maX Sup Q t, T)— Q % O
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Proof.
By induction. For the case n = 1, the result follows from theorem(2.2.1). Assume that it holds

true for n = m. So
max sup IQE}") (t,T) — Qg.") ()] £ 0.
l’]eEle[O,T] T—s00
Now, let n = m+ 1. It follows that

Y 0u(t.T)* 07 (1,1)— Y 0ulr) + 0 (1)

LI€E i cio,1) keE keE

= max sup ‘Z(Q\ik(t,T)*Q,E?)(I,T)—Qik(l)*Q;(g)(t))‘

biEErelo,r) keE

max sup |Q§?+1)(I7T)—Q§7+l)(t)| = max sup
Li€Etelo,T]

= max sup Z |Q,~k(t,T)*Q\,(;}1)(t,T)—Qik(l‘)*Q;((?)(t)‘

LICE te[0,T) keE

= max sup Y |Q\ik(t,T)*Q](€’;l)(t,T)_Qik(t)*Q](c’?)(taT)

LI€E €0, T) keE
+0u(t)x Q) (1,7) — Ou() % O (2, T)|

<max sup Y 1Qu(t,T)* O (1,T) — Ou(t) x Q" (1,T))]
LI€Ete0.T) keE

+max sup Z | Qi (1) *Q,(c’;?) (t,T) — Qul(?) *Ql((’;l) (t)]
LI€E )0, T keE

= max sup Z |[Qik(l,T) _Qik(t)]*él(;]’?)(taTﬂ
Li€E 0,7 keE

+max sup OQu(t)*1Q, . (t,T)—Q, . (t
l7,]eEte[07T]k;E| k( ) [ k] ( ) k] ( )”

<max sup [Q(r,T) — Qu(r)| max sup Y O7(t,T)

ikEE 1€]0,7] KJEEc[0.T) keE
(m) (m)
+max sup |Q,:"(¢,T)—Q,; (f)] max sup Qi1
max sup 1076.7) {7 s swp ¥ 04l
< smax sup 10 (t,T) — Qu(¢)]
LKEE 1[0, T]
(m) (m)
+max sup |Q;; (t,T)—Q,. (1)
i,keEte[O,T]’ & &T) b |

The last step holds true, because E = {1,2,...,s}. By theorem 2.2.1 the first converges to 0
(a.s). By the induction hypothesis, the second term converges to O (a.s) as well. The result

follows from the principle of mathematical induction. [

Theorem 2.2.3. [40] The empirical estimator ¥;;(¢,T) of the Markov renewal function v;;(t)

is uniformly strongly consistent on compact [0,L] for L € R, foralli, j € E, i.e.

max sup |;;(t,T) — W;:(r)] —= 0.
ivjeEte[ol?L]’%( )= v ()] =
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Proof.
Let i and j be two states and 7 € [0,L] and € > 0. Since S, — oo, (because the MRP which we
have considered is positive recurrent), there exists a constant ko > 0 such that
k
max; Y Ql(j‘))(t) <.
Let Q be a set of probability 1, where the convergence of theorem (2.2.2) is valid for all / > 1.

Sete =1-—max; ¥}, Qg.q))(t). For all ® € Q, there exists Tp(w), such that for all 7 > Tp(w),

Moreover, for all m > ko, there exists (¢,r) € N* x N such that m = gko + r where 0 < r < ko

and we see that,

max 0\ (1,7) = max Y 0« 0 (¢, T)
i,] SN —
< max Z 0, 1)- 0% (¢, 1)
P n Y nj )
Ll =1

Let us now prove that, for all g € N*,

" 0 a*0) (1. ) < (1 8>q
mlax];l 0, ; ,T) < 5)
In fact, for g = 1, the result is true. Suppose that the result is valid until order ¢ and prove it to

order g+ 1.

On the other hand,
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. — Al

l//ij(l‘aT) = ZQ,’j)(t,T)
=0
ko A1) 2k A () 3ko A1)
=0 I=ko+1 1=2ko+1

Let f3/} (1) be a sequence of functions defined by

A(m) -
0O: (l‘,T) if m < kg
Biny=q"
ko(1—£)m/kl otherwise.
Where [x] is the integer part of x. We have, ¥;;(t,T) < Yo} (¢) < eo. Thus by theorem

(2.2.2) and the Lebesgue’s dominated convergence theorem, we get

lpij(taT)—>ll’ij(t>a.S., as T — oo,

To prove that the estimator of the Markov renewal matrix is uniformly strongly consistent on
compact [0, L], for L € R4, observe that y;;(f) is monotone and continuous (since F is contin-

uous), so, the convergence of V;;(¢,T) to y;;(¢,T) is uniform for 7 € [0, L]. O

Theorem 2.2.4. Under the assumption of Theorem (2.2.1), the estimator of the semi-Markov
matrix is uniformly strongly consistent in [0, L], for all L € R, in the sense that
max sup |B;(t,T)—PB(t)] — 0 a.s. when T — oo.

L1 tefo,L]
Proof.
Let us consider the matrices B(t) = I — diag(Q(z) - 1) and B(¢,T) = I — diag(Q(¢,T) - 1), for
(i,J) € E x E be fixed then,

sup |£y;(1,T) — Py(t)|
t€(0,L)

= sup [(Y*B)ij(1,T) — (v =B);;(1)]

t€[0,L]
< sup [(93(1,T) — wi) (1) [+
t€[0,L]
+ sup |(5(t,T) — i) (1) - diag(Q(r,T) - 1)+
t€[0,L]

+ sup |diag((Q—Q)-1);;(t,T)|wi;(L).
t€[0,L]
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Since s, the number of states, is finite, the process is normal and therefore ;;(¢) is finite [46]
and from Theorems (2.2.1) and (2.2.3) the uniformly strong consistency of the estimators of the
semi-Markov kernel and of the Markov renewal function in [0,L], we see that diag((Q — Q) -

1);;(t,T) and Ay;;(¢,T) on [0,L] converges a.s. to zero as T tends to infinity. O

2.2.4 Asymptotic normality

It is assumed throughout that the MRP is irreducible, recurrent, and that F;; = F; for 1 < j <.

Consider the estimator defined by:

Qii(t,T) = F(t,T)pi;(T) (2.4)
. | N

F(t,T) = Ly (2.5)
( ) Nl(T) = {Xlkgt}

~

F(t,T) is therefore the ordinary empirical distribution function determined from the sample, of

random size N;(T).

