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Abstract

This thesis is devoted to the study of advanced discrete-time queueing models, which
are widely used to model and analyze modern service systems operating in time-slotted
environments such as communication networks and computer systems.

The work begins with a presentation of the fundamental theoretical concepts necessary
for the analysis of queueing systems.

Next, we investigate classical discrete-time queueing models based on Markov chains,
including the Geo/Geo/1 and Geo/Geo/s models. For these models, key performance
measures such as the stationary distribution, server utilization, and mean queue length
are derived and analyzed.

The main contribution of this thesis lies in the study of advanced queueing models with
retrial phenomena, namely the Geo/Geo/s with retrial and Geo/G/1 with retrial models.
These models are more realistic because they account for customers who, upon finding
the server busy, leave and retry after a random delay.

Finally, a numerical approach has been developed to illustrate the theoretical results and
highlight their practical relevance for decision-making and system performance evaluation.

This work provides a comprehensive understanding of discrete-time queueing systems,
from basic concepts to advanced models, and emphasizes their importance in modeling
real-world stochastic systems.



Contents

Acknowledgments
Dedications
Abstract
Introduction

1 Theoretical Foundations of Discrete-Time Queueing Systems
1.1 Probability Theory Review . . . . . . . . .. .. ... ... ... ... ...
1.1.1 Random variables . . . . . . . .. .. ... ... ... . ... ..
1.1.2  Bernoulli Distribution . . . . .. ... ... ... ... .......
1.1.3 Geometric Distribution . . . . . . . .. ...
1.1.4 memoryless . . . . . . ..
1.2 Stochastic Processes . . . . . . . . . ...
1.2.1 Counting Process . . . . . . . . ...
1.2.2  Processes with independent increments . . . . . .. . ... ... ..
1.2.3  Processes with stationary increments . . . . . . . . .. .. .. ...
1.2.4  Markov Chains . . . . . . . . . ... ...
1.2.5 Discrete-Time Markov Chains . . . . . . . . .. ... ... .....
1.2.6 Transition matrix . . . . . . ... ... Lo
1.2.7 Chapman-Kolmogorov equation . . . . . . ... .. .. ... .. ..
1.2.8 Birth and Death Processes . . . . . .. .. .. ... ... .. ....
1.2.9  Birth and Death Processes In Discrete Time . . . . . .. .. ...
1.2.10 Bernoulli Processes . . . . . . . . . ... .. ... ... ... ...
1.2.11 Renewal Process . . . . . . . .. . ... ... ... ... ...,
1.2.12 Discrete-Time Renewal Process . . . . . .. ... ... ... ....
1.3 Introduction to Queueing Systems . . . . . . . . . ... ...
1.3.1 Arrival flows . . . . ...
1.3.2 Queue Structure . . . . . ..o
1.3.3 System Capacity . . . . . . . . . . ... ...
1.3.4 Service disciplines . . . . . . . ...
1.4 Kendall Notation . . . . . . . . . . . . . . ...
1.5 Little’'s Law . . . . . o . oo
1.6 The Performance Measurement Of a Queueing System . . . . . .. . ...

2 Classical Markovian Discrete-Time Queueing System
2.1 Discrete-Time Markovian Queues . . . . . . . . . . .. ... ... ... ..
2.2 Some Models Of Discrete-Time Queues . . . . . . . ... ... ... ...
2.2.1 The Geo/Geo/1 Model . . . .. ... ... ...



CONTENTS

2.2.2  Model description . . . . .. ..o 26
2.2.3 Associated Markov Chain . . . . . . .. .. ... ... ... 26
2.2.4  Performance Measurement . . . . . . . . . ... ... ... ... .. 29
2.3 The Geo/Geo/s . . . . . . .. 30
2.3.1 Model description . . . . . . ..o 30
2.3.2 Steady-State Distribution . . . . .. ... ... ... 31
2.3.3 Performance Measurement . . . . . . .. ... ... 32
3 Advanced Discrete-Time Queueing Models 35
3.1 Queueing Systems with Callbacks (retrial) . . . . ... ... ... ... .. 35
3.1.1  Description of retrial with a queueing system . . . . . . .. .. .. 36
3.1.2  Description of a Queueing System with Balking . . . . . . . .. .. 36

3.1.3  Description of a Queueing System with Retrials, Callbacks, and a
Waiting Room . . . . . . . ... o 37
3.1.4 Terminology and Notation . . . . . . .. .. .. ... ... ..... 38
3.2 Some Examples of Queueing Systems with Callbacks . . . . ... ... .. 39
3.2.1 Packet Communication Networks . . . . .. ... ... ... .... 39
3.2.2 Local Area Networks: CSMA . . . . . ... .. ... ... .. ... 39
3.3 Geo/Geo/s Queueing System with Callbacks . . . . ... ... ... ... 41
3.3.1 System Description . . . . .. ... oL 41
3.3.2  The stationary distribution of the system state. . . . . . . . . ... 42
3.3.3 Busy period analysis . . . . ... ... L 0oL 42
3.3.4  Waiting time analysis . . . . . . . . ... ..o L 44
3.4 Geo/G/1 Queueing System with Callbacks . . . . . . ... ... ... ... 45
3.4.1 System Description . . . . .. ... o000 46
3.4.2 Markov Chain . . . . . . .. .. .. 46
3.4.3 System Characteristics . . . . . . ... ... ... . 51
4 Model Simulations 53
4.1 Introduction . . . . . . . .. 53
4.2 The Geo/Geo/1 Queueing Model . . . . . ... ... ... 53
4.2.1 System characteristics as a function of parameter variationp . . . . 53
4.2.2 System characteristics as a function of parameter variation A . . . . 54
4.3 The Geo/Geo/s Queueing Model . . . . . ... .. ... ... 56
4.3.1 The Geo/Geo/s Queueing Model as a functionof p . . . . . . . .. 56
4.4 The Geo/G/1 Queueing Model with Callbacks . . . . . . .. .. ... ... 57
4.4.1  The Geo/Geo/1 Queueing Model with Callbacks . . . . . ... .. 57
Conclusion 58
Bibliography 59



Introduction

Queues are a phenomenon we experience in reality, or more specifically, in our daily
lives. We find them in many places, such as hospitals, banks, airports, transportation
hubs, etc. This leads us to study them from a mathematical perspective.

The knowledge of queuing theory is attributed to the Danish engineer Erlang in 1909. He
conducted experiments on the problem of excessive phone calls, where callers experienced
delays because operators could not handle incoming requests as quickly as they arrived.
Erlang addressed the problem by calculating the delay for a single operator at that time
[4]. In 1917, research on this problem was revisited, but for more than one operator, and
thus, queuing theory emerged /3/. Its use extended to solving many similar administrative
problems; and this theory is now widely used in all production facilities as a mathematical
tool to assist management in making the most appropriate decisions about these types of
problems.

Queuing can be defined as the mathematical equations and relationships that can be
employed to determine the operating characteristics of a specific waiting line.

It can also be defined as the theory concerned with developing the necessary mathemat-
ical methods to solve problems related to situations characterized by bottlenecks, or the
formation of waiting lines as a result of units requesting service and waiting their turn to
receive it, provided that arrival at the service location is random and follows a specific
distribution, and the service time for each unit can take a random form. It also measures
the service center’s ability to achieve its intended purpose by calculating the mean waiting
time to receive the service.

Discrete-time queuing models are also a modern extension of the classical queuing the-
ory developed by the engineer Erlang /5/. With the development of digital networks and
computer systems, discrete-time models have become essential for representing systems in
which events occur at discrete time intervals, such as communication networks and data
transmission systems /6].

The objective of this work is to present advanced discrete-time queueing models.

This work consists of four chapters. In the first chapter, we introduced the elements
we will be using in this work. This chapter gives the theoretical background needed to
study discrete-time queueing systems. First, it introduces a review of probability theory,
covering random variables, Bernoulli and geometric distributions, and the memoryless
property. Next, the main concepts of stochastic processes are presented, such as Markov
chains, birth and death processes, and Bernoulli processes.

The chapter then presents the basic elements of queueing systems, such as arrival flows,
queue structures, system capacity, and service disciplines. Finally, Kendall notation /5/,
Little’s law, and the main performance measures of queueing systems are presented, since
they are the essential tools for the analysis and evaluation of queueing models.
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In the second chapter, we introduced the classical Markovian models of discrete-time
queues [11]. We began by introducing discrete-time Markovian queues, and then dis-
cussed discrete-time queueing models, such as the Geo/Geo/1 and Geo/Geo/s models.
The Geo/Geo/1 queueing model is a mathematical model used to study queues in a
service system [10/. It is based on two main assumptions. Customer arrivals follow a
Bernoulli process, and service time is geometrically distributed. And for the Geo/Geo/s
queueing model [13/, this model assumes that customer arrivals follow a Bernoulli distri-
bution and that service times follow a geometric distribution with multiple servers.

Third chapter: We will discuss the advanced model of discrete-time queues. We have stud-
ied advanced queueing models, and after all the advanced models, by choosing queueing
models with recall, we will consider the following two models: the Geo/Geo/s model with
recall 12/, and the Geo/G/1 model with recall [16].

Fourth chapter: a simulation was carried out for the models that were studied in the
second and third chapters.



Chapter 1

Theoretical Foundations of
Discrete-Time Queueing Systems

Introduction

The fundamental mathematical tools in the field of queuing theory are stochastic pro-
cesses, which refer to random systems whose behavior over time is studied. More specifi-
cally, Markov chains are central to this research, as their zero-memory property stipulates
that the future state depends solely on the present state.

Discrete-time systems are particularly relevant for this type of modeling because their
behavior is observed at well-defined time points, a characteristic shared by many modern
systems, such as computer networks and digital systems. Discrete-time queues thus allow
us to measure system performance in terms of queue length, waiting time, and utilization
rate.

The objective of this chapter is to describe the theoretical foundations of discrete-time
queueing systems by introducing the concepts of stochastic processes and Markov chains
before presenting the basic concepts of queueing systems. This serves as a cornerstone,
laying the groundwork for the treatment of classical and advanced models in the following
chapters.

1.1 Probability Theory Review

1.1.1 Random variables

Definition 1.1.1.1.

A random variable is said to have a discrete distribution if there exists an at most
countable set T' C R such that

P(X=2)>0 forallzeT

and

Here, T is called the support of X. The function

pX:R%[Oa]-]
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defined by
P(X=x) ifzeT
px(@) = {0 otherwise

is called the probability mass function (PMF) of X.

And,
Fx(z) = ZPX(?J) and  px(z) = Fx(z) — Fx(2).

yeT
y<z

1.1.2 Bernoulli Distribution

Definition 1.1.2.1.A random variable X such that P(X = 1) =pand P(X =0)=1—p
is said to be a Bernoulli random variable with parameter p. Note EX = p and EX? = p,
so Var X = p — p? = p(1 — p).

We denote such a random variable by X ~ Bern(p).

1.1.3 Geometric Distribution

Definition 1.1.3.1. A random variable X has the geometric distribution with parameter
AO0O< A<, if
PX =Fk)=(1—-XN"X\ fork=1,2,...

Using a geometric series sum formula, we see that.

;P(X:k) :;(1—>\)’“‘1>\: —1_(1_)\))\: 1.

In ii.d. Bernoulli (p) trials, let X be the first time we observe a success; then X is a
geometric random variable.
There is another form of geometric distribution, which is (1 — X)*\

For example: if we toss a coin over and over and X is the first time we get a head, then
X will have a geometric distribution. To see this, to have the first success occur on the k
nth trial, we have to have k — 1 failures in the first k£ — 1 trials and then a success. The
probability of that is (1 — p)*~1p.

1.1.4 memoryless

The memorylessness property is demonstrated by some probability distributions in the
areas of probability and statistics, such as the geometric and exponential distributions.
For these two examples of probability distributions, the phrase "memoryless" is attached.

Furthermore, both distributions exhibit the following characteristic: when comparing the
probabilities associated with the customer’s waiting time at the server from the time of
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arrival until the time the server is open and an arbitrary amount of time has elapsed since
the server opened, both distributions exhibit the property of memorylessness.

Of all discrete probability distributions, only the geometric probability distribution ex-
hibits the property of memorylessness. Therefore, when we compare the geometric dis-
tribution to other discrete probability distributions, we can say that 'memorylessness’ is
one property of the geometric probability distribution.

Proposition 1.1.4.1.

Let X be a random variable following a geometric distribution with parameter A, denoted
by X ~ Geometric()). Then X satisfies the memoryless property. For all integers m > 0
and n > 0, we have:

P(X>m+n|X >n)=P(X >m). (1.1)

Interpretation.

If the first n trials result in failures, the probability that the next m trials are also failures is
equal to the probability that the first m trials are failures. This means that the geometric
distribution has no memory. The past does not influence the future.

Proof.

Step 1: Geometric Series Formula

1— qn+1
Step 2: Computation of P(X > n)
P(X >n)=1—-P(X <n). (1.3)

Since
n

P(X <n)=) P(X=k),

and for a geometric distribution

we obtain .
P(X >n)=1-) Ml—-Xr"

k=1

Factoring ou:A:

PX>n)=1-A[14+1-X)+-+(1=XN""].

Using the geometric series formula:

10
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1—(1-\)"

P(X>n):1—Am.

Since 1 — (1 — \) = A, we get:
P(X>n)=(1-\"

Step 3: Conditional Probability

P(X >
P(X>m+n|X>n)= ( m +n)

P(X >n)
B (1 _ )\)m—i-n

A=
—(1- )"

Since
(I —=p)" = P(X >m),
We conclude that

P(X>m+n|X >n)=P(X >m).

1.2 Stochastic Processes

(1.4)

(1.8)

Definition 1.2.1. A random process is a family of random variables or vectors (X;);er,
indexed by the set T" of countable or continuous times, defined on a probability space
(Q, F, P) and with values in a state space E. The random variable or vector X, describes
the state of the process at time ¢t. Each occurrence w is matched with the trajectory of

the realization (X;(w))er of the process defined by the application:

teT— Xy(w) € E.

Explanation of Notation

e T: Index set (time) - can be countable (discrete-time) or continuous

(©2, F,P): Probability space

— : Sample space
— JF: o-algebra of events

— P: Probability measure

E: State space (e.g., R, R?, or more general spaces)

e X;(w): Value of the process at time ¢ for outcome w

e (X¢(w))ter: Entire trajectory (path) for a fixed w

11
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1.2.1 Counting Process

Definition 1.2.1.1. A stochastic process {V;,t € Ny} is called a discrete-time count-
ing process if it N, represents the total number of events that have occurred up to the
discrete time t. It satisfies the following properties:

1. N; € Ny for all ¢;
2. N, is non-decreasing in t (i.e., Ny < Nyiq);

3. For all m < t, the difference N; — N,, is the number of events occurring between
time m + 1 and time ¢ inclusive.
Associated Process in Discrete Time

The arrival times T} (in discrete time) are the instants at which the k-th event occurs.
We always have:

Wi =T, — T

where Wy, is the discrete interarrival time (a non-negative integer).

1.2.2 Processes with independent increments

Definition 1.2.2.1. Let {X,,t = 0,1,2,...} be a discrete-time random process. We
say that it has independent increments if the random variables

X1 — Xo, Xo— Xy, Xz — Xy, ...

They are independent of each other.

That is, the change between each time step and the next is independent of the other
changes.
1.2.3 Processes with stationary increments

Definition 1.2.3.1.

Let {X;,t =0,1,2,...} be a discrete-time random process. We say that it has stationary
increments if the probability distribution of the increment X; — X, depends only on the
length of the interval ¢ — m and not on its location m.

That is, for any m,n, k such that m <t and k > 0, we have:
d
Xt = Xon = Xk — Xinvk

d e
Where = means "equal in distribution".

12
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1.2.4 Markov Chains

Definition 1.2.4.1. Consider a stochastic process with values in a finite or countable
state space E, {X (t);t > 0}. {X(¢);t > 0} is a Markov process if Vs,t € R™, Vi, 5,1, € E:
]P)(Xt+s :j ‘ Xt = Z,Xu = lu,u < t) = ]P)(Xt+s :j ‘ Xt = Z) (19)

In other words, a process is Markovian if the conditional distribution of the future variable
X1 given the present state X; and the history up to time ¢ focuses solely on the present
and does not depend on the past. If the conditional specification P(X;, s = j | X; = 1) is
independent of the time values, the Markov process is described as homogeneous, so that

P(Xirs =7 | X = 1) = pij(s).

1.2.5 Discrete-Time Markov Chains

Definition 1.2.5.1 [20] A discrete-time Markov chain is a sequence of random variables
(X¢)t>0 taking values in a countable (finite or infinite) state space (usually represented by
the integers 0, 1, 2, ...) such that

P( X1 = 41| X = 4, ..., Xo = do) = P(Xpg1 = 41| Xy = 1).

Definition 1.2.5.2. (Transition probability) /15/ We define the transition probability
from state i to state j between times t and t + 1 by the following quantity:

Pi(t) =P(Xy1 = j| Xy =1), Vi,jeE.

Where P,;(t) is the probability that the system is in state j at time t + 1, given that it
was in state i at time t.

1.2.6 Transition matrix

Definition 1.2.6.1. For a time-homogeneous Markov chain, the probability

P(X;11 =y | X; = x) does not depend on time. This probability is called the transition
probability (from z to y) and is denoted by

Poy =PXpp1 =y [ Xi=2)=P(X1 =y | Xo =12).
The set of these transition probabilities defines the transition matrix denoted by P:

P = (pa:y):v,yEExE'

Proposition 1.2.6.1. If X is a Markov chain with transition matrix P, then for alln > 0
and (o, ...,7;) € B! we have

t
P(Xo=mo,..., X, =2,) = P(Xo = z0) [ [ oo

1=1

13



CHAPTER 1. THEORETICAL FOUNDATIONS OF DISCRETE-TIME QUEUEING
SYSTEMS

Proof.
We use recurrence on ¢t > 0. For ¢ = 0, there is nothing to prove (with the convention

H?zl =1). Suppose t > 1. Then

P(XE =2l = P(Xyy1 = 2441 | X§ = 2b) P(X = 2)
t
= Paiweta <P(X0 = 7o) Hp:m—lwi>
i=1

where the last equality comes from the Markov property for the term p,,,,., and from
the recurrence hypothesis for the second term P(X, = xg) szl Da;_yz;- Lhe proposition
is proven.

Proposition 1.2.6.2. shows that the transition matrix P does not characterize the distri-
bution of (X;): the initial condition (P(Xy = x)).cr must also be specified. Subsequently,
we will denote the initial condition by g, with 79 = (7o(x)).ep and mo(z) = P(Xo = )
and m; the distribution of X3, i.e., m = (my(x))zep with m(z) = P(X; = ).

1.2.7 Chapman-Kolmogorov equation

The transition probabilities in ¢ steps are completely determined by the transition prob-
abilities in one step, and therefore by the transition matrix. This is what the Chapman-
Kolmogorov equations express.

Proposition 1.2.7.1. [15] For all i, j, and for all 0 < k < ¢, we have

) _ (t-1) p(1)
Py =% P ny.

keE

Demonstration.
) = P(X, = j| Xo = i);
=Y P(X; =4, X1 =k|Xo=14) (t>2);

keE
= ZP(Xt =j | Xio1 =k, Xo=0)P(X;1 =k | Xo =1);
ek
t—1) (1
B
ek

In other words, this relationship can be expressed using the following matrix multiplication
formula: P® = ptt-=1)p),

1.2.8 Birth and Death Processes

Birth and death processes (N-M) are processes such that a single birth can occur at
any time, and the birth rate depends on the number of customers present in the system.
Similarly, a single death can occur at any time, and mortality depends on the customer

14
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population. These processes are Markovian. We will note later that a birth and death
process can only change the population by one unit at a time, so its Markov chain is
tridiagonal.

The birth and death process is extremely fundamental in queueing theory. The discrete-
time birth-death process has not received much attention in the literature. This is partly
because it does not have the simple structure that makes it so general for a class of
queues as a counterpart to continuous time. We assume that the birth process follows a
state-dependent geometric distribution, and the death process follows a state-dependent
geometric distribution. In what follows, we develop the model more explicitly.

1.2.9 Birth and Death Processes In Discrete Time

The birth process is a Bernoulli process, while the death process follows the geo-
metric distribution. Let p; = P(a birth occurs), p; = 1 —p;, i > 0, and let \; =
P(a death occurs), \; =1—\;, i > 0.