Theorem 2.2.5. [37] For fixed i, j, t,
(T"2[piy(T) = pij), TV [Filt, T) — (1)), (2.6)

converges in law as T — oo to a bivariate normal r.v. with means zero and covariance matrix
(oij) given by
Wiipij(1 = pij) 0
(0i))ijeE =
0 uiiFi(1) (1 — Fi(r))
Proof.
Let w and wy be arbitrary constants. To prove the asymptotic joint normality it suffices to show

that
T2 (i) = pig) +waT PIEG )~ Fi() 7

converges in law to a normal r.v. for all w; and w,. We rewrite Equation (2.7) as the product of

[T /N;(T)]T~"/2 and a sum of the form Equation (1.1) by using the function f defined by

f(rly) ={w1[6; — pijl + wa[lyy<sy — Fi(t)] } 5. (2.8)

For this function

Ar =w18,i[prj — pijl +w26,iFr(t) — Fi(t)] =0,
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and
B, = {wilpj(T) + pjj = 2pijprj) + wilF:(6) + F (1) = 2, (1) Fi(1)]} 6,
for 1 <r <s, hence r; = 0 and the third sum in the equation (1.2) is zero. Then
N ‘Ll*
of = Y B = wipij[l - pij] + w3Fi(t)[1 = Fi(t))].

r:l ILLI'V
The variance o7 is finite, so from Lemma 7.1 of [46], the limiting distribution of 7~'/2w /(T)
for the f given in Equation (2.8) is normal with zero mean and variance Giz /Wii- But T /N;(T) — Wi,
(a.s.) so the limiting distribution of Equation (2.7) is normal with zero mean and variance Giz Wii

as required. The zero correlation between p;;(7') and Fi(t,T) yields the following results.

Corollary 2.2.2. [37] For fixed i, j,¢, p;;(T) and Fj(t,T) are asymptotically independent.

The asymptotic normality of Equation (2.7) can be used to obtain the limiting distribution of
Qi j (l , T).

Theorem 2.2.6. [37] The empirical estimator Qi i(¢,T) is asymptotically normal, i.e. for fixed

t>0

VTI04(1.T) = 0ij(1)] 7 A (0,07
With

0 = Wik (1) pij[Fi(t) = 2Fi(t) pij + pij-
Proof.

We rewrite ﬁ[éij(t, T)—Q;j(t)] as

~ ~
i

VTIF(t,T)pij(T) = Fit,T)pij + Fi(t, T) pij — Fi(t) pij] =
T'2F(t,T)[pij(T) — pij) + T pi[Fi(t, T) — F(1)]. (2.9)
By a well-known convergence Theorem [16] the limiting distribution of Equation (2.9) is the

same as that of

T'2E@)[pij(T) — pij] + T pij[Fi(, T) — F(1)). (2.10)

With the particular choice w; = F;(t) and @, = p;;, Equation (2.10) is just the same as Equation

and the proof is complete. ]

Lemma 2.1. Forall i, j,k,I € E, \/T|[AQ; % AQy|(1)| converges in probability to zero, when T

tends to infinity.
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Proof.
For all i, j,k,l € E, V/T|[AQ;; x AQy] ()| has the same limit as /7 p;;p|[AF;j + AFy)(¢)|. Sup-
pose that (i, j) # (k, ). For all n,m € N,n % m, X; j, and Xy, are independent random variables,

then,

[AF;; % AFy)(t) = [Eijx By — Fj % Fyy — Fij % Fiy + Fij+ By (1)

Nij vNu
Yo Xt VXt Xugm<t} B

N;ijNy
B Y1 Bt = Xijn) B0kl it — Xiam) + [F;j * Fi] (1)
N Nkl ij kl
N;; N,
PIPD Dl {1{Xijn+Xk1m<t} — Fia(t — Xijn) = Fij(t = Xiam) + Fij* Fa (2) }

NijNu o1

When (i, j) = (k,I), for all n,m € N, n # m, X;;, and X;;,, are independent random variables,
but since the number of times that n = m is at most N;;, we see that in the expression of
VTAF, j*AF;j, the terms of X;j, and X;;, with n = m will be negligible. So the asymptotic
analysis of this case is similar to the case where (i, j) # (k,[).

Let Z,,, denote the random variable L0X ot Xgmst} — Fj(t — Xiam) — Fia(t — Xijn) + Fij * Fy.

The conditional expectation of Z,,, given X;,

E(Zum|Xijn) = E(Lix; 1 xgmse) — Fij(t = Xiam) — Fia(t — Xijn)+
+FjxFy(t) | Xijn) ass.
= F(t — Xijn) + Fij* Fq(t) — Fij* B (t)— (2.12)
— Fu(t — Xijn) as.
=0a.s.
So, from (2.11) and (2.12) and the fact that (X; jl)léléNij is a sequence of independent random
variables, it is clear that in developing the expression of (AFj; * AFy;)?, only N; Nk squared

terms have non-zero expectation. Since for all n and m, |Z,,,| < 2, by the Markov inequality,

we see that
PAVT[AFy AF)(1)| > &) < 3 E[({AFR; AR} (1))

=* [wmr]

< SE
NN )2 (2.13)

g2

4 T
=—=F .
€2 | NijNu




2.2.4 Asymptotic normality 37

From the strong law of large numbers [46] applied to semi-Markov positive recurrent pro-
cesses, we see that for all (i, j) € E x E, T /N;; converges a.s. and in L! towards p;;/p;;. We

conclude that, /T [AF; i * AFy](t) converges in probability to zero. O

Lemma 2.2. Forall i, j € {1,...,s},t € [0,T] and [/ € N*, the random variate \/TAQS-) (t) has
the same limit in law as Zi:l Yo X VT [QE,:_I) * AQp, * Qﬁllj_r)](t) as T tends to infinity.

Proof.
To give the proof of this lemma, we proceed by induction. For [ = 1, it is obvious.

For [ = 2, we see that

<
I
M“

QEJZ) R (Qit* Okj — Qi+ Okj)

T
)

{(Qi — O) * Ok + Qe (Onj — Qi) }

I
-

T
1L

{(Qlk Oix) * (Okj — Okj) + Qe * (Okj — Okj)+

I
-

T
1L

— Qi) * Okj}

Il
- +
r—"—\ :6)
?\7‘

AQjy * Qk] + Qix *AQk] +AQjx *AQkJ}

T
1L

So, from the previous lemma we see that for fixed 7, v/T [AQj ¥ AQy j](t) converges in probability
to zero as T tends to infinity, thus /7 AQZ(?) has the same limit in law as /T Yo 1 {AQi* O+

Qik * AQk }.

Suppose now that the induction hypothesis is true until / and we shall prove it for / + 1.
I+1) !
VTAQ (1) =T Z Vw0 — 0 * Qi)

T Z(AQi,ﬁ £ Ok + O+ AQy; + AW xAQ)).
k=1

From the previous lemma, for fixed ¢, /T AQ (L+1) ( ) converges weakly to the same limit, when

T tends to infinity, as

VT Y [A0Y * 0+ O + A0 (1).
k=1
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From the induction hypothesis, it can be written as

s I s s
VT Y, { [Z Y Y (05800l ") £ 0| (0)+
= r=1k=1n=1
+ [0l +a0u0]} 0
I s s
{ZZZ[QE #8000+
=1k=1n=1
+ Y [0} «A04( >}
k=1
+1 s s (1) (+1-1)
=YY Y VT % AQu= 051 "] (0)
r=1n=1m=1
Which is the desired result. O

Theorem 2.2.7. For all i, j € E and ¢ € [0,T], VTA;;(t) converges in law to a normal random

variable with mean zero and variance

= Z Z LW+ Wi % Qi — (Wi + Wi+ Qu)*}H1),
I=1k=1
where ;; is the mean recurrence time of state /.

Proof.

By the Markov renewal equation we see that,

VTA;(t,T) = VT (Wi(t,T) — wij(t)
= VT [§ij— (§ w)ij+ (F )i — wij](t)
= VT{{y* (I = )i+ (¥ —1) =i} (¢)
= VT{=(*Q*y)ij+ (Fr* O w);; } (1)
= VT[r+AQy)ij(1)
= VT AQ+ y+AQ* yl;;(1)+

)
+ (¥

VT [y AQ * y)ij(1). (2.14)
Since for all i,k,l,r,v,w € E,
Slil;’[‘lA/ik('aT) Y1 () * Wow (- [Z Bii ( ] () - Y (2) < oo,

we conclude by theorem (2.2.2), that the first term of (2.14) converges in probability to zero

as T tends towards infinity. Apply central limit theorem related to semi-Markov processes [40]
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to the function

S S
flum,x) =Y ¥ (Wi s Wi * et met <)

I=1k=1

we deduce that the second term of (2.14) converges in law to a normal random variable with

mean zero and variance oj; 2(1). O

Theorem 2.2.8. For all i, j € E and t € [0,T], VT (B;;(¢,T) — P,j(t)) converges in law to a zero

mean normal random variable with variance

2
= Z Z.unn ((1 - ZQ_]I) *Binkj_ V/l]l{n:]}) *an(t)

n=1k=1 =1
) 2
- { [(1 - Zle) *Binkj—llfijl{n_j}] *an(t)} :
=

From (2.3), we see that,

Proof.

VTAP; = VT [+ (I - diag(Q1)) j; — iy * (I — diag(Q1)) ;]
= VT (W — yij) * (I — diag(Q1)) j;—
— i+ diag((0 - QJ1) ;;—
— () — w) * diag([Q — OJ1) ;1.
From lemma (2.1), VT (Wi; — y;;) * diag([Q — Q]1) ;; converges, in probability, when T tends
to infinity, to zero. So, v/TAP;;(t,T) has the same limit as

VT[(Wi; — i) * (I — diag(Q1)) j; — v *diag([0 — Q1) ;1.

From Lemma (2.2) and Theorem (2.2.7), it has the same limit as,

7|(1Eor) (£ Emrson) v (B
L NN o 2.15)
:Zzﬁ[<l_ZQ'>*Bmk1*Aan] Zﬁll/ij*Aij'
n=1k=1 =1 =1

Let f be a real function defined on E X E x R by

f(r,m,x) = [(1 - Z le) * Binkj — ‘l/ijl{n=j}] X

=1 (2.16)

X l{r:n}(l{m=k,x<t} - an)
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So, VTAP;(t,T) = /TWy(t), where
S ZN_n fJ[,I,J[,X[
wrt) =Y Y == (N ), (2.17)
n=1k=1 n
and by Pyke and Schaufele’s central limit theorem [46], we get the desired results. [



CHAPTER 3

Kernel estimators for continuous-time

semi-Markov processes

In this chapter, we study kernel-based estimators for the key characteristics of a continuous-
time semi-Markov system, such as the semi-Markov kernel, the conditional distributions of
sojourn times, and the semi-Markov transition function. The objective is to develop a smooth
alternative to classical empirical methods, which often suffer from discontinuities. By using
kernel techniques, we obtain more refined and accurate estimates. Furthermore, we analyze the
asymptotic behavior of these estimators, focusing in particular on their strong consistency and

asymptotic normality.

3.1 Nonparametric kernel estimators

Before stating the construction of the nonparametric kernel estimators, let us also introduce

the following definition.

Definition 3.1.1. Let us consider a sample path of the Markov renewal processes (J;,S))eN,
<9f(T) = (J(),Xl,. --7JN(T)717XN(T)7JN(T)7”T)7 T eRy,

where ur :=T — Sy(7).

For fixed states i and j, let us denote by X;,; the corresponding sojourn time in state i during
[th visit of this state and by X;;.; the corresponding sojourn time in state i before going to state
J, during /th visit.

Taking a sample path 77 (T') of Markov renewal processes, foralli,j € Eandr € Ry, ¢t <T,

we define the kernel estimators introduced by Ayhar et al.[4] of Fi(t), Fj;(t), Q;;(t) and of the

41
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derivatives f;;(t), fi(t), qij(t) as follows:

st Er(52) e B (s o
Fy(t.T) = Nijl(T) N:—(1T)H (t ;qule) N Nijl(T) t’i)H (th;fl) Hiiag) G2
e, T) = Nijl(T) sz_(j) hiiTK (t ;uXITJl) ; )

Fie,T) = v (IT) 1:) hl-l,TK (t ;j“’) , (3.4)

where H(t) = [*_ K(t)dt. Tt should be noted that the smoothing parameter of the previous
estimators depends on the sample size, so we should write h; 7 = h; y, (1) (resp. hijr = h;;, Nij(T))’
however we prefer to use a simpler notation.