If we now define a Markov chain with state space i; ¢ = 0, where ¢ is the number of
customers in the system, the transition matrix P of this chain is given as follows:

Do Po 0 0
AL piA+ piA piA 0
pP— 0 P22 PaA2 + P2Ao P22

0 0 P3As P3As + pshs
Let m;(t) be the probability that there are ¢ customers in the system at time ¢, and

7(t) = [mo(t); m(t); .. .|, and we have:

m(t+1)=7n{t)P; or w(t+1)=mr(0)P*

If P is irreducible and positive recurrent, there exists an invariant vector, which is equiv-
alent to also the limiting distribution, lim; ., 7(t) = 7; hence:

T =mnP.

Let’s set m = [mg; m1; 725 . . ], from which the balance equations are given by:

To = Pomo + PrAiT1
T = pomo + (P11 + p1A1) ™1 + Padoms
i = Dic1Xi—1Ti—1 + (DiXNi + Didi) T + Pic1 Aip1Tis1

From the first equation, we have:

Po .
=700,

N

i—1
H Py .
Ty = — = | To; 1 Z 1.
(v:O pv+1)\v+1>

™

15
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Using the normalization condition ). m; = 1, we obtain:

0o i—1 -1
1+ZH&] .

To = -
=7 v Por1 et

For the stability of the system, the quantity must be:

oo i—1

o = Z H(pv/\v)[ﬁv—i-l;\v—i-l]_l < 1.

=1 v=0

Note 1.2.9.1. The birth and death process is a special case of quasi-birth and death
(QBD) processes, where the transition matrix is made up of block matrices instead of
scalars.

1.2.10 Bernoulli Processes

Definition 1.2.10.1. We will thus define an "arrival process" on a slotted axis. The
simplest example is provided by the Bernoulli process, also known as the "geometric arrival
process." At each time T}, the process randomly draws according to a probability p the
possible arrival of a customer, independently of previous arrivals (memoryless process).
We can give the probability distribution of the number of arrivals during a period of ¢
ticks:

k
P{A arrivals in k slots} = (A) (1—p)—pt (1.10)

Similarly, we can give the distribution of the interval between two successive arrivals (from
which the name "geometric process" is derived, albeit improperly):

P(A) =p(1—p)*!

The average interval has a duration of 1/p. If we define K as the duration of the slot,
we can interpret the formula as giving the probability of a duration 7" = AK between
arrivals. Then, as K tends towards 0, such that p/ K = X remains constant, we can easily
see that the previous distribution admits a Poisson process as its limit. The same result
would be obtained by starting from formula (1.10).

1.2.11 Renewal Process

Renewal theory plays a fundamental role in many applied fields, particularly in equipment
reliability, asset management (especially in risk-based models), and queueing theory. It
can be used to model phenomena in which events repeat over time, such as machine
breakdowns and replacements, or successive customer arrivals.

1.2.12 Discrete-Time Renewal Process

definition 1.2.12.1. A discrete-time renewal process is a stochastic counting process
{N(t),t € Z>o} that enumerates the number of occurrences of a certain event over discrete
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time. The inter-arrival times between successive events are assumed to be independent
and identically distributed (i.i.d.) positive integer-valued random variables.

Let
{Xi}i1

be a sequence of i.i.d. positive integer-valued random variables representing the inter-
arrival times between consecutive events.

The renewal times are defined by :

Se=) X, n=123_..
t=1

where 5,, denotes the time of the n-th event occurrence.

The corresponding counting process is given by :

N(t) =max{n >0:S, <t}, t=0,1,2,...

Hence, the process {N(t),t > 0} counts the total number of renewals up to discrete time
t and is called a discrete-time renewal process.

Note 1.2.12.1.

This definition generalizes the classical Bernoulli and geometric renewal processes com-
monly used in discrete-time queueing models, such as the Geo/Geo/1 queue.

1.3 Introduction to Queueing Systems

Queueing theory is a branch of applied mathematics and probability that studies the
behavior of systems where customers wait for service. It is applied in various fields such as
banks, hospitals, call centers, and production networks, helping to analyze queue length,
waiting times, and system time. Mathematical modeling relies on stochastic processes,
such as birth-and-death processes, to accurately evaluate system performance. Key con-
cepts include Little’s Law and Kendall’s notation for describing different types of queues.
The theory began in the early 20th century with Agner Krarup Erlang, who studied tele-
phone traffic, and later evolved to cover more complex models. Today, queueing theory is
a crucial tool in operations research and complex system management, improving service
quality and reducing waiting times.
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Definition 1.3.1. (Queue).

This refers to all customers waiting to be served, but not the customer who is being
served.

Definition 1.3.2. (Waiting system).
This refers to all customers in the queue, including the customer who is being served.

The waiting phenomenon affects all customers concerned (in the case, as in looped sys-
tems, of a subsequent return to the entrance, for example, of machines breaking down in a
workshop, the number of customers is often finite in any case). These terms are becoming
more widespread and take on their full meaning when there are several service stations
and several queues.

Population: The population is the source of potential customers. It is defined by its
cardinality (finite or infinite).

Queue: The queue is defined by its maximum capacity of waiting customers (finite or
infinite).

Population 1 systéme
ST \
(L

0% 0, m‘ 0,

Arrivées file service Départ

d’attente

Figure 1.1: General structure of a queueing system

Customers: Customers (from the population) arrive at the system at an average arrival
rate.

Service: One or more servers provide the service. The time between the start and end
of service for a customer is the service time, which is assumed to be probabilistic. The
service rate is another characteristic of the system.

Inter-arrival: This is the time interval between the arrival of successive customers. These
inter-arrivals are assumed to be independent and follow the same probability distribution.

Service strategy: The service strategy refers to the order in which customers are served:
first come, first served; randomly; according to priority, etc.

1.3.1 Arrival flows

Arrivals may occur regularly (deterministic) or completely randomly, on behalf of in-
dividuals or groups, and may come from different populations (in the case of interaction
with the environment). The inter-arrival times must therefore be modelled. In certain
situations, it will be necessary to take into account the size of the population likely to
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enter the system (if it is not infinite, the number of entrants will decrease over time).
This parameter will therefore need to be taken into account, particularly in the study of
emigration-immigration models.

1.3.2 Queue Structure

The service can consist of one or more servers, which can be arranged in various ways:

Parallel Queues
This arrangement applies to queues where the customer can choose the server:
e Queues of people waiting in an administrative office offering several services,

e Queues of shoppers waiting at checkout counters in a hypermarket,

e Queues of cars arriving at a highway toll booth.

S1

S'a

L‘)';-;

L‘;.-]

Figure 1.2: parallel servers

Serial Servers

This provision concerns chain services:

e Catering services,

e Vehicle registration services in a prefecture (requiring two steps: registration and then
card production),

e Medical examinations in an infirmary (requiring several successive checks),

e Production lines with quality control, etc.

Networked Servers

This arrangement is much more complex and realistic:

e Telecommunication hubs,
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—— S~ S 8% = 5%

Figure 1.3: serial servers

e Computer networks,
e The internet...

: S = 5 : : M| >_< S :
S —— & 5 S

Figure 1.4: network servers

We will also need to model service times.

1.3.3 System Capacity

Many queuing systems have a waiting room with limited capacity. When this
room is full, people will be turned away at the entrance to the system. This factor is
particularly important when studying tandem queues.

For example, if a waiting room with limited capacity is inserted between two
consecutive services, when this room reaches saturation point, a blockage occurs at the
first service.

1.3.4 Service disciplines

Service discipline determines the order in which customers are served. Severala single
server performs the servicein which people or things arrive, wait, and are served—such as
common rules are adopted.

e A rule of courtesy would be to serve people in the order in which they arrive, FCFS
(First Come, First Served), which is FIFO when the service is performed by a
single server.

e A rule that is the opposite of the rule of courtesy is to serve the last customer to
arrive first: stock management. This is the LCFS (Last Come, First Served)
discipline. LIFO (Last In, First Out) in cases where the service is performed by
a single server.

e In some emergency services, priority rules apply: customers are divided into several
classes with different priority orders. A priority person must be served before a
non-priority person, even if the latter arrived first.
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e Finally, in other situations, processor sharing is adopted: this is particularly
common in computing, where different tasks are processed simultaneously.

1.4 Kendall Notation

Queuing models help us analyze systems where people or things arrive, wait, and get
served—Ilike customers at a bank or data packets in a network. Kendall notation is a
shorthand way to describe these models completely. The full version uses six parts:

A/B/s/N/K/D.

A: Arrival process
This describes how arrivals happen. Common notations include:

e Geo (Markovian/Geometric): Arrivals follow an geometric distribution (memory-
less, Bernoulli process)

e G (General): Any general distribution (no specific assumptions)

e D (Deterministic): Fixed, constant inter-arrival times

B: Service process
This describes the service time distribution. Uses the same symbols as A.

e Geo: Geometric service times
e E: Erlang service times
e G: General service times

e D: Constant service times

s: Number of Servers

Number of parallel servers:
s=1,2,3,...

Examples: s =1 (single cashier) and s = 2 (two tellers).

N: System Capacity
Maximum number in system (waiting + being served):

N = finite number or co

If N is finite, the system can be full and reject arrivals.

K: Population Size
Total potential arrivals in the source:

K = finite number or oo

Finite K = limited pool (e.g., 10 machines in a workshop).

D: Queue Discipline Service order rule:
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e FCFS: First Come, First Served
e LCFS: Last Come, First Served
e SIRO: Service In Random Order

e Priority: Based on urgency/class

Abbreviated Form: A/B/s

Often, we use a shorter version: A /B/s. This assumes the system has infinite capacity
(N = 00) and infinite population (K = oo). In other words, there’s no limit on how many
can wait or how many could arrive—it’s an open system with ample capacity and an
endless supply of arrivals. This is common for basic models where we don’t worry about
overcrowding or limited sources.

1.5 Little’s Law

Little’s law is an empirical relationship formulated by John Little in 1961. It only
concerns the steady state of the system. Little’s law is crucial for the analysis.

Theorem 1.5.1. (Little’s formula) For a steady-state system, the arrival rate p of cus-
tomers, the mean number N of customers in the system, and the mean dwell time T
(mean response time) are related by the equation.

N =pT.

1.6 The Performance Measurement Of a Queueing Sys-
tem

The study of queueing systems focuses on figuring out or predicting how well a system
performs under specific conditions. Usually, this is done just for the steady state—when
things have settled into a long-term pattern—and the key metrics people look at most
often include:

e N: The mean number of customers in the system.

@: The mean number of customers waiting in the queue.

e T The mean time a customer spends in the system.

e II/: The mean time a customer spends just waiting in the queue.
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e S: The mean number of customers being served.

e I/: The mean number of customers in the orbit.

e /: The mean wait time for a customer in the orbit.

e (: The number of busy servers.

e [U: The number of customers in the orbit.
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Chapter 2

Classical Markovian Discrete-Time
Queueing System

Introduction

Discrete-time Markov models form one of the cornerstones of queueing theory due to
their ease of analysis and their ability to describe a very wide range of real-world systems.
Unlike continuous-time models, discrete-time systems evolve at well-defined moments,
making them particularly well-suited for modeling many modern systems such as digital
communication networks, computer systems, information processing applications, and so
on.

Markov models possess the Markov property, which states that the future state of the
system depends only on its present state and not on its past, which explains the significant
gains in simplicity from the perspective of mathematical analysis and the calculation of
probabilistic characteristics.

This chapter addresses classical discrete-time queueing models, specifically the Geo/Geo/1
and Geo/Geo/s models. Their description, basic assumptions, and analytical methods for
testing their performance will be presented.

The objective is to provide theoretical tools useful for understanding the more complex
model that will be addressed in the next chapter.

2.1 Discrete-Time Markovian Queues

Arrivals and departures in a step-by-step queue are considered as discrete stochastic pro-
cesses. This corresponds to moments in time when a customer arrives or leaves with a
given probability distribution. This presents another important alternative to continuous-
time systems, which are most often used in modeling.

Let us now consider the queues already studied as having an exponential service time
distribution (M/M/1; ...), which corresponds to a duration that can be used to model
the duration of a telephone conversation in a conventional telecommunications system.
Basically, as a continuous-time model, this is only an approximation because real events
occur in discrete time, so even if we choose at a given moment to use seconds, milliseconds,
etc., we are still dealing with a discrete variable, with the duration being quantified using
a slot.
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In this configuration, arrivals join the system at the beginning of a slot and departures
are recorded no later than the second preceding the next time.

oo

-t t D t+ (t+1)- (t+1) D (t+1)+
-t Time before possible arrival
t+ Time after possible departure

t+:(t+1)- Theinterval outside the observation
The arrival of the customer

. customer departure
e observation time
'

Figure 2.1: Time slot in the system

The customer who finishes their service at the end of slot J leaves behind those who
arrived in the second slot and those who are waiting at the beginning of a slot. The
service for the customer who arrives in the slot always begins at the start of the slot.

2.2 Some Models Of Discrete-Time Queues

2.2.1 The Geo/Geo/1 Model

Introduction

Queueing systems are used to model many real service systems, such as communication
networks and computer systems. In some situations, special events may occur that remove
customers from the system, such as negative arrivals or disasters, which help reduce
congestion. In this work, we study a Geo/Geo/1 queue, a discrete-time single-server
model where arrivals and service times follow geometric distributions. The aim is to
analyze the behavior and performance of this system under these conditions.

Consider a classic Geo/Geo/1 discrete-time single-server queueing system, where the time
axis is divided into sub-intervals of constant length, called "slots," and where all activities
take place at the ends of the "slots."
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2.2.2 Model description

The Geo/Geo/1 is the most basic discrete-time queueing model, which can easily be
considered as the discrete-time M/M/1 queueing model counterpart to the continuous
version.

This model can accommodate an infinite number of customers and operates under a
FIFO service system. The primary difference in this model is that time is divided into
time intervals (discrete time units), and the interarrival times and service times are all
treated as geometric distributions.

2.2.3 Associated Markov Chain

The Geo/Geo/1 queue model can be defined as a special case of a birth-and-death
process.

We consider the case where p; = p, Vi > 0 and \; = A, Vi > 0.

This allows us to explain the generating functions of the inter-arrival and service time
laws p(k) = 1 — p+ kp and A(k) = 1 — A + kX respectively. We now define the Markov
chain (X;);en in state space (i,t); @ = 0 or 1, t > 0, where ¢ represents the number of
customers in the system.

The transition matrix P of this chain is given by

P D 0
PA PA+pPA pA ok
— 10 DA DA+ pA pA

There are several approaches to analyzing this Markov matrix. Among these, we can
mention the standard numerical approach, the approach based on generating functions,
and the approach based on geometric matrices.

Recurrence Approach

The chain (X} )sen is irreducible and positive recurrent and therefore admits a single fixed-
point distribution. Let 7w = (mg, 71, .. .) satisfy @ = wP.

From this, we obtain the equations of state:

Mo = ToD + MDA, (2.1)
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T = mop + (PA + PA)m1 + TP, (2.2)

T, = TiapA + mi(PA + pA) + T ph, i > 2. (2.3)

If we suppose that p = 2X then we have

2%
P’ .
m=|=|m, t>1
(A) "

Using the normalization condition, we obtain

00
E T = 1,
=0

We will have :
T = ———, With p<]1,

p<1 ifand only if p < A is the stability condition.

The Generating Function Approach

Let f(k) = > 0y mk", |k| < 1, be the generating function of the stationary distribution
7. Multiplying equations (2.1)-(2.3) by &%, k!, k' respectively, we obtain:

7o = P + PATY,
k= pkmy + (DA + pA)kmy + pAkms,

kiﬂ'i = pj\kiﬂ'l',l + (ﬁj\ -+ p)\)klﬂ'z -+ ]5)\]&71’1+1, ) Z 2.

Summing over ¢, we obtain the last equation:

_ D _ D
f(k) = f(k) p)\+p)\+%+p)\k:} + {p—l—pk—p/\—p/\—%—p)\k: 0.

After simplification, we get

Alpk + p)(k = 1)
(PA = pAR)(k — 1)

o

f(k) =
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_ Ak +p)
=7\ 3.7
(PA — pAk)
Using f(k)|x=1 = 1, we obtain:
_A-p
Ty = \ .

Since 7y > 0, we have the stability condition p < .

The Geometric Matrices Approach.

The transition probabilities of the operation (X;);en can be represented in the form of the
following mass matrix called the semi-birth matrix and semi-death transition probability
matrix (QNM), which is related to the operation level.

The transition matrix is obtained by:

The matrix P in block form is as follows:

Noo Nogr 0 0
NlO Nll MO 0

P = 0 Noy M; My, O
0 0 M, M

In matrix form, the system of equations (2.1)-(2.3) above is given by:

oo

o = g i Nio
i=0
o0

™ = E mi N1
i=0

oo
T = Z'ﬂ—j-i-v—lea j=>1
v=0

In the general case where N;; and M, are matrices, the transition matrix is called a
geometric matrix.

In our case, we have:
My =p\, M, =(p\+p\), My=p\ M,=0 forall v>3

Noo=p, Nio=p\, Nop=p, Nip=pr+p)\, Na =pA,
Ny =0 for >3, j7>2.

Since the components of the matrix P are scalars, we are thus led back to the first two
approaches.
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2.2.4 Performance Measurement

e The mean number of customers in the system is given by:
N = Z 'é’ﬂ'i
i=0
and is obtained as follows:

N=MN"A=plp+20"+3p° +---]
= (NN =ppll +2p+3p" + -]

— WA - p)p%.

Hence,

- b
N=_—".
A=p

Remark 2.1.

This same result can be determined, in steady state, using the relation:
df (k)

§= 9%
dk

k—1

where f(k) is the generating function.

e The mean number of customers waiting in the queue is:

Q=> (i-l)m=N-p (2.4)
i=1
Hence: »
_N-P
@ A
The system capacity is unlimited, so p. = p where p, is the actual arrival rate into
the system.

Using Little’s formulas, we obtain:

e The mean time a customer spends in the system:
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2.3 The Geo/Geo/s

Introduction

Some examples of service systems are telecommunications and computer systems; there-
fore, queueing systems are used to create models for these types of service systems. When
a customer arrives and finds that all servers are currently busy, the customer has three
options: Leave, Wait in the Queue, or Wait Until Later to Try Again. Retrial queues
are particularly important in communication systems where repeated service attempts
occur frequently. In recent years, discrete-time queueing models have received increasing
attention due to the development of digital systems. In this work, we study a Geo/Geo/c
retrial queue, which is the discrete-time analogue of the M /M /s retrial queue, and analyze
its main performance characteristics.

2.3.1 Model description

The Geo/Geo/s queue is a discrete-time queuing system where both arrivals and ser-
vice completions follow geometric distributions. It is a generalization of the Geo/Geo/1
queue to s parallel servers, allowing the analysis of multi-server systems with discrete-time
events.

Key Features

Time type: Discrete.

Arrival distribution: Geometric, with parameter p (probability of arrival in a
time slot).

Service distribution: Geometric, with parameter A (probability of service com-
pletion per server per slot).

e Number of servers: s.

Model Structure

At each discrete time slot:

e A new customer arrives with probability p.

e Up to s customers are served simultaneously. Each server completes its service with
probability A independently.

e Excess customers wait in the queue according to the service discipline (usually

FIFO).

This discrete-time framework is the temporal analogue of the continuous-time M/M/s
queue.
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2.3.2 Steady-State Distribution

The steady-state distribution of the Geo/Geo/s queue can be computed recursively using
the one-step transition probabilities of the discrete-time Markov chain {X;}. The tran-
sitions depend on the arrival probability p, the service probability A\, and the number of

servers s. The steady-state probability 7; represents the long-run probability of having ¢
customers in the system.

Service Completion Probability

The service probability depends on the number of customers in the system. It is given by

Balance Equations

For a birth-death process, the steady-state probabilities satisfy.

M1 = Ms—1P + WSP)U (25)
Ty = Te1p + (PA + PA)Ts + To 1D, (2.6)
™, = 71'2'_1]95\2‘_1 + Wz(ﬁj\z +p)\2) + 7Ti+1]5>\2'+1, 1 Z S. (27)

By recursion, we obtain

- (1 — )\
Wi:H_pJ( i) To.