Second, we can define an estimator of Q;;(T) defined by:

ij(T)

>

Qij(1,T) = pij(T)Fij(t,T) = N(T) Fij(t,T),
where p;;(T) := %f((TT)) is the empirical estimator of p;;. So we get the corresponding kernel
estimators of Q;;(¢) and ¢;;(¢) given by
N;;(T)
~ 1 L t—X,'j.l
0,/(1.T) = H (). 33
K Ni(T) l; hij.
Ni;(T)
R 1 < 1 t—Xij
3ii(t,T) = K( L > . (3.6)
Y Ni(T) = hijr hij.r

Let us denote by ¥(r) the estimators of ¥(¢), defined by

W, T) = i Q" (1).

n=0

Let P be the estimator of the transition function of the semi-Markov process, given by

P, T)= (-0, 7))V « (I — diag(Q(r,T)1)). (3.7)

3.2 Asymptotic properties of the estimators

Let us first focus on the assumptions we need to derive the asymptotic behaviour of our

estimators.
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3.2.1 Assumptions

The following assumptions will be needed in the rest of this work:

(H.6) (i) Q;j(t),Fi(t) and Fj;(z) are absolutely continuous with respect to the Lebesgue mea-
sure, and let g;;(¢), fi(¢) and f;;(¢) be respectively the corresponding Radon-Nikodym

derivative.

(i1) The first derivatives f;;, f; and g;; are bounded.

(H.7) (1) The function H is a distribution function.

(i) The kernel K is density function of bounded variation such that

<oofor j=0,1,and k= 1,2,

X—r00

lim [xK(x)| =0 and ' / PR (1)

where K is the derivative of H.
(H.8) The smoothing parameters h; 7 and h;; r are sequences of positive numbers satisfying:
lim h,’7T = O7 lim h,‘jj =0 and lim Thl'jj = 00,
T—o0 T—o0 T—o0

. o —ynh? o —ynh? "
(H.9) The series ) = ;e " and Y€ "mhiin converge for every positive value of 7.

3.2.2 Comments on the assumptions

Assumption (H.6) imposed on Q;;(t),F;;(t) and F;(t) is a regularity type hypothesis. Pre-
cisely, Hypothesis (H.6) (i) is a continuity-type constraint which will allow us to get strong
consistency. Moreover, as soon as one wishes to state the asymptotic normality of our estima-
tors, one has to introduce more restrictive constraints, which is the role played by the second
derivative hypothesis (H.6) (ii). The technical conditions on the kernels are imposed for a sake
of brevity of proofs. (H.8) and (H.9) are another technical constraints. Furthermore, (H.8) is
also satisfied for h;; 7 and h; 1.

Our first results concern the uniform strong consistency of the proposed estimators.

3.2.3 Strong consistency

Theorem 3.2.1. (Gut [22]) Suppose that Y;,Y>, ... are random variables such that

a.s.

Yy, —7,
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and that {N(z),r > 0} is a family of positive, integer valued random variables, such that

N(t) 22 oo,
t—roo0

Then

Yi —>Hm Y.

We suppose in the sequel that N;(t) _> oo and Nj;(1) ta.s. .
—»00 yoo

Theorem 3.2.2. For any fixed arbitrary states i, j € E and any fixed arbitrary positive t € R,
t < T, under Assumptions (H.7)—(H.8), the following statement stands true.
The kernel estimator I:“\i(t, T) introduced in (3.1) is uniformly strongly consistent, i.e.
max sup |F(1,T) ~ F(r)] = 0.
Uotelo,T) T—eo

Proof. Let
1 n

~ t—X;
Foy=-YH(—"").
iz hin

Under assumptions (H.7) and (H.8), applying Theorem 1 of Nadaraya [38] we have

max sup | (1) — Fi(t)] ~5 0.
L rel0,T] n—ree

Taking into account Theorem3.2.1, we obtain the desired result. O]
According to the definition of the kernel estimators (3.2), (3.3), (3.4) and (3.5), we can establish

their uniform strong consistency which proofs are a straightforward adaptation of the proof of

Theorem 3.2.2.

Corollary 3.2.1. For any fixed arbitrary states i, j € E and any fixed arbitrary positive t € R,
t < T, under Assumptions (H.7)—(H.8) and additional hypothesis (H.9) for (ii), (iii) and (iv), the

following statements stand true.
(1) The kernel estimator 13, (¢, T) introduced in (3.2) is uniformly strong consistent, i.e.

max sup |Fj;(t,T) = F(t)] = 0.
LI 1elo,T) Unae

(i1) The kernel estimator ﬁ i(¢,T) proposed in (3.3) is uniformly strong consistent, i.e.

max sup |f,J(I T)— fi(t )|—>O
L telo,1]
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(iii) The kernel estimator fi(t, T') introduced in (3.4) is uniformly strong consistent, i.e.

max sup |fi(t,T) = fi(t)] === 0.
L refo,1] T—eo

(iv) The kernel estimator of the semi-Markov kernel density proposed in (3.6) is uniformly

strongly consistent, i.e.

max sup |Gi;(1,T) —gij(1)] = 0.
L1 tel0,T] T—oo
(v) Since Q; i(t,T)=p; j(T)I/T\i (¢,T), the uniform strong consistency of the estimators p;;(T)

and F; i(¢,T) allow us to deduce that:

max sup |Ql](t T)—Q;j(1)] —>0
i, t€[0,T]

The following results concern the asymptotic normality of the proposed estimators.

Proof.

We give here only the proof of (iv). For the other points, according to the definition of the
kernel estimators (3.2), (3.3), (3.4) and (3.5), we can establish their uniform strong consistency
which proofs are a straightforward adaptation of the proof of Theorem 3.2.2.

(iv) We have for all i, j € E: gq;;(t,T) = ﬁj(t,T)ﬁ,-j(T), |pij(T)| <1, and |f;;(z,T)| < 1. After
some computation we obtain

P (ma.x sup |gij(t,T)—qij(t)| > 8)

L1 1e(0,T)

~ £ -~ €
<P (H}B}XIPU'(T) — pijl > 5) +P (ma.x sup |fij(t,T) — fij(t)| > 5) :

b1 tel0,T)

Hence the result is a consequence of (ii) in Corollary 3.2.1 under assumptions (H.8), (H.9) and

of the strong consistency of p;;(T). O

Theorem 3.2.3. Under the assumptions (H.7), (H.8), we have, for all i, j € E and n € N,
max sup |Q (t,T) - Ql(;l)(t)| 2250, as T — oo,
L] tef0,0] ' T—eo
Proof.

The proof of this Lemma is similar to the proof of that Ouhbi and Limnios [41]. Forn =1, itis
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the result of Ayhar et al. [4]. Suppose that this result is verified until the order n — 1, for i and j
two states, we have
~(n n A(n—1 n—1
max sup |01 (1,7) =0} (1)) < max sup 011, 7)— 0" ()]
L] IE[O,OO] L] te[07oo]

+s-max sup |Q;;(t,T) — Qi(t)].
LT rel0,00]

S
This result converges to zero a.s., as T — oo by the fact that Z \QA;’}(t, T)| < s for every m > 0
=1
and the induction hypothesis. U

Theorem 3.2.4. For any fixedt € R; and i, j € E, we have

(a) for any fixed L > 0 we have

max sup [¥i;(t,T) —Wi;(1)] <250, as T — o,
LI refo,L]
(b) for any fixed L > 0 we have
max sup |B;(¢,T) — B(t)] £ 0, as T — oo,
L1 tefo,L)
Proof.
(a)
The proof of this part is a straightforward adaptation of the proof of the uniform strong consis-
tency established in Ouhbi and Limnios [41].
(b)
The proof of this part is a straightforward adaptation of the proof of the uniform strong consis-
tency established in Ouhbi and Limnios [40], combining with Corollary 3.2.2(ii) and 3.2.4(a).
]

3.2.4 Asymptotic normality

Theorem 3.2.5. For any fixed arbitrary states i, j € E and any fixed arbitrary positive t € R,
t < T, under Assumptions (H.6), (H.7) and (H.8), the following statements stand true.

@)
7

T—>o0

VTIE(t,T) — F(1)] A (0,07(i,1)),

with the asymptotic variance

o7 (i,t) = wiF;(t)[1 — F(1)],
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(i1) Under the condition imy .. Th;j T = oo, we have
7% ..
vV Thl]T[CIl] t T CIl] )]T_>—°°></V(076q2(lajat))a
with the asymptotic variance
Gq (17]7t) _.ullqu(t)/ K (Z)dZ.
where p;; is the mean recurrent time of state i for the semi-Markov process (Z;)cR, -

Proof.

(i) Remark that we can write

R N(T) _
\/T[E'(taT)_Fi(t”: a 1 Z, {H (t Xl>]l{fl =i} ()]l{fl 1=i}

Ni(T) VT hir
Taking into account Theorem 3.2.1, denote
t—X
Ul = (H( h l) —E(l)) ]]'{Jlfl:i} (38)
in

If we denote by .%; the c-algebra %) := &(J,,,X,;n < 1), 1 > 0, thus U, is .#;-measurable

and .%; C ., 4, for all [ € N. Moreover, we have

E(U)|F1-1) = E({H (t;Xl) Ly =i —Fi(@)ly, = z}} ‘fl 1)

=1y, t}/ ( ) filx)dx—Fi(t)1y, —q,

where the last equation is obtained by the fact that 1y, | _; is %, |-measurable. On the other

hand, using a change of variable, an integration by parts followed by Taylor’s expansion of

F;(t — h; »z) in neighbourhood of # combining with assumptions (H.6), (H.7) and (H.8), we get

E(Ul|Z1-1) =1{J,1:i}/_ H(z)dFi(t —zhin) — Fi(t)1yy, —y

where ¢* is between ¢ and ¢ — h; ,z. It follows

‘/m K(2)F/ (t*)hi nzdz

—o0

<Chin [ [2K(z)dz= O(hi)-
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This implies that
E(Ul‘gl_l):(), as n — oo,

By using the CLT for martingales, we have

ZU,%,/V(O o2 (i,1)).

n—soo

To obtain the asymptotic variance 62(i,), we need to compute
n

1
o’(i,t) = lim - Y E(U7|.%_1) > 0.

Firstly,

t—X
E(UF|F1-1) =E (HZ ( ; l) 1{111:i}’911) +E(F (01, —y|Fi-1)

in

- ]1{11—1=i} (/_ H® ( h,nx) fi(x) dx) +Fi2<t)]l{fl—1=i}

)

—2F(0) 1y, =i (/_ZH (thjnx) fi(x) dx) ;

Secondly, under Assumptions (H.6), (H.7), (H.8) and a change of variable, an integration by

parts followed by Taylor’s expansion, we obtain

—2(0) Ly =0 [F(0)+ Ol
Ly <y F(0) [ 2K@HE) dz+ Ohi) ~ FA0)1 g, i
- ]l{Jz—lzz'}Fi(t) {/_Z(Hz)/(z)dz_ﬂ(t) + O(hin).

Thus,
o2 (i,t) =v(i)F(1)[1 - F(1)]. (3.9)

Furthermore,

VTIF(t,T) - FF [ (t_Xl) Ly =y —F@) Ly, =
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Combining the statements (3) and (5) of Lemmal.1 with Equation (3.9) and applying Anscombe’s

Theorem (see Billingsley [12]), we get

0B (i) = (a/T7av(D) VD1~ Fi(1)

= wiF;(1)[1 — F(1)].

Now, it suffices to show that
1 & 2
n L EU L e yiy) 2 O

n—oo

Indeed, using successively inequalities of Holder, Markov, Jensen and then Minkowski, we

obtain for any € > 0 and any p and g such that % + é =1:

E(U7 1y seymy) < (EU)) VP Ur [> ev/m) P < (ev/n) 4/PE(| U [*)
2q>
< (8\/,;)—261/19 E( g% t—X 1 . -|-F2q(t)]l .
= hi {i—1=i} i {i—1=i}
< (ey/n) 2/ (11{1,1,-} / e < ) filx)dx+F (1)1 {J“i}>

< (v 207 (1 [ HPGA i) it FE0) ) 1

t—X;

5@¢a4wm<P(h

in > L=y _F"(t)ﬂ{flflzi}

r—x
hi,n

Consequently, since f is a density function and by using Lemma 1.1, it follows that

n—yoo

1 ¢ _ )
=Y EUPL s eymy) < (V) 2/P0(0) (il [HI3 + F2 (1)) — 0
=1

From results above and the functional central limit theorem for martingale differences (see

Hall and Heyde [23]; Billingsley [12]) we get the desired result.