Pir1( = Aj1)

Steady-State Probabilities

Thus, the steady-state probabilities are given by

( i—1 i—1 ¥
szo pillico A .
70 - - 1< S
i—1 — i—1 A ’ ’
Hj:opj+1 Hj:O J+1
T =
S S N
szo Dj szo Aj S
o Hs = Hs )\ , =S
L j=0Pj+111j=0 Nj+1
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(@
W0#7 1< S,
(p) Hj:() Aj+1
T, =
(p) A==l
To7— 3 , 128
L (@) o A
(T |
o . i—1 - 1 < S,
(0) ITj=o(1 = M)
T, =
s—s(s+1)
- (p)°A> .
— N i—1 I :
(PP = A%)e szo(l — M)
Normalization Condition
The constant 7 is obtained from the normalization condition.
oo
Sr=1
i=0
Therefore
s—1 BRI ()] o7 S(s+D) -1
PN peA 2

Stability Condition

The queueing system is stable if the traffic intensity satisfies.

pA

= < 1.
pA®

p

Under this condition, all performance measures of the system can be derived.

2.3.3 Performance Measurement

In the Geo/Geo/s queuing model, performance measures are used to evaluate the effi-
ciency of the system. The mean number of customers in the system is IV, which represents
the sum of customers being served and waiting. The mean number of customers being
served is S = 1 — my, where 7, is the probability that the system is empty. The mean
number of customers in the queue is Q = N — S.
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From Little’s law, we obtain the mean waiting time in the queue W = Q, and the mean
p

time a customer spends in the system is T'=W + —.

These measures allow us to analyze the performance of the system when the stability
condition is satisfied.

e The mean number of customers in the system

The mean number of customers in the system is:

o0
N = Z i
i=1
which can be written as:

s—1 1;15\1'(1'—1) +o0 ps)\

, = 1 p n 2 — — - —
N = G )t e T )

=0

— s(s+1)

sp*AT 2
— 7 H;;t(l _ )\j) ps+1(1 _ As)s

This is the mean of the total number of customers in the queue + in service.

e The mean number of customers in service

The mean number of customers being served is:

521—7?0

where:

o

is the probability that the system is empty.

e The mean number of customers in the queue

The mean number of customers waiting in the queue is:

Q=N_-5

This corresponds to customers who are waiting without being served.
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e The mean time a customer spends just waiting in the queue

The mean waiting time for a customer in the queue is:

w==
p

This is an application of Little’s law.

¢ The mean time a customer spends in the system

The mean time spent in the system (waiting + service) is:

1
T = -
WS

where:

> =

is the mean service time.
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Chapter 3

Advanced Discrete-Time Queueing
Models

Introduction

Classical discrete-time queuing models have been studied in previous chapters, notably
the Geo/Geo/1 model, based on simplifying assumptions regarding arrivals, service times,
and customer behavior. However, these simplifying assumptions may mask the much
more complex reality of modern systems, where phenomena such as customer impatience
(reneging), refusal to enter the system (balking), retries, feedback after service, etc., can
pose problems. Furthermore, the server’s operation itself can be disrupted by breakdowns,
vacations, or even disasters.

The objective of this chapter is therefore to explore advanced discrete-time queueing
models that account for these various characteristics in order to more accurately model
real-world systems and analyze their performance in greater detail. We will present several
enhanced models and the analytical methods we used to evaluate key indicators such as
average queue length, waiting time, and system stability.

3.1 Queueing Systems with Callbacks (retrial)

Queueing systems with retries, also known as retrial queues, constitute a specific class
of stochastic models characterized by a particular congestion management mechanism.
When a client enters the system and finds that all servers are busy, it does not necessarily
join a traditional queue; it may either leave the system permanently or defer its request
by retrying after a random delay. In the latter case, the customer is assumed to enter a
virtual entity called an "orbit," from which they subsequently generate attempts to access
the service.

These systems occupy an intermediate position between two fundamental models in queue-
ing theory. On the one hand, they generalize the model with rejection, corresponding to
low recall intensity, where clients are systematically lost in the event of saturation. On
the other hand, they approach the classic FIFO queueing model when the recall rate
becomes high, reflecting behavior similar to that of clients willing to wait. Thus, the re-
call mechanism allows the system’s behavior to be modulated between these two extreme
regimes.

This type of modeling is particularly useful for analyzing real-world systems characterized
by repeated attempts to access the service, thereby enabling a more accurate represen-
tation of congestion phenomena and improving our understanding of the system’s overall
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performance.

3.1.1 Description of retrial with a queueing system

A queueing system with retrials is a stochastic service model in which arriving customers
who find all servers busy and no available waiting space are not immediately lost from the
system. Instead, they are directed to an external orbit, where they remain temporarily
inactive. After a random period of time, these customers attempt to access the service
again. Fach retrial is considered a new attempt for service, and the customer is either
served if a server becomes available or returns again to the orbit if the system remains con-
gested. This mechanism is widely used to model systems with repeated access attempts,
such as telecommunication networks and call centers.

Recalls Blocked costumers H,

System

Primary Arriva Departures
(Server)

Figure 3.1: The general diagram of a retrial queueing system

3.1.2 Description of a Queueing System with Balking

A queueing system with balking is a service model in which arriving customers make a
decision not to enter the system upon observing congestion conditions. Specifically, if
all servers are occupied or the waiting line is excessively long, a customer may choose
to abandon the system immediately without joining the queue. This decision is typically
based on perceived waiting time or system load. Unlike retrial systems, balking customers
do not reattempt service at a later time, and their departure is permanent at the moment
of arrival.
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customers leave system (balking)

Yes

System
Primary Arrr'valf (Server )

Is system full?

No

Customers are served (Departures)

Figure 3.2: The general diagram of a queueing system with Balking

3.1.3 Description of a Queueing System with Retrials, Callbacks,
and a Waiting Room

A call-and-return queueing system consists of s > 1 identical and independent servers, a
waiting area with capacity N — s (where N > s), as well as a service queue of capacity
O, which may be finite or infinite.

Upon the arrival of a primary customer, if at least one server is free, the customer is
immediately served and leaves the system after the completion of service. Otherwise, if
there are available waiting places, the customer joins the queue. When all servers and all
waiting slots are occupied, the client is either permanently lost with probability 1 — H, or
admitted into the orbit with probability H, thereby becoming a source of repeated calls.

Customers in the orbit, called secondary customers, attempt to access the service after
random time intervals following a given probability distribution. The callback process can
be characterized by different intensities, such as constant, classic, or linear callbacks. If
a secondary customer retries, it is treated as a primary customer: if it finds an available
server, the customer is served immediately; otherwise, if there is space in the queue, the
client joins the queue; otherwise, if the system is saturated, the customers permanently
leaves the system with probability 1 — Hj (where k is the number of failed attempts)
or returns to the queue with probability Hy if it is not full; otherwise, the customer
permanently leaves the system without service.

The general diagram of a call-back queueing system is shown in Figure 3.3:
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departures without service (1-Hy)

Recalls blocked customers(Hy)

Sys fem Wcusromers retained or fos{

primary arrival (
L (server + waiting room) J

Figure 3.3: The general diagram of a callback queueing system

3.1.4 Terminology and Notation

Referring to the Kendall notation established for the classic queueing model, the notation
for the callback queueing model is written by adding two additional symbols to the six
symbols previously defined provisionally.

A/B/s/N/K/D/O/H
Where:

1. O: Orbit capacity.

2. H: The persistence function that defines the customer’s behavior when faced with
a blocking situation (servers are busy).

Note 3.1.4.1. In the case of infinite orbital capacity, the value of O becomes negligible.
Conversely, in a lossless system where H = 1, the parameter H becomes redundant, and
it is no longer necessary to retain it.

Note 3.1.4.2.

e The time interval between two consecutive calls from the same secondary client is
referred to as the call interval.

e The inter-call interval distribution is assumed to be geometric with parameter p.

e As p — o0, the call-back queueing system is identical to the classical queueing
system.

e As p — 0, the call-back queueing system becomes an Erlang system with loss.
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3.2 Some Examples of Queueing Systems with Call-
backs

Today, there is a wealth of literature on queueing systems with callbacks, illustrated
by numerous concrete examples. These examples demonstrate how theoretical concepts
translate into real-world situations, particularly in communication networks and computer
systems. In this chapter, we present some of these practical examples to better understand
how systems with callbacks work and their usefulness in modeling real-world phenomena
such as congestion, waiting, and repeated attempts to access a service.

3.2.1 Packet Communication Networks

Consider a computer communication network consisting of a set of interfaces called "In-
terface Message Processors" (IMPs) (these are the packet-switching nodes used to connect
computers to the ARPANET), interconnected by cables. A host computer is connected
to one of these interfaces.

If the computer sends a message to another computer, it must first send the message
with the destination address to the interface to which it is connected. The interface, in
turn, sends the message to the destination computer directly if it is connected to it, or
indirectly via other interfaces.

Consider an interface to which a main computer is connected. Messages arrive from
outside according to a random process. After receiving the message, the computer im-
mediately sends it to its interface. If there is a free buffer, the message is accepted.
Otherwise, the message is rejected, and the computer must retry after a period of time.

If empty buffers are available, the rejected message will be stored in a buffer on the main
computer. Otherwise, the message will be considered lost.

This problem can be modeled as a single-server call-back queueing system (IMP interface)
with buffers (queue positions). The number of buffers on the main computer constitutes
the capacity of the orbit.

3.2.2 Local Area Networks: CSMA

In local area networks based on a single shared bus, one of the communication protocols
used is non-persistent CSMA (Carrier Sense Multiple Access). This is a method for
accessing a local area network. Suppose this network consists of n stations (or processors)
connected by this bus. The stations communicate using this bus.

Messages of varying lengths arrive from the station in the outside world. Upon receiving a
message, the station divides it into a finite number of fixed-length packets and immediately
checks the bus availability. If the bus is free, one of these packets is transmitted via the
bus to the destination station, while the other packets are stored in the buffer for future
transmission. However, if the bus is busy, all packets must be stored in the buffer, and
the station can check the bus after a certain random interval.
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This problem can be modeled as a single-server system, where the bus is the server, and
the stations’ memory represents the queue.

This problem can be modeled as a single-server system, where the bus is the server, and
the stations’ memory represents the queue.

This system is illustrated in Figure 3.2

Bus

package Buffer ]

package

Buffer

Buffer

external message

Figure 3.4: Diagram of a local area network
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3.3 Geo/Geo/s Queueing System with Callbacks

The present section aims to investigate the Geo/Geo/s queue with geometric retrials; that
is, the discrete-time analogue of the M/M /s retrial queue. We propose several algorith-
mic procedures for the efficient computation of the main performance measures. More
specifically, we focus on the stationary distribution of the system state, the busy period,
and the waiting time.

Although the efficient computational analysis of non-homogeneous GI/M /1-type processes
remains an open problem, we shall show that it is possible to exploit the matrix struc-
ture and sparsity of the underlying blocks to proceed algorithmically. There are several
methods for an efficient solution of the stationary probabilities and the rate matrix. For
the sake of brevity, we present in detail only those methods that we use for obtaining the
numerical results.

3.3.1 System Description

We assume that the time axis has been divided into equal intervals of unit length called
slots. In the Geo/Geo/s retrial queue, primary customers arrive at the system according
to a Bernoulli process with probability p. Equivalently, the arrival process is a discrete
renewal process with geometric interarrival times with probability mass function (p.m.f.)
pp'~t, for t > 1; where p = 1 — p.

Service is rendered by s identical servers with service times geometrically distributed
with p.m.f. A\7L; for ¢ > 1; where A = 1 — X\. This means that for any busy server, the
probability that it will finish the ongoing service in the next slot is .

An arriving customer who finds a free server upon his arrival begins to be served imme-
diately. Otherwise, he joins the retrial orbit and reapplies for service later. Customers in
the retrial orbit behave independently of each other and retry with probability s at every
time slot, i.e., their retrial times are independent geometric random variables with p.m.f.
rit=l: for t > 1, where 7 =1 —1r.

We suppose that primary arrivals occur first, so they have priority over retrials. Among
retrying customers, the ones who occupy the servers are selected randomly, i.e., we assume
the random order (RO) discipline.

The state of the system at time ¢ can be described by a process {(Cy, Uy),t > 0}, where C;
denotes the number of busy servers and U; records the number of customers in the retrial
orbit. The process {(C, U;),t > 0} is an irreducible Markov chain with state space

S={(,j)|0<i<s, j>0}

and one-step transition probabilities P j)(m,») given as in the following theorem.

Theorem 3.3.1.1./8/ The non-zero transition probabilities P(i,j)(m,n) of the process
{X4;t > 0} are as follows:

(i) fn=j+1and i =m =s, then
P(s,5)(s,7 +1) = pA°.
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(i) fmax(0,7 —s)<n<j,j—n<m<sand max(0,m+n—j—1) <i<s, then

7 "y - .
P(i i :|: 1— T — i+j—m—nym+n—j)
(27])(m7n> ( 0 i+ +1)p(z’+j—m—n))\ A

7 L - .
1—-4 . )\z+]+lfmfn)\m+nfjfl
+ I )p(i+j+1—m—n> (3.1)

. i .
J j—n —=n J h—j—h
X ((j—n)rj '+ Opns Z (h)r 7 )
h=j—n+1

where the symbol §,, denotes Kronecker’s function defined by
1, ifa=b;
6ab = .
0, ifa#0.
3.3.2 The stationary distribution of the system state
In this subsection, we study the stationary behavior of the system state. As usual, we
begin by investigating the system stability. We expect to have the same situation for the

Geo/Geo/s retrial queue because, as the number of retrying customers grows, the system
approaches the standard Geo/Geo/s queue.

Theorem 3.3.2.1. The Markov chain {(Cy, U;);t > 0} is positive recurrent if and only if

p < SA.

3.3.3 Busy period analysis

We present some algorithms for the recursive computation of the busy period characteris-
tics. Let L(; ;) be a random variable representing the first passage time to (0, 0), starting
from a state (4,7). Then, the busy period is defined as L = L(; 5. We are interested in
obtaining the probabilities P{L ;) = t}, for t > 1, and the moments of L. Conditioning
on the first transition of the process, we have that

P{L¢j =1} = Pu )00, 0<i<s, j=0, (i,5)# (0,0), (3.2)

P{Luj =t} = > PiijymmyP{Limmy =t—=1}, 0<i<s, j =0, (i,5) # (0,0), t > 2.

(mvn)es(i,j) _{(070)}
(3.3)

For every ¢t > 1, we define the infinite column vector 1 = (1°(0),1°(1), ...)" where
1(0) = (P{Lpoy = t},..., P{Lis0 =t}),
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1'(j) = (P{Lo ) =t},....P{Lisj =t}), j=1

We denote by P, the matrix that results from removing the first row and the first column
of the transition matrix P. Let it also Py be the column vector of dimension s + (s + 1)t
created by removing the first element of the first column of the matrix P. Then Equations
(3.2) and (3.3) are written in matrix form as

' = Py,
=P 1" t>2 (3.4)

The probability P{L = t} equals the first element of 1°(0), i.e., P{L =t} = e;(s)1*(0).

For any fixed ¢, the computation of 1°(0) can be done recursively by exploiting (3.4).
Indeed, because of the lower Hessenberg matrix structure of P, (3.4) assumes the block
form:

I'(0) = Agel ™ (0) + Ag 1" (1), (3.5)
J+1
() = Al 0) + ) AT (0), 1<j<s, (3.6)
=1
j+1
I =D Al'(6), j=s+1, (3.7)
1=)—S

where Aj, is obtained from Ay by deleting the first row and column. Analogously, Af;
follows from Ay, by deleting the first row, while the matrices A%y, for 1 < j < s, are
obtained from A j, by removing the first column.

Observe that to compute 1°(0) we need 1'1(0) and 1"1(1) so we need 1'2(0), 1'%(1) and
1°72(2), etc. Hence, for the computation, P{L = t} we need to begin by computing the
vectors 1(0),1*(1),...,11(¢ — 1). Tt should be pointed out that it is impossible to move in
one transition from states with at least one customer in orbit to the state (0,0). Hence
1'(j) = 0, for j > 1, and using (3.7), we find that 1'(j) =0, for: > 1 and j > (i — 1)s+ 1.

*
507

For a given level of accuracy € > 0, we may compute P{L = ¢} until the (1 —¢€) percentile
of L has been achieved, i.e., we stop the computations at a level K such that P{L <
K—1} <1—e€< P{L <K}. The idea now is to approximate the moment E[L"] by the
truncated moment Y, #"P{L = t}. However, this method neglects small probabilities,
P{L = t}, which are multiplied by large numbers ¢"*. An alternative approach may be
attained by considering the direct truncation model with a transition matrix P(K). If we
denote by L) the length of a busy period in the truncated model, then we have

P{L=t}=P{L™® =t}, 0<t<K

This happens because the event {L = ¢} with ¢ < K implies that the process {(Cy, U);t >
0} has not visited {(K) during the busy period under consideration. Then, the transition
probabilities of the paths that are counted in {L = t} are equal whether we use the
matrix P or its truncation P(¢). It seems numerically advantageous to approximate the
moments of L by the moments of L&), Note that we can think of it LX) as a discrete
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PH distribution with representation PHy(ei(s + (s + 1)K), P1(K)), where it P (K) is
obtained by neglecting the first row and column of P(K). Using standard results for the
moments of a discrete PH distribution (see e.g. Latouche and Ramaswami, 1999), we
have that the factorial moments of L) are given by

EILBL®-1) .. (L™ —t+1)] = t' ey (s+(s+1)K)(I-P L (K)) " PL(K) 'e(s+(s+1)K),
(3.8)

For using (3.8), we need to compute the column vectors (I —P 1 (K))"'PL(K)" 'e(s+ (s +
1)K). It amounts to successfully solving linear systems of the form (I — Pz (K))x = a.
This can be done at low computational cost by exploiting the lower block Hessenberg
form of the coefficient matrix I — P (K).

3.3.4 Waiting time analysis

Let Z be a random variable representing the waiting time that a tagged customer spends
in orbit. According to this definition, Z excludes the service time. We remark that
a primary arrival has priority over customers in the retrial orbit and assume the RO
policy among retrying customers. In what follows, we approximate the analysis of Z, the
intractable Geo/Geo/s retrial queue, by the parallel study for the truncated model with
sufficiently large K.

Since we deal with the G-EAS policy, the probability that a primary arrival customer
finds the state (s, j) is A*mg;. Let E(Z)(; ;) be the conditional waiting time for a customer
in orbit, given that the current system state is (7, j). We now may condition on the state
viewed by the tagged customer. This yields

K-1

P{Z = t} = 5\8 ZﬂsjP{Z(s,jJrl) = t}, t

=0

WV

1.

Moreover, we have

K-1
P{Z=0}=1-X>
j=0

The probabilities P{E(W); ;) = t} can be obtained recursively by conditioning on the
state of the next transition. We have the first-step analysis equations.

| —n ) .
P{Zuy=1}= Y. P(i,j)(m,n)]T, 0<i<s 1<j<K (3.9)
(m,n)ESE‘Lj)
n
P{Zuy=t}= Y P(z@j)(m,n);P{Z(m,n) =t—1} (3.10)
(m,n)eST

(4,9)
F0is(1 = ) Ps gy (sj+1) P{Z(s.j+1) =t — 1}
+0is0jx Py P{Zsxy =t =1}, 0<i<s, 1<j<K t>2
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where S7; ;) = S5, for 0 <i < s — 1y and S7, ;) = S — {(s, 7 + 1)}

The above equations (3.9) and (3.10) provide a simple recursive scheme to obtain P{FE(Z) =
t} up to any given level of accuracy. In particular, they can be expressed in matrix form
as in the case of (3.2) and (3.3) for P{L = t}. Thus, a similar algorithm can be developed.