(i1)
We start by writing

V' Thijr(qi(t,T) — qij(t)]

Nij(T)
T 1 % 1 t—X
== ) K( ") —qij(t)\/hijT
T

1
T 1 N[ g t—X
Y2 T h~~TK hij.1 ) ]1{J171=i,11=.i} _qij(t)]l{hq:i} VhijT| -
l]a ’
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According to Theorem 3.2.1, we denote

1 t—X
Vi= K ( - ) Ly =ig=jy — i)y =iy hijin- (3.10)
Vhijn \ hijn
Then, we use the same steps as in (i), so we give only the main details. Let us denote by .%; the

o-algebra .7 := 0(J,, X;n <1),1 >0, for all [ € N. Thus, we have

1 I—x
E(‘/l|gl—l) \/m]l{h 1= l}plj/ (m) fij(x>dx_Qij(t)]l{J,,1:i}\/hij,n

1

= \/h—]l{Jl \=i}Pij / K(2)dFij(t — zhijn) — qij(t) Ly, =i/ hijn
ijn

=V hijnl(s_=iy4ij() / K(z)dz+ O(hijn) — qij(t) Ly, —iy\/ hijn

=0, asn— oo,

the previous result is obtained by using the .%;_;-measurability of Ly, =i, a change of vari-
able, Taylor’s expansions of order one and Assumptions (H.6), (H.7) and (H.8).

To get the asymptotic variance, we need first to compute E(V?|.%,_) and then to obtain

(l ], )—hm ZEVZ ’yl 1)

n—oo n

Firstly,
1
E(V2Z_1) = o Lun=iPij (/ K? <h )fij(x) dx) +hijng (D1, =i
ijn — ijn

—2q;j(t)1yy,_ =iy Pij (/_WK (K:) fij(x) dx> .

Using the same steps as before, we obtain

E(VP|-Fi-1) =1y, ,—apij / K*(2) £ij(t — 2hijn) dz+ hijngi; ()1, g
_251ij<t)hij,n]l{J1l_i}pij/_ K(2)fij(t —zhijn)dz
=1y, ,=14ij(t) {/_ K*(z) dz—hiqu'j(l)] + O(hijn)-

Secondly,
02(i.jut) = v(iai(1) [ K3(a)d (G.11)

Using (3.10) with Theorem 3.2.1 result, we can write

V Thz]T[qU(t T qlJ
1 t—X;

\/ /N ( B ) 1{1171=i,11=j} _qij<t)]l{~]l—1:i} Vhijr| -
1] T hl],T
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By using the statements (3) and (5) of Lemma 1.1, with the application of Anscombe’s

Theorem, we deduce that
2/. . \2 . “
03 (i, jut) = (/1 @) v()ais(e) [ K2(2)dz
:Hiiqz‘j(f)/_ K*(z)dz.

Now, it suffices to show that

1 n
nl_Zl]E(Vz Lysevay) 7520

and we use the same steps as (i) to prove this result.
From the results above and the functional central limit theorem for martingale differences (see

Hall and Heyde [23]; Billingsley [12]), we get the desired result. U

Similarly to Theorem 3.2.5, we establish the following asymptotic results.

Corollary 3.2.2. Under the same conditions of Theorem 3.2.5, the following statements stand

true

@)

VTIE(1,T) = Fiy()] =2 A (0,07 (i, j.1)),

with the asymptotic variance
200 . M .
GF<l7]7t) - _Fl](t)[l _Flj<t)]
Pij

(i1)

VT[0i(1,T) = Qis(0)] —— A (0,630, 4.1)),

with the asymptotic variance
0 (i jt) = MaQij(1)[1 = Qij(0)].
(ii1) Iflim7 e Th;j 7 = oo holds, we have

VThijrlfij(t,T) = fij (1) —MV(O o7 (i, j.1)),

with the asymptotic variance

ofi.in) =50 [ K
17 —
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(iv) Iflimy o Th; 1 = o holds, we have

VThir[fi(e,T) = fi(6)] =2 A (0,63 (i.1)),

T—oo

with the asymptotic variance

o}it) = mifi(r) [ K*()dz
Theorem 3.2.6. For any fixedr € R, and i, j € E, we have
(a) under (H.6), (H.7) and (H.8) and we put min;; h;; 7 = hy we have
VThy [¥3(6.7) =Wy (1)] 72— A (0,630, .1)),

where

N N
og(i,jt) < Yt Y (Wi = W,5)% % Q1) /KZ(Z) dz.
=1 r=1
(b) under (H.6), (H.7) and (H.8) and we put min;; h;; 7 = hy we have

VThr[Bj(t,T) = Pyj(1)] —"— A (0,63(i.j.1)).

T —o0
where
2 3 3 2 2
op(i,j,1) <Y Y, [6¥ij — (1 — Fj) « Wiy =P, ] *Qlu(l)/K (z)dz.
=1 u=1

Proof.

(a)

we have,

VThr[Wi(t,T) = Wij(1)] = /Thr[¥;; — (¥« W) + (¥« W)ij — Wi (1)
= /Thr[(¥ — )« AQ*W];;(t) + /Thr[¥+AQ*¥];;(t) (3.12)

Forevery t > 0,1 < T, and for every r,m,u,v € E, VT (Qum(t,T) — Q,m(t)) converges in dis-
tribution to a normal random variable (Corollary 3.2.2(ii)), as T — oo, and ‘i‘w(t, T)—W,(t) L
0 as T — oo (Theorem 3.2.4 (a)).

Thus, using Slutsky’s Theorem we obtain that v/Thr (¥ —¥) * (0 — Q) *'P];; (1) L 0asT — oo,

Consequently, applying again Slutsky’s Theorem we get that /Thr[;;(t, T) — ¥;;(¢)] has the
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same limit in distribution as /Thr[¥ * (Q — Q) *P);; (7).

The last term can be written as follows:

Since M RaLiN ﬁ (from (3) Lemme 2.1.), Let us consider the function

dux Z,umm\/—z lm*H<h T)]l{d mu= r}*lPrj)()
- (lPim * erl{d:m} *qlrj)(t)]-

Apply central limit theorem related to semi-Markov processes (see for instance Pyke and R.
Schaufele [46]) to the function

N
We(T)= ) f(Ji—1,J1,X)

=

2T
ﬂ»—

HM

Zi:umm\/—Z[ m*H(h

- (Tim * er]]'{.][,lim} * lPr]) (t)]

X
T ) ﬂ{][,]Zm,][:r} *‘Pr])(t)

mr,

For this function

Age= / " F(dyu,x)d Qg (3), As=Y A,
0 u=1

By = /w[f(d,bt,x)]dedu(x), B;=Y Ba,
0 u=1

So using a change of variable, an integration by parts followed by Taylor’s expansion under

assumptions (H.6)-(H.8), we get

S

Ad S i] Hmm Z[(\le*\Prj) *]l{d m}\/E er/+ooK(Z)dZ+O(hmr,T))(t)

r=1
— (Wim = ¥rj) * Omr (t)]l{d:m} \/E]
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By using Jensen’s inequality followed by the same steps as before, we get:

s
Z mm]l{d m} Z lm*‘Prj *er/ K2 )dz(t); as T — co.

Write
N [J*
I = ZAd%:O, as T — oo,
=1 M
Then

~+oo

o Y K2
— = [ A— < il >l<lIlr >X‘er (Z) dZ(l‘),
,Um Hinm ; Uy ZX‘{ ; i)

As a final step, we have to show that the variance 62 does not vanish. Assuming conditions

(H.6)-(H.8), and let 0 < ¢ < h%, observe that:

Y Y Bl = 3 3 Y 2,8 Y [ (Wi )e - 0)”

*
l'uddu mr,T

!
]l{d—m.u—r}deu(x)dtl/ (lPim*\Prj)(t_tl)dtl

t
+ Z / Wi x W, ) (t ll)qmrl(ll)\/thtl'/(‘Pim*‘Przj)(l—tl)qmrQ(fl)\/hT]l{d:m}

ri,rn= 1

*

(tl )
/ 1
0 hmr,

l’ —
Prmudty —2 Z / m*lPrlj )]l{d m,u= rl}h T/ ( 1 )derl(x>dtl
mry,

ri, =1 mrl,

t
/O (lpzm*lPrzj) erz tl \/thtl

t

>3 b 3 B Y [ (e )0 =)L) (|7 K

(o)

(b)
From (3.7), we see that,

VThlPj(t,T) = Py(t)] = \/Thr [(Wij — Wij) = (I — diag(Q - 1)) jj — W;j * (diag(Q — Q) - 1) ]
Thy [(¥;; — W)) * (diag(Q — Q) - 1) ;] (1,T).
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With diag(0(1,7) 1) = Y. Ojn(t,T) = F(6.T) < 1.
m=1

For every t > 0, t < T, /Thr (¥;; —¥;;)(t,T) converges in distribution to a normal random
variable (Theorem 3.2.6) and AQ;,(t,T) converges in probability to zero (Corollary 3.2.2).
Thus, using Slutsky’s Theorem we obtain that /Thr [(¥;; —¥;;) * (diag(Q — Q) -1) ;5] (¢,T)
converges in probability to zero when T tends to infinity. Thus, /Thr[B;(¢,T) — P;;(¢)] has the

same limit in distribution as

VThr [(¥ij — Wij) (I — diag(Q- 1)) j; — Wi * (diag(Q — Q) - 1) ;] (1,T).

From the proof of Theorem 3.2.6 (a) we know that \/Thz [¥;;(t, T) — P;;(t)] has the same limit
in distribution as /Thy ¥ * AQ «W);;(¢,T) when T tends to infinity. Writing

AQij =

N(T <t—Xl

l]T

P ) Ly =ig=jy — Qij ()1, =],

and

N

s s
Z lPij*Aqu = Z Z 5nj\Pij*AQnu7

u=1 u=Iln=1

we obtain that /Thr [P;(t,T) — P;;(¢)] has the same limit in distribution as

ThT{Z Zs:[(l— Fj) % Wi+ Wy AQmu| (t) Z‘PU*AQ]M()}
N

—X,
X [_Smjlpij* H( l) Loy =ma=u} _Qmu('>]l{J11m}) (2)

=X
—|—(1 —Fj) *lPim*\Puj* (H (h l) ]l{fl—lszI:M} _Qmu(')]l{J;_l—m}> (l‘)} .

mu,T

Nm(T) a.s.

Since =%~ — lﬁ (from (3) Lemme 2.1.), let us consider the function

m=1u=

_Qmu(')]l{d:m}) (t)
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Apply central limit theorem related to semi-Markov processes (see for instance Pyke and R

Schaufele [46]) to the function

2
=

fUi=1,J91,X))

=
=
I

I}

) *lPim *lPuj]

=
ﬂ

Z Z Honm /i X [—8mj ¥+ (1 -

-—X
* (H ( l) :”‘{JI,IZWLJIZM} - Qmu(')]l{Jll—m}) (t)

||M

hmu7T
So using the same notations of Theorem 3.2.6, a change of variable, an integration by parts

followed by Taylor’s expansion under assumptions (H.6)-(H.8), we get

+°°z<<z) dz+ O (1)) (1)

i

-[-8 — Fj)# Wi 5 P *Qmu<t)]l{d:m}\/g~

I/\

N
Z — & Wi+ (1 F)*‘P,m*‘l’w} * Ly m}\/hT Omu

By using Jensen’s inequality followed by the same steps as before, we obtain

—+oo

S s
2 ﬂ{d m}Z[émjlpij_(l_Fj)*‘{]im*‘yuj]z*Qmu -

<Y M

K?(2)dz(t); asT — oo

Write
K ‘LL*
rm= ) Ag—== =0, asT — oo,
=1 Maa
Then
2 .U* s s 400 2
= —ZB s Y Z [8,7%j — (1= Fy) ¥+ W+ Qu | K2(2)dz(n).
i =1 u=l
O

As a final step, we can show that the variance 62 does not vanish



CHAPTER 4

Simulation study

Although both semi-Markov chain (SMCs) and SMPs offer interesting and flexible frame-
works to modeling real problems, it is well-known that they are difficult to be numerically
solved especially in continuous-time of the time-dependent functions, i.e., transition function,
etc. The emphasis is laid on solving the Markov renewal equation (MRE) which brings diffi-
culty due to convolution products. Nevertheless, for solving the equation of the evolution of
the process, we cite the paper of Janssen and Manca [24] where a numerical solution for the
evolution equation of a continuous time non-homogeneous SMP is obtained using a quadrature
method. In the same paper, the problem of obtaining the continuous time SMP from the discrete
one is considered. The case of homogeneous SMP was considered by Corradi ef al. [15], who
have solved numerically the system of integral equations. In addition, they have proved that
the solution of the discrete time SMP process always exists. Recently, Wu et al. [55] applied
this method to a reliability problem by evaluating system availability. In this chapter, we il-
lustrate the theoretical results of the nonparametric estimation for the transition function of a

semi-Markov process with a numerical example.

4.1 The evolution equation numerical solution

In Corradi et all. [15] the authors have presented a novel method to solve the continuous-
time MRE based on the algorithm from discrete-time case. They have studied the error bounds
caused by discretization for transition function matrices of continuous-time SMP, which is an
efficient way to decide the step size of discretization.