By multiplying (3.9) by z and (3.10) by 2!, and adding for all ¢, we obtain recursive re-
lations for the corresponding probability generating functions Z; ;(z) = Y oy P{Zu ) =
thzt:

j—n n
Zip(2) =D Pijimm < ;e }ZZ(m,n)(Z))
(m,n)ESZZ.,].)
+0is(1 = 055 ) Pls gy (s,j41) 2 2 (s,5+1) (2)
+0is0,8 Pis gy (s k4+1) 2 Z(s k) (2), 0<i<s, 1 <j<K
By differentiating at z = 1, we get recursive relations for the factorial conditional waiting
time moments Z((f)j) =FE[Zij ... (Zuj —t+1)] for t > 1. In particular, we have

| —n n _
Zoy= > Pupimn (‘7 —0n + (Z((Z,M + tZ&,i%))
(m,n)ESZ‘iyj) J J

() (t=1)
+0s(1 — 5jK)P(s,j)(SJ+1) (Z(s,j+1) + tZ(s,jJrl))

it P (Zio +12(0))), 0<i<s, 1< <K 121,

and consequently

3.4 Geo/G/1 Queueing System with Callbacks

In this section, we focus on the analysis of a discrete-time Geo/G/1 retrial queue. In
this model, arrivals follow a geometric distribution, while service times are generally dis-
tributed. To simplify the analysis and avoid tracking multiple retrial attempts, we assume
that only one customer from the orbit is allowed to retry at a time. This assumption makes
the model analytically tractable and allows the derivation of key performance measures.

The study is based on the Markov chain formulation of the system, through which we
derive the stability condition, the stationary distribution, and several important perfor-
mance characteristics of the queue.
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3.4.1 System Description

Let us consider a discrete-time single-server retrial queue where the time axis is segmented
into a sequence of equal time intervals (called slots). Further, let the time axis be marked
by 0,1,...,m,.... It is assumed that all queueing activities (arrivals, departures, and
retrials) take place around the slot boundaries. For mathematical clarity, we assume that a
potential departure occurs in the interval (m~,m), and a potential arrival or retrial occurs
in the interval (m,m™); that is, arrivals and retrials occur at the moment immediately
after the slot boundaries, and the departures occur at the moment immediately before
the slot boundaries.

Customers arrive according to a geometrical arrival process with rate p, i.e., p is the
probability that an arrival occurs in a slot. If an arriving customer finds the server free,
he immediately begins his service. Otherwise, the customer leaves the service area and
enters a group of blocked customers called "orbit" in accordance with an FCFS discipline.
We will assume that only the customer at the head of the orbit is allowed access to
the server. It is always supposed that retrials and services can be started only at slot
boundaries, and their durations are integral multiples of a slot duration. Successive inter-
retrial times of any customer are governed by an arbitrary distribution {r;}°, with a
generating function A(z) = Y ;o raz’. Service times are independent and identically
distributed with a general distribution {s;}°;, generating function S(z) = >_7°, s;z* and
nth factorial moments (,,. After service completion, the served customer leaves the system
forever and will have no further effect on the system. In order to avoid trivial cases, we

assume 0 < p < 1. The traffic intensity is given by p = pf;.

3.4.2 Markov Chain

At time m™ (the instant immediately after time slot m), the system can be described by
the process

Ym = (Cma 60,7717 51,m7 Um)a

where C,, represents the server state (0 or 1 according to whether the server is free or
busy, respectively) and U, is the number of customers in the retrial group. If C,, = 0
and U, > 0, &, denotes the remaining retrial time. If C,, = 1, & ,, corresponds to the
remaining service time of the customer being served.

It can be shown that {Y,,,m € N} is the Markov chain of our queueing system, whose
state space is
{(0,0); (0,4, k) : i > 1,k > 1;(1,i,k) : ¢ > 1,k > 0}.

Our objective is to find the stationary distribution.

70,0 = lim P[Cm = 0, Um = 0],

m—00

70,5,k = lim P[Cm = 07§O,m = Z,Um == k‘], 1 Z 1,]{? 2 ].,
m—00

T, = lim P[C, =1, =0U,=k; i>1k>0,
m—00

of the Markov chain {Y,,, m € N}.
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The one-step transition probabilities p,,, = P[Y,,+1 = ¢/|Y,,, = y] are given by the formulae

D(0,0)(0,0) = P,
D(1,1,0)(0,0) = D-

ifi>1,k>1:

D(0,i+1,k)(0,i,k) = Ds

P(1,1,k)(0,i,k) = DT,

ifi>1,k>0:

Pooa,ik =psi, k=0

Po,1,k+1)1,i,k) = DSi,

ifi>1,j>letk>1:

Pojr ik = DSi;
P kya,ik) = PSis

P k+1)(1,6,k) = DPSiT0,

ifi>1,k>1:

Piv1e-1)(1,ik) = P,
Puivie)ik =D,

Where p = (1 — p).
The Kolmogorov equations for the stationary distribution are

0,0 = PT0,0 + PT1,1,05

0,k = P01,k + Pl @ > 1,k > 1,

[ee]
Tk = O0kDPSiT0,0 + PSiTo1 k41 + (1 — dok)psi g 0,5,k
j=1

+ psimia g + Prosimiak+1 + (1 — Ook)PT1it1 k-1 + DT i1k
i>1,k>0,

and the normalization condition is

(3.11)

(3.12)

(3.13)

47



CHAPTER 3. ADVANCED DISCRETE-TIME QUEUEING MODELS

To,0 + Z Z .5,k Z Z Tk = 1.

i=1 k=1 i=1 k=0
In order to solve (3.11)—(3.13), we introduce the generating functions

oo oo
po(z, 2) = Z Z Wo,i,kilflzk7

i=1 k=1

o e}
¢1(z, 2) = Z Z 7T1,i,k9022k

i=1 k=0

and the auxiliary generating functions

oo
Goi(2) = Zﬂo,i,kzk, i > 1,
k=1

o0
$1i(z) = Zﬂ-l,i,kzk, 1> 1.
k=0

Multiplying (3.12) and, (3.13) by z* and summing over k, these equations become

$0,i(2) = Dbo,it1(2) + prig1a(2) — primiae, @ > 1, (3.14)

$1,i(2) = (D + p2)P1,i41(2) + psido(1, 2) + MSW%J(Z)

z
_ _ 1
Dro (3.15)

P .
+ ;siqﬁg,l(z) — 781'7T1y170 +p$i’/T0,0, 1 Z 1.

By substituting equation (3.11) into equations (3.14) and (3.15), we get

¢0.i(2) = Ppo.it1(z) + prip1a(z) — primoo, @ > 1, (3.16)

$1:(2) = (P4 p2)d1i41(2) + psido(1, z) + Msi%,l(z)

p(z - 7“0)

_ (3.17)
p .
+ ;Si¢o,1(z) + E— 8imo0, &> 1.

Then, multiplying (3.16) and (3.17) by z* and summing over i leads to

e pébo(% z) = plA(z) — rol@11(2) — Pdo1(2) — plA(x) — 70|00, (3.18)
%—H}Z}%(ma z) = MS@) — (P +pz)| ¢1.1(2)
_ (3.19)
+ ];’S(a;)%,l(z) + pS(@)do(1, 2) + p(ZT_”’)S(x)WO,O.
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Choosing z = 1 in (3.18) yields

poo(1,2) = p(1 —ro)p11(2) — DPo1(2) — p(1 — 7o) 00

and substituting the above equation into (3.19), we get

g o 2) = | (0) = ot ) 012
5(1 — 2) ro(1 — 2) 320
+p( S(x)¢oa(2) — pO—S(x)WO’O'

z z

Setting z = p in (3.18) and = = p + pz in (3.20), we obtain

plA(P) — ro]mo,0 = PIA(D) — 10]d1,1(2) — PPo,1(2),

MS’( z +]57“0(1 - Z) S(P+p2’) — (]3+pz) gbl,l(z)

P+ pz)mo =

+

P02 505+ p2)ioat)

And from this system of equations, we find the generating functions ¢;1(z) and ¢g1(2):

o) - PAD)(1 = 2)S(p+ p2)
b PAP)(1 — 2)S(p+p2) — 2[(p+pz) — S(p + pz

)]71'070, (321)

pz[A(p) — 10o][(P + pz) — S(P + pz)] 0,0
PA(P)(L —2)S(p+pz) —2[(P+pz) = SP+pz)] P

Substituting (3.21) and (3.22) into (3.18) and (3.20), respectively, yields the following
generating functions:

Po,1(2) = (3.22)

dofe,2) = A@ = A®G) p2[(p+ pz) — S(p + p2)] _

o v—p  pAP)A—2)S(p+p2) — z[(p+pz) — SH+pz)]
S(z) —S(p+pz) prA(p)(1 — 2)(p + pz)

r—(p+pz)  pAB)(L—2)S(p+pz) — 2[(p+pz) — S+ pz

O (z,2) =

)

Using the normalization condition my o + ¢o(1,1) + ¢1(1,1) = 1, we obtain:

_p+PAMD) —p

7T070 A(]j) (323)

According to (3.23), since mpy > 0, we obtain the ergodicity condition for the Markov
chain:

pB1 < pA(D).
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This condition can be written as p(1 — p) < pA(p), where the first term is the average
number of primary customers arriving during the service interval and the second term
represents the mean number of secondary customers (callbacks) entering service at the
start of service.

Note 3.4.2.1. This condition states that primary clients must arrive more slowly than
clients who make follow-up requests (on average). If the condition pf; < pA(p) is satisfied,
the system is stable.

The results above are summarized in the following theorem:

Theorem 3.4.2.1. [11]

The Markov chain {Y;,, m € N} is ergodic if and only if

p <p+pA(p).

The generating functions of the stationary distribution of the chain are given by

where

do(z,2) = Alz) — Ap) | prz((p+ pz) — S(P + p2)|mop
o(, z—p  pA(P)(1—2)S(B+pz) —2[(p+pz) =SB+ pz)]’
o (3, 2) = S(x) = S(p+pz) _ prA(P)(1 — 2)(p+ pz)mo,
o t—(ptpz)  pAD( - 2)S(p+pz) — 2B+ pz) — S+ p2)]
__p+pAD) —p
Ap)

corollary 3.4.2.2. [11]

1.

The marginal generating function of the number of customers in the retrial group
when the server is idle is given by

A(D)(p + p2)[S(Pp + pz) — z]moo
A(P)(1 —2)S(p + pz) — 2[(p + p2) — S(p+ p2)]

70,0 + ¢o(l,2) = =
p

. The marginal generating function of the number of customers in the retrial group

when the server is busy is given by

AP) (P +p2)[1 = S(p + pz)]mo.