Mokhtari et al [36]. studied an alternative approach: instead of using the solution of the Markov
renewal equation, as in the above-mentioned work (see Equation (1.13)), they approximated the

solution of Equation (1.12) using a simple quadrature formula (see Corradi et al. [15] and
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Janssen and Manca [24]).

Let v > 0 be the step size of discretization, k € N and kv <t < (k+ 1)v, then we obtain
the approximation of the transition function matrix P(z) by using the following countable linear

system:

k
Pl}}(kv) =d;j(kv)+v Z Z ll}(kv —v)qi (Tv), (4.1)
IeE t=1

L= Fkv) if i=j;
0 if i ]

The main idea that we are concerned in the following section, is to combine between the pre-

dij(kv) =

vious theoretical results and the algorithm given by Corradi et al. [15] in order to highlight the

efficiency of our estimators by a simulation study.

4.2 Numerical example

In this section we carry out a simulation study to evaluate the finite sample performance
of the estimation procedure described in the previous sections. We will apply our results to a

three-state semi-Markov processes. The transitions between states are given in Fig.4.1.

makeham weibull

Eweibull

exp

Figure 4.1: A three state semi-Markov system
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Taking the initial distribution o = (1/3 1/3 1/3), the transition matrix of the embedded

Markov chain (J,),cr+»

0O 1 O
P=1095 0 0.05
1 0 O

and the conditional sojourn time distributions defined by:
* f12 1s the Gompertz-Makeham distributed with parameter 4 =0.02, v=0.1and y=3.
* f»1 is the exponentially Weibull distributed, W (6;k,y) with = 0.8, k =3 and y = 2.
* f»3 is exponentially distributed, with parameter A = 0.3.
* f31 is Weibull distributed with parameter W («; ) with « =2 and = 0.5.

Starting from this sample path, we can count the different transitions N;;(T'), N;(T)

0 944 0
Nij(T)=[905 0 38
39 0 0

Ni(T) = (944 943 39)

These quantities allow us to obtain the empirical estimators of the transition matrix of the em-
bedded Markov chain p;;.
The estimations of the transition probabilities from each state i to each state j are presented as

elements of the matrix P = p; j

0.0000000 1 0.00000000
P=10.9597031 0 0.04029692
1.0000000 0O 0.00000000

Afterward, kernel estimators for all the characteristics of the semi-Markov system (Q, F, W, P, etc.)

are obtained. To construct the kernel estimators, the smoothed function K(.) is chosen to be the

quadratic function defined as K (u) = %(1 —u?) for |u| < 1 and the cumulative distribution func-

“ 3
tion H(u) = / 4_1(1 — zz)]l[_l,” (z)dz. The bandwidth hr has been obtained by the "PBbw"

—o0

method, which computes the plug-in bandwidth of Polansky and Baker method [43]. We have

considered that the observation period is the interval [0, T] with T = 10000.
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The following figure corresponds to the Markov renewal matrix estimated (Figure 4.2)

Transition 21

04 06 0.8 1.0
| 1

Markov renewal functions

0.2
|

0 20 40 60 80 100

Time

Figure 4.2: Estimated renewal matrix 2 to state 1, W, (¢,T)

Transition 31

06 08 10
| |

Markoy renewal functions
04

0 20 40 60 80 100

Time

Figure 4.3: Estimated renewal matrix 3 to state 1, ¥3,(,7)

In Table 4.1 the kernel estimators of the quantities 7; as well as the estimated mean recur-

rence times are exhibited.
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State i | ¥; ; Rii

1 0.49013499 | 4.876430 | 0.45961911
2 0.48961578 | 5.592255 | 0.52652953
3 0.02024922 | 3.557164 | 0.01385136

Table 4.1: Estimated stationary distribution of the SMP

where 7I;(T') is the estimator for the stationary distribution is determined by:

v:(T)m;(T
4i(T) = — {DAAT) (4.2)
Y (T (T)
k=1
N;(T
where V;(T) = i( ) for i € E, is the empirical estimator of the stationary distribution of the

EMC and i;(T) = /oo(l — E;)(¢,T)dt is the estimated mean sojourn time in state i.

According to Figureo4.4 (resp. Figure 4.5, Figure 4.6 ), the transition probabilities estima-
tor P (t) ( resp. Po(t), P3(r)) tends to the same limit, as ¢ increases. In fact, this common
limit represents the semi-Markov limit distribution &} = 0.45961911 (resp. #i, = 0.52652953,
73 = 0.01385136).

1.0

08
!

06
!

Transition functions
04

0.2
!

0.0
!

0 20 40 60 80 100

Time

Figure 4.4: Estimated transition functions from state i to state 1, P;;(¢,T) (i € E)
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10

08

i=2
1=1
i=3

T
VRSN

0.6

Transition functions
04

0 20 40 60 80

Time

Figure 4.5: Estimated transition functions from state i to state 2, P (¢,T) (i € E)

100

Transition functions

0.00
|

0 20 40 60 80

Time

Figure 4.6: Estimated transition functions from state i to state 3, P3(¢,7T) (i € E)

100

Figure 4.7 below, gives a comparison between the true values of the elements Py3(z),P»3(7),

P33(t) of the semi-Markov transition matrix P(z), and their estimators
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Figure 4.7: The true value and the estimator transition functions from state i to state 3, P3(¢,T)
(i€ekE)



Conclusion

Throughout this work, we were interested in presenting a study based on the nonparametric
estimation of the transition functions in continuous time semi-Markov processes. The following

points can be used to summarize the findings of this research:

* In the first part of this thesis, we have established the theoretical foundation for continuous-
time homogeneous semi-Markov processes. We have presented the essential definitions
and explored the fundamental properties and theorems governing these processes within

a finite state space.

* In the second part of this dissertation, we have defined empirical estimators of semi-
Markov kernel, sojourn time distributions, transition probabilities, the transition function
of the semi-Markov process as well as the Markov renewal function. We then studied
the asymptotic properties of these estimators, specifically their strong consistency and
asymptotic normality. Then, we moved on to define the kernel estimation for the transition
function of the semi-Markov process and Markov renewal function, and we have also

studied their asymptotic properties.

* Finally, to validate our approach, we provided a numerical example that illustrates the

performance of the nonparametric estimators for the transition function.

In conclusion, the problem with the empirical distribution function is that it is always a
discontinuous function. For continuous distribution it is more suitable to use a continuous

estimator, as the kernel estimator, instead of the empirical one.
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