M2 = B — 2)5G+ p2) — 25+ p2) - SG 1 p2)]

. The probability generating function of the number of customers in the retrial group

is given by

D(2) = mo0 + ¢o(1,2) + ¢1(1, 2)
- AP)(1 — 2)(p + pz)mop (3.24)
PAD) (1 — 2)S(p+ pz) — 2[(p+ pz) — S(p + pz)]
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4. The probability generating function of the number of customers in the system is
given by

U(z) =m0+ ¢o(l, 2) + z¢1(1, 2)

_ A(p)(1 — 2)(p + p2)S(P + pz)mop
PAP)(1 — 2)S(p+pz) — 2[(p + pz) — S(p+ p2)]

(3.25)

3.4.3 System Characteristics

The Geo/G/1 queuing system with callbacks can be characterized by the following per-
formance measures:

1. The system is free with probability

__pHpAD) —p
" Alp)

2. The system is occupied with probability

¢0(17 1) + ¢1<1’ 1) =

3. The server is idle with probability
Moo+ do(1,1) =1 —p.
4. The server is busy with probability
¢1(1,1) = p.

5. The mean number of customers in the orbit is

_ 20— p)1 = AP + 1%

V=) 2[p + pA(p) — f)

6. The mean number of customers in the system is

25(p — p)[1 — A(p)] + p* P2
2p+pA(D) —p]

N=V(1)=p+

7. The mean time a customer spends in the system is given by

2p(B1 — D1 — A(p)] +p52'

r= 2[p+ pA(p) — f)

N
— =01+
p

8. The mean waiting time for a customer in the orbit:

SV _ 25— Pl = AG) + B

p 2[p+ pA(P) —

o1



CHAPTER 3. ADVANCED DISCRETE-TIME QUEUEING MODELS

Note 3.4.3.1 The stationary distribution of the server state is given by:

7T0,0+¢0(171) = 1_/07 ¢1(171) =P

depends only on the distribution of the service time through its mean (; and not on the
distribution of the inter-arrival times.
Note 3.4.3.2. (Special case) When o = 1, ®(2) is reduced to:

(1 —=p)(1 =2)S(p +p2)
S(p+pz) —=

P(z) =

Y

which is the probability generating function of the number of customers in the Geo/G/1/o00
queueing system [7/. This result is not surprising because when ry = 1, the customer is
at the head of the orbit, and service begins immediately when the server is free.
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Chapter 4

Model Simulations

4.1 Introduction

In this chapter, we will simulate classical discrete-time queueing models (Geo/Geo/1
and Geo/Geo/s) and advanced discrete-time queueing models (Geo/G /1 with call-
backs).

4.2 The Geo/Geo/1 Queueing Model

4.2.1 System characteristics as a function of parameter variation
p

Based on this table, we can find numerical results for different components, such as traffic
intensity p, the mean number of customers in the system N, the mean number of cus-
tomers waiting in the queue (), the mean time a customer spends in the system 7', and
the mean time a customer spends just waiting in the queue W. According to the variation
in arrival probability p in the Geo/Geo/1 model.

We fixed A =0.9

p P N Q T W

0.1 | 0.01234568 | 0.1125000 | 0.001388889 | 1.125000 | 0.01388889
0.2 | 0.02777778 | 0.2285714 | 0.006349206 | 1.142857 | 0.03174603
0.3 | 0.04761905 | 0.3500000 | 0.016666667 | 1.166667 | 0.05555556
0.4 | 0.07407407 | 0.4800000 | 0.035555556 | 1.200000 | 0.08888889
0.5 | 0.11111111 | 0.6250000 | 0.069444444 | 1.250000 | 0.13888889
0.6 | 0.16666667 | 0.8000000 | 0.133333333 | 1.333333 | 0.22222222
0.7 | 0.25925926 | 1.0500000 | 0.272222222 | 1.500000 | 0.38888889
0.8 | 0.44444444 | 1.6000000 | 0.711111111 | 2.000000 | 0.88888889

Table 4.1: Variation of Geo/Geo/1 system characteristics as a function of p
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Figure 4.1: The mean number of customers in the system N and in the queue @
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Figure 4.2: The mean time spent in the system 7" and in the queue W

Interpretation of Figures 4.1 and 4.2: Influence of Arrival Probability p
These two figures analyze the degradation of system performance as the frequency of ar-
rivals increases.

Correlation between Number and Time: As the arrival probability p increases, we
observe a simultaneous growth in the mean number of customers in the system N and
in the queue @), and the mean time spent in the system 7" and in the queue W. This is
a direct illustration of Little’s Law, which links the mean number of customers to the
mean waiting time.

4.2.2 System characteristics as a function of parameter variation

A

On this table, we can find numerical results for different parameters, according to the
variation in service probability A in the Geo/Geo/1 model.

We fixed p = 0.2
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|Z (Noar)

T

02 03 04 05 06 07 08 09

A

p

N

Q

T

w

0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.58333333
0.37500000
0.25000000
0.16666667
0.10714286
0.06250000
0.02777778

1.6000000
0.8000000
0.5333333
0.4000000
0.3200000
0.2666667
0.2285714

0.933333333
0.300000000
0.133333333
0.066666667
0.034285714
0.016666667
0.006349206

8.000000
4.000000
2.666667
2.000000
1.600000
1.333333
1.142857

4.66666667
1.50000000
0.66666667
0.33333333
0.17142857
0.08333333
0.03174603

Table 4.2: Variation of Geo/Geo/1 system characteristics as a function of A
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Figure 4.3: The mean number of customers in the system N and in the queue @
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Figure 4.4: The mean time spent in the system 7" and in the queue W

Interpretation of Figures 4.3 and 4.4: Influence of Service Probability \
These two figures show the improvement in system performance as server efficiency or
speed increases.

Transition from Instability to Stability: For low service probability values (A near
0.4), the system is near a breaking point: the mean number of customers in the system
N and in the queue ), and the mean time spent in the system 7" and in the queue W are
at their maximum (the curves are very high on the left).
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The Effect of Efficiency: As soon as the service probability increases (towards 0.6 and
above), there is a sharp and radical drop in all indicators. The mean number of customers
in the system N and in the queue @, and the mean time spent in the system 7" and in
the queue W, both approach their minimum values.

4.3 The Geo/Geo/s Queueing Model

4.3.1 The Geo/Geo/s Queueing Model as a function of p

From the following graphs, we can see that the parameter values, the mean number of
customers in the system N and in the queue @, and the mean time spent in the system
T and in the queue W vary as the probability of arrivals pincreases.

There is an arrival in the queue as p increases. This results in an increase in the number
of customers in the system, and as shown in the graphs, we observe that the number of
servers increases, with some servers handling more customers than others.
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Figure 4.5: The mean number of customers in the system N and in the queue @ as a
function of p

32 55 |
—— s=2 —— =4

28 - — S:0h<) — 5 20e-03 =
] e e o 012 —— 5= el —— =
o it 40 xod 010 4 e 16603 5
- Lo 35 Lo ot <! it 1.4e-03 — e

1051 <t 30 - o4 z ¥o9 2 12003 |
12 P i s 0.06 o7 1.06-03 |
08 207 ol ol 004 - s 8e-04 — N
are) A7 %0 o2 6e04 o .°

? L e e L 002! o 4004 o7

Figure 4.6: The mean time spent in the system 7" and in the queue W as a function of p
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4.4 The Geo/G/1 Queueing Model with Callbacks

4.4.1 The Geo/Geo/1 Queueing Model with Callbacks

Consider the Geo/Geo/1 system with discrete-time callbacks. Seriously, this third mo-
ment in the stem has been described through geometric access to the parameter p.
We assume that it’s geometric with parameter r, and that its generating function is
A(z) = (1 —r)/(1 — rx). The service time must be independent and distributed equally
according to the law with geometrical parameter s, first, first and third factorial moment
B1, B2. The 4.5. You know what? Three graphs (a), (b), and (c) are presented in Fig.
Seriously, in this case we set 1 =2 and p = 0.2,0.3,0.4.

e Graph (a) shows the change in the probability of the system, system not free,
(1 — mop) as a function of r. Guess what? We see that the probability (1 — m0)
increases towards 1. Each time the value of r approaches 1, we also observe that at
every time p increases, the probability (1 — mg) tends towards 1 more quickly.

e Graph (b) shows the mean number of customers in the system N as a function of r.
You know what? Same situation. Other Observations: Note that as r approaches
1, the mean number of customers in the system, N, tends toward infinity.

e Graph (c) shows the mean number of customers in the orbit V' by changing the ratio
of reminders r, we see that V' increases and goes to infinity as a function of p, every
time r approaches 1, and for low values, the orbit r is empty.

00 02 04 06 08 10
r)
1

|
0
|

0.0 0.2 04 0.6 08 1.0 0.0 0.2 04 0.6 0.8

p=03

00 02 04 06 08 1.0

Figure 4.7: (a) The probability that the system is occupied as a function of r. (b) The
mean number of customers in the system. (c¢) The mean number of customers in the orbit.
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Conclusion

In conclusion, this memory, which focuses on the study of advanced discrete-time
queueing models, demonstrates the high effectiveness of this approach, particularly in
representing modern technological systems that rely on the division of time into time
slots, such as digital communication networks and computer systems.

In this memory, our approach was to progress linearly from theoretical fundamentals to
increasingly complex and realistic models.

e First Chapter One: We laid the groundwork for discrete-time queueing theory. We
introduced key concepts, such as the Bernoulli distribution and the geometric distri-
bution, which allowed us to formalize arrival and service processes. We also discussed
the queuing system, including system capacity, service discipline, and performance
measures.

e Second chapter: We then explored the classical Markovian discrete-time approach
(Classical Markovian Discrete-Time Queues). Through the study of the fundamen-
tal models Geo/Geo/1 and Geo/Geo/s, we described their mathematical behavior,
constructed the Markov chains associated with their states, and derived their key
performance indicators (mean waiting time, queue length, and utilization rate).

e Third chapter: We have broadened our scope to include more complex and realistic
models (Advanced Discrete-Time Queueing Models). These extensions allow us to
move beyond the simplifications of classical models to accommodate more irregular
data flows, correlated arrival processes, or more sophisticated service strategies.

Finally, the last chapter presents simulations of the Geo/Geo/1, Geo/Geo/s, and
Geo/G /1 with recall models. This study allowed us to analyze the performance of discrete-
time queuing systems and to confirm the theoretical results obtained in the previous
chapters.
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